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Abstract

The purpose of this article is to investigate fixed point problems of a nonexpansive mapping, solutions of
quasi variational inclusion problem, and solutions of a generalized equilibrium problem based on a splitting
method. Our convergence theorems are established under mild restrictions imposed on the control sequences.
The main results improve and extend the recent corresponding results. (©)2016 All rights reserved.
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1. Introduction and Preliminaries

Monotone variational inequalities have played a significant and fundamental role in the development of
new and innovative techniques for solving complex and complicated problems arising in pure and applied
sciences. Variational inequalities have recently been extended and generalized in various directions using
novel and innovative techniques; see, for example, [I, 4, [7, 10, 11, 19-22] and the references therein. A
useful and important generalization is called the general variational inclusion involving the sum of two
nonlinear operators A and B. Recently, much attention has been given to develop iterative algorithms
for solving the variational inclusions. Resolvent methods and its variants forms including the resolvent
equations represent important tools for finding the approximate solution of variational inclusions. The main
idea in this technique is to establish the equivalence between the variational inclusions and the fixed-point
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problem by using the concept of resolvent operator. It is known that such techniques require an evaluation
of the resolvent operator of the type (I — (A + B))~!. The main difficulty with such problems is that the
resolvent operator may be hard to invert. This difficulty has been overcome by using the resolvent operators
(I —rA)~! and (I —rB)~! separately rather than (I —r(A+ B))~!. Such a technique is called the splitting
method. These methods for solving variational inclusions have been studied extensively, see, for example,
[1, Bl [6l, 9, T4-17, 20) 24] and the references therein.

Let H be a real Hilbert space with inner product (-,-) and norm || -||. Let C' be a nonempty closed
convex subset of H and let A : C' — H be a mapping. Recall that A is said to be monotone iff

(Ar — Ay,x —y) >0, Vz,yeC.
A is said to be strongly monotone iff there exists a constant o > 0 such that
<ACL‘-Ay,(L‘—y> ZOé”ﬂf—y||2, V%yGC-

For such a case, we also call A is an a-strongly monotone mapping. A is said to be inverse-strongly
monotone iff there exists a constant o > 0 such that

<AIE - Ay7$ - y> > OéHA.’L' - Ay||27 V»T’y eC.

For such a case, we also call A is an a-inverse-strongly monotone mapping. We remark here that every
a-inverse-strongly monotone mapping is strongly monotone and é—Lipschitz continuous.

Let F be a bifunction of C' x C' into R, where R denotes the set of real numbers and let M : C' — H be
a monotone operator. We consider the following generalized equilibrium problem:

Find z € C such that F(x,y) + (y — z, Mx) > 0,Vy € C. (1.1)

In this paper, the set of such an x € C' is denoted by Sol(F, M).

If M = 0, then generalized equilibrium problem ([1.1)) is reduced to the following equilibrium problem in
the terminology of Blum and Oettli [4]:
Find z € C such that F(z,y) > 0,Vy € C. (1.2)
In this paper, the set of such an x € C is denoted by Sol(F).

If F =0, then generalized equilibrium problem (|1.1)) is reduced to the following variational inequality:
Find z € C such that (y —z, Mz) > 0,Vy € C. (1.3)

In this paper, the set of such an x € C is denoted by VI(C, A).

To study the equilibrium problems, we assume that F' satisfies the following conditions:

(R1) F(z,z) =0 for all z € C,

(R2) F is monotone, that is, F(x,y) + F(y,z) <0 for all z,y € C;
(R3) for each z,y,2 € C, limsupy o F(tz + (1 —t)z,y) < F(z,9);

(R4) for each z € C, y — F(x,y) is convex and lower semi-continuous.

The equilibrium problems provide us a unified framework to study many problems arise in engineering
areas. The equilibrium problems are general which include saddle point problems, variational inequality
problems and complementarity problem as special cases. Recently, convergence theorems of solutions to the
equilibrium problems were established; see [2], 8] [12] [13] and the references therein.
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Recall that a set-valued mapping B : H — 2¥ is said to be monotone iff for all z,y € H, f € Bx and
g € By imply (z —y, f — g) > 0. A monotone mapping B : H — 2 is maximal iff the graph G(B) of B is
not properly contained in the graph of any other monotone mapping. It is known that a monotone mapping
B is maximal iff, for any (z,f) € H x H, (x —y, f —g) > 0 for all (y,g) € G(B) implies f € Bz. Let A be
a monotone mapping of C' into H and Ngv the normal cone to C at v € C, that is,

Nev={we H: {(v—u,w) >0, YueCl},

and define a mapping 1" on C' by
Av+ Neov, wveC,
Tv =
0, vé¢C.

Then T is maximal monotone and 0 € Tv iff (Av,u —v) > 0 for all u € C; see [22] and the references
therein.

Let I denotes the identity operator on H and B : H — 2 be a maximal monotone operator. Then we
can define, for each r > 0, a nonexpansive single valued mapping JZ : H — H by J? = (I +rB)~!. It is
called the resolvent of B.

Let S be a mapping on C. Fiz(S) stands for the fixed point set of S. Recall that S is said to be firmly
nonexpansive iff

||S$—Sy‘|2§<S$—Sy,II}—y>, vxayec’
S is said to be nonexpansive iff
Sz = Syl| < |l —yll, Va,yeCl.

Let I denote the identity operator on H and B : H — 2 be a maximal monotone operator. Then we
can define, for each r > 0, a nonexpansive single valued mapping JZ : H — H by J? = (I + rB)~!. It is
called the resolvent of B. We know that B~10 = Fiz(J2) for all > 0 and J? is firmly nonexpansive.

Moreover, we need the following lemmas to prove our main results.

Lemma 1.1 ([2]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let A: C — H be
a mapping and let B : H = H be a mazimal monotone operator. Then Fix(J.(I —rA)) = (A+ B)~1(0).

Lemma 1.2 ([18)]). Let {an}, {bn}, and {c,} be three nonnegative sequences satisfying the following relation:
An+41 < (1 + bn)an + cn, Vn > no,
where ng s some nonnegative integer, ZZL b, < o0 and 220:1 cn, < 00. Then the limit lim,_.~ a, exists.

Lemma 1.3 ([4]). Let C be a nonempty closed convex subset of a real Hilbert space H and let F : CxC — R
be a bifunction satisfying (R1)-(R4). Then, for any r > 0 and © € H, there exists z € C such that
rF(z,y) + (y — 2,z —x) > 0, Vy € C. Further, define

Tx={2€C:rF(z,y)+{y —2,2—x) >0, VyeC}
for allr >0 and x € H. Then, the following hold:
(a) T, is single-valued firmly nonexpansive;
(b) Fixz(T,) = Sol(F) is closed and convex.

Lemma 1.4 ([5]). Let C be a nonempty closed and convex subset of H and S : C — C' a nonezpansive
mapping. If {x,} is a sequence in C' such that x,, — x, and lim,_, o ||z, — Sxy,|| = 0, then x = Sz.
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Lemma 1.5 ([23]). Let 0 < p <t, < q <1 for alln > 1. Suppose that {x,}, and {yn} are sequences in H
such that

limsup ||z,| < d, limsup |y.|| <d,
n— oo

n—oo
and
lim ||tz + (1 — tn)yn|| = d,
n—oo

hold for some r > 0. Then limy, 0 ||Tn — yn|| = 0.

2. Main results

Theorem 2.1. Let C be a nonempty closed convex subset of H and let F' be a bifunction from C x C to
R which satisfies (A1)-(A4). Let A : C — H be an a-inverse-strongly monotone mapping, M : C — H a
k-inverse-strongly monotone mapping and B : H = H a maximal monotone mapping such that its domain
in C. Let S : C — C be a nonexpansive mapping. Assume that Fiz(S) N Sol(F,M) N (A + B)~1(0) is
nonempty. Let {r,} and {t,} be positive real number sequences. Let {ay} be a real number sequences in
(0,1). Let {x,} be a sequence generated in the following process: 1 € C and

tnF(2n,2) + tn(Mxp, 2z — zn) + (2 — 2n, 2n — ) >0, Vz € C,
Tntl = STy + (1 — ay)Jy, (zn —rpnAz, + en), n>1,

where {e,} is a bounded sequence in H such that >~ |len|| < 0o. Assume that the control sequences satisfy
the following restrictions: 0 < a < a, <o/ <1,0<t<t, <t/ <2k, 0<7r <7, <7 <2a, where a, o,
t, t', r and v’ are real constants. Then {x,} converges weakly to some point in Fixz(S) N Sol(F,M)N (A +
B)~1(0).

Proof. From the restrictions on {r,} and {t,}, we have
(I = rpA)z — (I = A)yl® < [lz = y||* = ra(20 — 1) || Az — Ay][?,
and
(I = taM)z — (I =t M)y|* < |z = y|* — ta(2k — ta)[| Mz — My]*.

Let p € Fiz(S) N Sol(F,M) N (A4 B)~1(0) be fixed arbitrarily. It follows from (I.1I)) and (T.3]) that
p="T,(p—to,Mp) = J,, (p — rpAp). Putting y, = J,, (zn — 1Az, + en), we have

[#n+1 = pll < anl[Szn —pll + (1 = an)llyn — pl|
< O‘nnxn - p” =+ (1 - an)HJrn (Zn —rpAzn + en) —Jr, (p - TnAp)H
< apllrn —pll + (1 — an)|| (zn —rnAzn +ep) — (p — rp Ap)|
< anllen — pll + (1 — an)llzn — pll + (1 — an)|len|
< lzn = pll + (1 = an)||Ts, (20 — taMayn) — Ty, (p — tn Mp) || + |lenl|
< |lzn — pll + en-

This implies from Lemma that the limit lim,,, ||z, — p|| exists. Hence, we have {z,} is bounded,
so are {y,} and {z,}. Since A is inverse-strongly monotone, we find that

l[9n —p||2 < (zn — rnAzy) — (p — T Ap) + €n||2
< l(zn = p) = ra(Az — AP)|* + llenll(len]l + 2llenllllzn — pII)
< lzn _pH2 — (200 — 1) || Az — Ap”2 + llenll(llenll + 2llenlllzn — pl)
< lan — p”2 — tn(26 — ty) [ May — MpH2 —n (20 — 1) Az, — Ap||2
+ llenll(lenll + 2lenll1zn — pI)-
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Hence, we have

|01 = plI* < anllzn =l + (1 = an)llyn — pll?
< lzn = pl* = (1 = cn)tn(26 — to) | Man — Mp|®

— (1= an)rn(2a — 1) || Az — APH2 + [lenll(lenll + 2llenllllzn — pl))-
It follows that

(1 = an)tn (26 — tn) [ May — Mp||?> < |0 — pl|* = 201 — plI> = (1 — an)rn (20 — 1) || Az, — Apl|®
+ [lenll(lenll + 2llenll|zn — plI))s
and

(1= an)rn(2a = 70) | Az — Ap[|? < ||z — pl* = (1 = cn)tn(26 — tn)[| M2y — Mpl?
~ lznt1 = pl* + leall(lenll + 2llenll [z — pl).
Using the restrictions on {r,} and {t¢,}, we find

lim ||Az, — Ap|| = lim |[Mz, — Mp|| = 0.
n—o0 n—00

(2.1)
Since .J;,, is firmly nonexpansive, we find that
lyn = pI* < (20 — 10 Az0 + €n) = (p — 70 AD), yn — p)

= (1 (zn — Az en) — (0= radp)| + v — o
—I((z0 = rnAzn + €n) = (p = r0Ap)) = (y0 — p)|I?

= %(Hzn =l + lleall(llenll + 2lzn — plI) + [lyn — pII?
~|l2n = yn — rn (A2 — Ap) + €nl|?)

< %(Hzn =l + llenll(llenll + 2llza = pll) + lyn = pI* = llyn — 2al®
= [lra(Azn = Ap) = el + 2]20 = ynlllrn(Azn — Ap) — enl]),

that is,
I = 811> < Nz = 2+ llenl|(lenll + 20 = pl) = 120 = 30 09)
+ 2rnllzn — ynllllAzn — Apll + 2[12n — ynllllenll.

It follows from ([2.2)) that

Znr1 = pl* < anllzn = pl + (1 = an)llyn — pII?
< anllzn = pl? + (1 = an)llza = pII* + lleall(lenll + 2[l2n — pll)

— (1= ) llzn = ynll® + 2rn(1 = @) 20 — yulll Aze — Apll + 2]l 20 — wnllllen]
< llzn = plI* + lleall(lenll + 211z — pII)

— (1= an) 20 = ynll* + 2ra (1 — an)ll20 — yallll Azn — Apll + 2[1z0 — yallllenll,
that is,

(1= an)llzn = yall® < llzn = pl* + lenll(lenll + 2]z — pl)

~ lznt1 = pl* + 2rnllz0 — yallll Az — Apll + 220 — yallllen]l-
Using (2.1)), one finds that

lim ||y, — zn|| = 0.
n—oo



Y. Hao, Z. Liu, S. Y. Cho, J. Nonlinear Sci. Appl. 9 (2016), 3939-3947 3944

On the other hand, one has
120 = Pl < (20 = taMxy) = (p = taAp), 20 — p)
1
= 5(!\(% — taMxy) — (p = ta Ap)||* + |2 — plI?

— | ((wn —tnMzy) — (p - TnAp)) — (2 —p)||2
1
2

IN

(lzn = I* + 120 = pI* = l|lzn — 20 — ta(Mzy — Mp)||?)

IN

2 (ln = I + lzn — pI* = llza — 2l
— [lta(May — Mp)||” + 2ty |lxn — 20 || M2y — Mpl)),
that is,
120 = pI* < llzn = plI? = llzn — 2al® + 2tnll2n — 20l | Mz — Mp]|.
It follows that
12041 =PI < anllzn — pl* + (1 = an)llza = plI* + lenll (lleall + 2[lzn — pll)
+2rp(1 — an)|zn — Ynlll|Azn — Apll + 2([2n — ynllllen|
< lzn — p||2 — (I —ap)llzn — ZnH2 + 2tn||zn — 20| Mz, — Mp|
+ llenll(lenll + 2[lzn = plI) + 2rnllzn — ynll|Azn — Apl| 4 2[|zn — yullllen-
This in turn implies from that

lim ||z, — z,|| = 0. (2.4)

n—o0

Since {z,} is bounded, we may assume that a subsequence {zp,} of {z,} converges weakly to &. It
follows that the subsequence {z,,} of {z,} converges weakly to . Notice that

Zn — Yn T €n
Tn

— Az, € By,.

Let 4 € Bv. Since B is monotone, we find that

<Zn_yn+en

Tn

— Az — [, Yn —V> > 0.
It follows from (2.3)) that (—A& — p, & — v) > 0. This implies that —A¢ € Bz, that is, £ € (A + B)~1(0).

Now, we are in a position to show that £ € Fiz(S). Since lim,, 0 ||y, — pl| exists, we put lim, o0 || —
p|| = d > 0. It follows that lim,, o |[(1— ) (yn—p)+an(Sx,—p)|| = d. Notice both limsup,,_, . [|Sz,—p|| <
d and limsup,,_, ., [|[yn — p|| < d. It follows from Lemma [1.5] that

nl;ngo |Szn — ynll = 0. (2.5)

In view of (2.3), (2.4), and (2.5), we find that lim, ||z, — Sz,|| = 0. Using Lemma we have
¢ € Fix(S).

Now, we are in a position to show that £ € Sol(F, M). Notice that
tnF(zn,2) +tn(Mxy, 2z — 2) + (2 — 2n, 2n — ) >0, VzeC.

By use of condition (R2), we see that

(Mxy,z — 2zn) + (2 — 2n, Znt_ixn) > F(z,2,), VzeC. (2.6)
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For t with 0 <t <1,and z € C, let z; =tz + (1 — t)&. Since y € C, and £ € C, we have z; € C. Using
(2.6)), we find that
Zn

—z
(2t — 2n, M 2zy) > (2¢ — 2p, M2) — (Mxy, 2t — 2p) — (2t — 2n, T”) + F(z¢,2n)
n

Iy 4 (e 2)

n

v

(zt — zn, Mz — M zp) + (2t — 2, M2y, — Mxy) — (2 — 2n,

Zn — T
> (2t — 2p, Mz, — Mxy) — (2t — 2p, %) + F(z¢, 2n).

n

Since {zy,} converges weakly to £, we find that
<Zt - £a Mzt> > F(zt7£)7

which implies that
0 =F(z1,2) < tF(21,y) + (1 = t)F (2, €)
<tF(z,2) + (L —t)(zt — & Mzy)
=tF(z,2) + (1 —t)t(z — & Mzy),

that is, 0 < F(z,2) + (1 — t)(z — &, M z;). Letting t — 0, we have 0 < F(§,2) + (z — &, M¢). This implies
that & € Sol(F, M).

Finally, we show that {x,} weakly converges to . Let {x,,} be another subsequence of {z,} converging
weakly to &', where ¢ # £. In the same way, we can show that ¢ € (A + B)~1(0) N Sol(F, M) N Fix(S).
Since space H has the Opial’s condition, we obtain that

d = liminf |z, — ¢ < liminf |z, - ¢/|
71— 00 71— 00

= liminf [lz; — || < liminf ||lz; — &|| = d.
j—o0 J—0o0

This is a contradiction. Hence £ = ¢. This proves that {x,} converges weakly to £ € Fiz(S) N
EP(F,M)N (A+ B)~1(0). This completes the proof. O

From Theorem the following results are not hard to derive.

Corollary 2.2. Let C' be a nonempty closed convexr subset of H and let F' be a bifunction from C x C to R
which satisfies (A1)-(A4). Let A: C — H be an a-inverse-strongly monotone mapping, and B: H = H a
maximal monotone mapping such that its domain in C. Let S : C — C be a nonexpansive mapping. Assume
that Fiz(S) N Sol(F) N (A + B)~Y(0) is nonempty. Let {r,} and {t,} be positive real number sequences.
Let {an} be a real number sequences in (0,1). Let {z,} be a sequence generated in the following process:
z1 € C and

tnF(zn,2) + (2 — 2n, 2n —xy) >0, Vz e C,
Tnt1 = nSxy + (1 — ap)dy, (zn —rpAz, + en), n>1,

where {ey} is a bounded sequence in H such that ;" |le,|| < 0o. Assume that the control sequences satisfy
the following restrictions: 0 < a < ap, <o’ <1,0<t <t,, 0<r <r, <71’ <2a, where a, o/, t, r, and r’
are real constants. Then {x,} converges weakly to some point in Fiz(S)N Sol(F)N (A+ B)~1(0).

Corollary 2.3. Let C' be a nonempty closed convex subset of H, A : C — H be an «a-inverse-strongly
monotone mapping, and B : H = H a maximal monotone mapping such that its domain in C. Let
S : C — C be a nonexpansive mapping. Assume that Fix(S) N (A + B)~1(0) is nonempty. Let {r,} be
a positive real number sequence. Let {an} be a real number sequences in (0,1). Let {x,} be a sequence
generated in the following process: x1 € C' and

Tntl = STy + (1 — ay)Jy, (zn —rpnAz, + en), n>1,
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where {e,} is a bounded sequence in H such that )"~ |len|| < 0o. Assume that the control sequences satisfy
the following restrictions: 0 < a < ap, < o <1,0<7r <r, <71 < 2a, where a, o/, r and r' are real
constants. Then {x,} converges weakly to some point in Fiz(S) N (A+ B)~1(0).

. 0, zedC,
ic(x) = {

Let i¢ be a function defined by

oo, z¢C.

It is easy to see that i¢ is a proper lower and semicontinuous convex function on H, and the subdifferential
dic of ic is maximal monotone. Define the resolvent J,. := (I +rdic)~! of the subdifferential operator dic.
Letting x = J,y, we find that y € z + rdicx <= = = Projcy, where Nox :={e € H : (e,v — x),Yv € C}.

Putting B = 0ic and M = 0 in Theorems [2.1] we find the following results immediately.

Corollary 2.4. Let C be a nonempty closed convex subset of H and let F' be a bifunction from C x C to R
which satisfies (A1)-(A4). Let A: C — H be an a-inverse-strongly monotone mapping, and B : H = H a
mazximal monotone mapping such that its domain in C'. Let S : C — C' be a nonexpansive mapping. Assume
that Fix(S) N Sol(F)NVI(C,A) is nonempty. Let {rp} and {t,} be positive real number sequences. Let
{an} be a real number sequences in (0,1). Let {x,} be a sequence generated in the following process: x1 € C
and

tnF(2n,2) + (2 — 2n,2n —xn) >0, VzeCl,

Tn1 = STy + (1 — o) Po (2 — rpAzn +€5), n>1,

where {e,} is a bounded sequence in H such that >~ |len|| < 0o. Assume that the control sequences satisfy
the following restrictions: 0 < a < a, <o’ <1,0<t <t,, 0<r <71, <7’ < 2a, where o, o/, t, r and r’
are real constants. Then {x,} converges weakly to some point in Fix(S) N Sol(F)NVI(C,A).

Now, we are in a position to consider the problem of finding minimizers of proper lower semicontinuous
convex functions. For a proper lower semicontinuous convex function g : H — (—00, 00|, the subdifferential
mapping dg of g is defined by dg(x) = {z* € H : g(x) + (y — x,2*) < g(y),Vy € H}, Vx € H. Rockafellar

[21] proved that Og is a maximal monotone operator. It is easy to verify that 0 € dg(v) if and only if
9(v) = minzep g().

Theorem 2.5. Let g : H — (—00,00] be a proper convexr and lower semicontinuous function. Let {r,}
be a positive real number sequence. Let {an}, {Bn}, and {y} be real number sequences in (0,1) such

that o, + Brn + v = 1. Let {x,} be a sequence generated in the following process: 1 € C and xpy1 =

anSty + (1 — ) argmin,eg{g(z) + W}, n > 1, where {e,} is a bounded sequence in H such that

Yool llenll < 0o and {fn} is bounded sequence in C. Assume that the control sequences satisfy restrictions:
0<B<Bn <P <1, 9m<o0,and0<r<r, <1 <2, where 3, ', r and v’ are real constants.
Then {x,} converges weakly to some point in (9g)~*(0).

Proof. Since g : H — (—00, 00| is a proper convex and lower semicontinuous function, we see that subdiffer-
ential dg of g is maximal monotone. Putting F(z,y) = M = A =0, t, = 1, we have y,, = J, (z,, +¢€,). It

follows that y, = arg min,cg{g(z) + W} is equivalent to 0 € dg(yn) + %(yn — xp, — ey). It follows
that z, + e, € yn + 1,09(yn). By use of Theorem we find the desired conclusion immediately. O
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