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Abstract

In this paper, we use weakly commuting and weakly compatible conditions of self-mapping pairs, prove
some new common fixed point theorems for three pairs of self-maps in the framework of generalized metric
spaces. The results presented in this paper generalize the well known comparable results in the literature
due to Abbas et al. [M. Abbas, T. Nazir, R. Saadati, Adv. Difference Equ., 2011 (2011), 20 pages]. We
also provide illustrative examples in support of our new results. (©2016 All rights reserved.
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1. Introduction and Preliminaries

The study of fixed points of mappings satisfying certain conditions has been at the center of vigorous
research activity. In 2006, Mustafa and Sims [31] introduced a new structure of generalized metric spaces,
which are called G-metric spaces as the following.

Definition 1.1 ([31]). Let X be a nonempty set and let G : X x X x X — R* be a function satisfying the
following properties:

(G1) G(z,y,2) =0if x =y = z;

(G2) 0 < G(z,z,y), for all z,y € Xwith x # y;
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(G3) G(z,z,y) < G(z,y,z) for all z,y,z € X with z # y;
(Gy) G(z,y,2) = G(x,z,y) = G(y,z,x) = -- -, symmetry in all three variables;
(G5) G(z,y,2) < G(x,a,a) + G(a,y, z) for all x,y,z,a € X.

Then the function G is called a generalized metric, or, more specifically, a G-metric on X, and the pair
(X, G) is called a G-metric space.

It is known that the function G(z,y,z) on G-metric space X is jointly continuous in all three of its
variables, and G(z,y, z) = 0 if and only if x = y = z; see [31] and the reference therein for more details.

Based on the notion of generalized metric spaces, Mustafa et al. [29] [30, [32] obtained some fixed point
results for mappings satisfying different contractive conditions. Aydi [§] obtained a fixed point result for
a self-mapping on a G-metric space satisfying (1,p)-weakly contractive conditions. Shatanawi [34] proved
some fixed point results for self-maps in a complete G-metric space under some contractive conditions related
to a nondecreasing map ¢ : R — R with lim, o ¢"(t) = 0 for all ¢ > 0. Chugh et al. [II] obtained
some fixed point results for maps satisfying property P in G-metric spaces. Hussain et al. [20] introduced
the notion of G™-Meir-Keeler contractive, GI'-Meir-Keeler contractive and G-(«, 1)-Meir-Keeler contractive
mapping and prove some fixed point theorems for the several class of mappings in the setting of G-metric
spaces. Abbas and Rhoades [7] initiated the study of a common fixed point theory in generalized metric
spaces. Kaewcharoen [22] obtained some common fixed point results for contractive mappings satisfying
®-maps in G-metric spaces. Abbas et al. [4] obtained some periodic point results in generalized metric
spaces. Aydi et al. [I0] obtained some common fixed point results for generalized weakly G-contraction
mapping in G-metric spaces. Ye and Gu [38] obtained some common fixed point theorems for a class of
twice power type contraction maps in G-metric spaces. In [16], Gu and Ye introduce the concept of ¢-weakly
commuting self-mapping pairs in G-metric space, and used this concept, they establish a new common fixed
point theorem of Altman integral type mappings in G-metric space. Aydi [9] obtained a common fixed
point theorem of integral type contraction in generalized metric spaces. Tahat et al. [37] obtained some
common fixed point theorems for single-valued and multi-valued maps satisfying a generalized contraction
in G-metric spaces. Manro et al. [25] obtained some common fixed point theorems for expansion mappings
in G-metric spaces. Abbas et al. [I] and Manro et al. [26] gives some common fixed point theorems for R-
weakly commuting maps in G-metric spaces. In [27], the authors proved some common fixed point theorems
of weakly compatible mappings in G-metric spaces. In [5] 6] 12, 15, 23, B33, 39], the authors proved some
common fixed point results of three (or four, or six) mappings in G-metric spaces. Recently, Abbas et al. [3]
and Mustafa et al. [28] obtained some common fixed point results for a pair of mappings satisfying (E.A)
property under certain generalized strict contractive conditions in G-metric spaces. Long et al. [24] obtained
some common fixed points results of two pairs of mappings when only one pair satisfies (E.A) property G-
metric spaces. Gu and Yin [I7] obtained some common fixed points results of three pairs of mappings
for which only two pairs need to satisfy common (E.A) property in the framework of a generalized metric
space. Very recently, Gu and Shatanawi [14] used the concept of common (FE.A) property, proved some
common fixed point theorems for three pairs of weakly compatible self-maps satisfying a generalized weakly
G-contraction condition in generalized metric spaces. In [18] [19, 35], some coupled fixed point and common
coupled fixed point results are obtained in generalized metric spaces. In [2, [13 B6], the authors proved
some coupled fixed point results for mappings satisfying different contractive conditions in two generalized
metric spaces. In 2014, Hussain et al. [21] introduced a new concept of generalized partial b-metric space
using the concepts of G-metric, partial metric, and b-metric spaces and obtained some fixed point results
for contractive mappings in such spaces.

The purpose of this paper is to use the concept of weakly commuting mappings and weakly compatible
mappings to discuss some new common fixed point problem for three pairs of self-maps in G-metric spaces.
The results presented in this paper extend and improve the corresponding results of Abbas, Nazir and
Saadati [5].

We now recall some of the basic concepts and results in G-metric spaces.
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Definition 1.2 ([31]). Let (X, G) be a G-metric space, and let (z,,) be a sequence of points of X. A point
xz € X is said to be the limit of the sequence (z,,), if limy, ;400 G(, Zp, ym) = 0, and we say that the
sequence (x,,) is G-convergent to x or (x,) G— convergent to .

Thus, x,, — x in a G-metric space (X, G) if for any € > 0, there exists k € N such that G(z,zp, x,,) < €
for all m,n > k.

Proposition 1.3 ([31]). Let (X, G) be a G-metric space, then the following are equivalent
1. (x,) is G-convergent to x.
2. G(xp,Tn,x) = 0 as n — +o0.
3. G(xp,z,x) — 0 as n — +oo.
4. G(xp,Tm,x) = 0 as n,m — +oo.

Definition 1.4 ([31]). Let (X, G) be a G-metric space. A sequence (z,,) is called G-Cauchy if for every € > 0,
there is k € N such that G(zp, xm,x;) < € for all m,n,l > k; that is G(zp, xm, ;) — 0 as n,m,l — +o0.

Proposition 1.5 ([31]). Let (X, G) be a G-metric space. Then the following are equivalent:
1. The sequence (zy,) is G-Cauchy.
2. For every e > 0, there is k € N such that G(zy, T, Tm) < € for all m,n > k.

Definition 1.6 ([3I]). Let (X,G) and (X', G’) be G-metric spaces, and let f : (X,G) — (X',G’) be a
function. Then f is said to be G-continuous at a point a € X if and only if for every ¢ > 0, there is § > 0

such that z,y € X and G(a,z,y) < § implies G'(f(a), f(z), f(y)) < €. A function f is G-continuous at X if
only if it is G-continuous for all a € X.

Proposition 1.7 ([31]). Let (X, G) be a G-metric space. Then the function G(z,y, z) is jointly continuous
i all three of its variables.

Definition 1.8 ([31]). A G-metric space (X,G) is G-complete if every G-cauchy sequence in (X, G) is
G-convergent in X.

Definition 1.9 ([37]). Two self mappings f and g of a G-metric space (X, G) is said to be weakly commuting
it G(fgx,g9fx,g9fz) < G(fz,gx,gx) for all x in X.

Definition 1.10 ([37]). Let f and g be two self mappings from a G-metric space (X, G) into itself. Then
the mappings f and g are said to be weakly compatible if G(fgx, gfx,gfx) = 0 whenever G(fz, gz, gx) = 0.

Proposition 1.11 ([31]). Let (X,G) be a G-metric space. Then, for all z,y,z in X, it follows that
G(z,y,y) < 2G(y,z,x).

2. Main Results

Theorem 2.1. Let (X,G) be a complete G-metric space and let f, g, h, A, B, and C are six mappings of
X into itself satisfying the following conditions:

(i) F(X) € B(X), g(X) C C(X), h(X) C A(X);

(ii) Vx,y,z € X,

G(Az, fz, fx) + G(By, fz, fr) + G(Cxz, fx, fr),
G(fz,gy,hz) < kmax{  G(Az, gy, g9y) + G(By, gy, gy) + G(Cz, gy, gy), (2.1)
G(Az,hz,hz) + G(By, hz,hz) + G(Cz,hz, hz)
or
G(Ax, Az, fr) + G(By, By, fx) + G(Cz,Cz, fx),
G(fx,gy,hz) < kmax{ G(Az, Ax,gy) + G(By, By, gy) + G(Cz,Cz,gy), ;, (2.2)
G(Az, Az, hz) + G(By, By,hz) + G(Cz,Cz, hz)

where k € [0,%). Then one of the pairs (f,A), (9,B), and (h,C) has a coincidence point in X. Moreover,
if one of the following conditions is satisfied:
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(a) Either f or A is G-continuous, the pair (f, A) is weakly commuting, the pairs (g, B) and (h,C) are
weakly compatible;

(b) Either g or B is G-continuous, the pair (g, B) is weakly commuting, the pairs (f, A) and (h,C) are
weakly compatible;

(¢) Either h or C is G-continuous, the pair (h,C) is weakly commuting,the pairs (f, A) and (g, B) are
weakly compatible.

Then the mappings f, g, h, A, B, and C' have a unique common fized point in X.

Proof. Let us first assume that mappings f, g, h, A, B, and C satisfy condition ([2.1)).
Let zp in X be an arbitrary point, since f(X) C B(X), g(X) C C(X), h(X) C A(X) there exists the
sequences {z,} and {y,} in X, such that

Y3n = fT3n = BT3n+1, Y3nt+1 = 9%3n+1 = CT3n42, Ynt2 = ha3nio = Ax3n43

forn=0,1,2,---.

If y3n = yY3n+1, then gp = Bp where p = x3,41; If ysnt1 = Y32, then hp = Cp where p = x3,,49; If
Y3n+2 = Ysn+3, then fp = Ap where p = x3,43. Without loss of generality, we can assume that vy, # yn+1,
foralln=0,1,2,---.

Now we prove that {y,} is a G-Cauchy sequence in X.

Actually, using the condition and (G3) we have

G(y?m—la Y3n, y3n+1)
= G(fr3n, 973041, hx3n_1)
G(Ax3n, fr3n, fran) + G(Brsnit, f23n, fr3n) + G(Cr3n_1, fr3n, [T3n),

< kmax < G(Ax3n, 923041, 9T3n41) G (BE3ni1, 9230415 9T3n41) FG(CT3n-1, 923041, 93041,
G(Azsn, hwgn1, hatsn1)+G(Brgni, hsn, hsna)+G(Cosna, hagn1, hvsn1)

G(Y3n—1,Y3n:Y3n) + G(Y3n, Y3n, Y3n) + G(Y3n—2, Y3n, Y3n),
=kmax < G(Ysn—1,Y3n+1, Y3n+1) + G(Y3n, Y3n+1, Yzn+1) + G(Y3n—2, Y3n+1, Y3n+1),
G(Y3n—1,Y3n—1, Y3n—1) + G(Y3n, Y3n—1, Ysn—1) + G(Y3n—2, Y3n—1, Y3n—1)

G(Y3n—1,Y3ns Yan+1) + G(Y3n—2, Y3n—1, Y3n),
<kmax < GY3n—1,Y3n: Y3n+1) + G(Y3n—1, Y3n, Y3n+1) + G(Y3n—2; Y3n, Y3n+1)
G(Y3n—2:Y3n—1, Y3n) + G(Y3n—2, Y3n—1, Y3n)

< k2G(y3n—1, Y3n: Ysn+1) + 2G(Y3n—2, Y3n—1, Y3n)] »

which further implies that

(1 = 2k)G(Y3n-1, Y3n, Ysn+1) < 2kG(Y3n—2, Y3n—1,Y3n)-
Thus
G(Y3n—1, Y3n, Ysn+1) < AG(Y3n—2, Y3n—1,Y3n), (2.3)

where A = 25 Obviously 0 < A < 1.

Similary it can be shown that

G(Y3n, Y3n+1, Y3n+2) < AG(Y3n—1, Y3n, Y3n+1) (2.4)

and
G(Y3n+1, Ysn+2, Ysn+3) < AG(Y3n, Y3n+1, Y3n+2)- (2.5)

It follows from ({2.3)), , and (2.5) that, for all n € N,

G(yTHyTH—l?yTH-?) < AG(yn—laynayn—&-l) < AQG(yn—Qayn—layn) < < AnG(yanhZﬂ)'
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Therefore, for all n,m € N, n < m, by (G3) and (G5) we have

G(Yns Yms Ym) < GWn, Ynt+1, Ynt1) + G(Ynt1: Yn+2, Yn+2) + G(Un+2, Ynt3: Yn+3)

+ o+ GYm—1, Ym, Ym)
G(Yns Ynt1, Yn+2) + G(Yn+1, Ynt2, Yn+3) + - + G(Ym—1, Yms Ym+1)
A"+ XL B2 XY G o,y 1)

A\
1—A

IA A

IN

G(yo,y1,y2) — 0,as n — o0.

Hence, {y,} is a G-Cauchy sequence in X, since X is a complete G-metric space, there exists a point u € X
such that y, — v as n — oo.

Since the sequences {fxsn,} = {Bxsnt1},{923n+1} = {Cr3ni2} and {hxs,—1} = {Axs,} are all subse-
quences of {y,}, then they all converge to u.

Yan = fr3n=DBx3n+1 — U, Y3n+1=9T3n+1=CT3nt+2 — U, Y3n—1 =ha3,—1=Ax3, - u as n —oco. (2.6)

Now we prove that u is a common fixed point of f, g, h, A, B, and C under the condition (a).
First, we suppose that A is continuous, the pair (f, A) is weakly commuting, the pairs (g, B) and (h,C)
are weakly compatible.

Step 1. We prove that © = fu = Au.

By (2.6) and weakly commuting of mapping pair (f, A) we have
G(fAxs,, Afesy, Afxs,) < G(fxsn, Axsy,, Axs,) — 0 as n — 0. (2.7)

Since A is continuous, then A%xs3, — Au as n — oo, Afws, — Au as n — oo. By (2.7) we know
fAzxs, — Au as n — oo.
From the condition ([2.1)) we know:

G(fAﬂﬂ?)m 9T3n+1, h933n+2)

G(A%z3y, fATs,, fAT3,)+G(Basnn, fATsn, fAT3,)+G(Canta, fATs,, fATs,),
<kmax { G(A%T3n, 9%3n41, 923011 ) + G(BL3ni1, 923011, 93011 ) + G(CT3ni2, 93041, 93041 ),
G(A%x3, hsni2, hvsnio) +G(Boani, hrsnio, htsne) +G(Cxsnio, hTsnie, hTsn)

Letting n — oo, and using the Proposition we have

G(Au, Au, Au) + G(u, Au, Au) + G(u, Au, Au),
G(Au,u,u) < kmax G(Au,u,u) + G(u,u,u) + G(u,u,u),
G(Au,u,u) + G(u, u,u) + G(u, u, u)
= kmax {2G(u, Au, Au), G(Au,u,u)), G(Au,u,u)}
< 4kG(Au, u,u).

Hence, G(Au, u,u)=0 and Au = u, since 0 < k < %.
Again by use of the condition ([2.1)) we have

G(fu, gxsns1, hasni2)
G(Au7 fuv fu) + G(Bx?m-‘rla fu? fu) + G(Cx3n+27 fu7 fu)7
<kmax ¢ G(Au, 9x3n41, 9%3n11) +G(BT3nt1, 93011, 923n11) + G (Cx3n42, 9230415 §T3041 ),
G(Au, hxznio, hrsne) +G(Bxang, htznie, htanie) +G(Co3ng2, htzni, hzni2)
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Letting n — oo, using Au = u and the Proposition [1.11] we have

G(u, fu, fu) + G(u, fu, fu) + G(u, fu, fu),
G(fu,u,u) < kmax G(u,u,u) + G(u,u,u) + G(u, u, u),
G(u,u,u) + G(u,u,u) + G(u, u, u)
= 3kG(u, fu, fu)
S 6k‘G(fu7'U,7’U,),

which implies that G(fu,u,u)=0 and so fu = u, since 0 < k < %. Thus we have u = Au = fu.

Step 2. We prove that v = gu = Bu.

Since f(X) C B(X) and u = fu € f(X), there is a point v € X such that u = fu = Bv. Again by use
of condition (2.1]), we have
G(fu, gv, hasny2)

G(Au, fu, fu) + G(Bv, fu, fu) + G(Cxspy2, fu, fu),
< kmax G(A’LL, gv, gv) + G(BU,g’U,g’U) + G(Cx3n+2,gv,gv),
G(Au, hxgni2, hasni2) + G(Bv, hagnio, hxgni2) + G(Crspyo, hsnyo, hasny2)

Letting n — oo, using u = Au = fu = Bv and the Proposition [I.11] we obtain

G(u,u,u) + G(u,u,u) + G(u, u, u),
G(u, gv, gv) + G(u, gv, gv) + G(u, gv, gv),
= 3kG(u, gv, gv)
< 6kG(U,gU,U),

G(u, gv,u) < kmax

which gives that G(u, gv,u) = 0 because 0 < k < %, and so gv = u = Bw.
Since the pair (g, B) is weakly compatible, we have

gu = gBv = Bgv = Bu.
Again by use of condition (2.1)), we have

G(fU, gu, hI3n+2)

G(A’LL, fuv fu) + G(BU, fuv f’LL) + G(CxSnJer fua fu)a
< kmax G(Au, gu, gu) + G(Bu, gu, gu) + G(Cx3n+2, gu, gu),
G(Au, hxspio, hrsnie) + G(Bu, htznio, htsnio) + G(Cxanta, haznio, hasn )

Letting n — oo, using v = Au = fu, gu = Bu and the Proposition [1.11} we have

G(u,u,u) + G(gu,u,u) + G(u, u, u),
G(u, gu, gu) + G(gu, gu, gu) + G(u, gu, gu),
G(u,u,u) + G(gu,u,u) + G(u, u, u)
= kmax {G(gua u, U), 2G(u7 gu, gU)}

< 4kG(u, gu, u).

G(u, gu,u) < kmax

This implies that G(u, gu,u) = 0 and so u = gu = Bu.

Step 3. We prove that ©u = hu = Cu.
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Since ¢g(X) € C(X) and u = gu € g(X), there is a point w € X such that u = gu = Cw. Again by use
of condition (2.1)), we have

G(Au, fu, fu) + G(Bu, fu, fu) + G(Cw, fu, fu),
G(fu,gu, hw) < kmax s G(Au, gu, gu) + G(Bu, gu, gu) + G(Cw, gu, gu),
G(Au, hw, hw) + G(Bu, hw, hw) + G(Cw, hw, hw)

Using u = Au = fu, u = gu = Bu = Cw and the Proposition [I.11] we obtain
G(u,u, hw) < 3kG(u, hw, hw) < 6kG(u, u, hw),

which implies that G(u,u, hw) = 0 and so hw = u = Cw.
Since the pair (h, C) is weakly compatible, we have

hu = hCw = Chw = Cu.
Again by use of condition (2.1]), we have

G(Au, fu, fu) + G(Bu, fu, fu) + G(Cu, fu, fu),
G(fu,gu, hu) < kmax{  G(Au, gu, gu) + G(Bu, gu, gu) + G(Cu, gu, gu),
G(Au, hu, hu) + G(Bu, hu, hu) + G(Cu, hu, hu)

Using v = Au = fu, u = gu = Bu, Cu = hu and the Proposition [1.11] we have
G(u,u, hu) < kmax {G(hu,u,u),2G(u, hu, hu)} < 4kG(u,u, hu),

which gives that G(u,u, hu) = 0 and so u = hu = Cu.

Therefore u is the common fixed point of f, g, h, A, B, and C' when A is continuous and the pair (f, A)
is weakly commuting, the pairs (g, B) and (h,C) are weakly compatible.

Next, we suppose that f is continuous, the pair (f, A) is weakly commuting, the pair (g, B) and (h,C)
are weakly compatible.

Step 1. We prove that © = fu.
By ([2.6)) and weakly commuting of mapping pair (f, A) we have
G(fAxsn, Afrsn, Afrs,) < G(frsn, Axsp, Azs,) — 0 as n — oo. (2.8)

Since f is continuous, then f?z3, — fu as n — oo, fArs, — fu as n — oo. By (2.6) we know
Afxs, — fu asn — co.
From the condition ([2.1)) we know

G(f*T3n, 923041, hT3n12)

G(Afzan, f22sn, [223n) + G(BTsnit, [223n, f2030) + G(Cxani2, f2T3n, F223n),
<kmax ¢ G(AfT3n, 923011, 923n41) +G(BT3n11, 923041, 923041 ) +G(CT3n42, 923041, 9T3041)
G(Afxsn, hwsnio, htsp)+G(Brgpa, hagnie, hagnie) +G(Cxaniz, haanie, hani2)

Letting n — oo and the Proposition [1.11] we have

G(fu, fu, fu) + G(u, fu, fu) + G(u, fu, fu),
G(fu,u,u) < kmax G(fu,u,u) + G(u,u,u) + G(u, u,u),
G(fu,u,u) + G(u,u,u)+G(u,u,u)

= kmax {2G(u, fu, fu), G(fu,u,u)}
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S 4kG(fu7 u? u)?

which implies that G(fu,u,u) =0 and so fu = u.
Step 2. We prove that u = gu = Bu.

Since f(X) C B(X) and u = fu € f(X), there is a point z € X such that v = fu = Bz, again by use
of condition (2.1)), we have

G(f*x3n, 92, hT3n12)

G(Afzan, f22sn, [Pxsn) + G(Bz, f2xsn, fPrsn) + G(Crsnia, [Pasn, f213,),
< kmax G(Afzsn,g9z,92) + G(Bz,gz,92) + G(Cx3ni2,92,9%),
G(Afxsn, htsnyo, htsnyo) + G(Bz, htsnyo, htsnio) + G(Crang2, htsnio, hrsn o)

Letting n — oo, using v = fu = Bz and the Proposition we have

G(u,u,u) + G(u,u,u) + G(u, u, u),
G(u,gz,u) < kmax{ G(u, gz, 9z) + G(u, 92, 92) + G(u, gz, gz),
G(u,u,u) + G(u,u,u) + G(u, u, u)
— 3KG(u, g% 92)
< 6kG(u, gz, gz)

Y

which implies that G(u, gz,u) =0 and so gz = u = Bz.
Since the pair (g, B) is weakly compatible, we have

gu = gBz = Bgz = Bu.
Again by use of condition (2.1)), we have

G(fxiﬂnv qu, h$3n+2)

G(Ax3n, fr3n, fr30) + G(Bu, fr3n, fr3n) + G(Cr3ny2, fr3n, fr3n),
< kmax G(Axsy, gu, gu) + G(Bu, gu, gu) + G(Cx3syy2, gu, gu),
G(Ax3zn, haspio, hasnie) + G(Bu, htsnio, htsnio) + G(Caanga, hrsnio, hrsnio)

Letting n — oo, using © = fu, gu = Bu and the Proposition [I.11| we have
G(u,u,u) + G(gu,u,u) + G(u, u, u),

G(u, gu,u) < kmax { G(u, gu, gu) + G(gu, gu, gu) + G(u, gu, gu),
G(u,u,u) + G(gu, u,u) + G(u, u,u)

= kmax {G(gu,u,u),2G(u, gu, gu)}
< 4kG(u, gu, u).
This implies that G(u, gu,u) = 0 and so gu = u = Bu.
Step 3. We prove that v = hu = Cu.

Since ¢g(X) C C(X) and u = gu € g(X), there is a point t € X such that u = gu = Ct. Again by use of
condition (2.1)), we have

G(Axiinv f$3n> fon) + G(Bu7 fx?ma fx3n) + G(Ct? f$3n7 fx3n),
G(fx3n, gu, ht) < kmax G(Azsy, gu, gu) + G(Bu, gu, gu) + G(Ct, gu, gu),
G (A, ht, ht) + G(Bu, ht, ht) + G(Ct, ht, ht)
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Letting n — oo, using © = gu = Bu = Ct and the Proposition [1.11] we obtain

G(u,u,u) + G(u,u,u) + G(u, u, u),
G(u,u, ht) < kmax G(u,u,u) + G(u,u,u) + G(u, u, u),
G(u, ht, ht) + G(u, ht, ht) + G(u, ht, ht)

— 3kG(u, ht, ht)
< 6kG(u,u, ht).

Hence G(u,u,ht) =0 and so ht = u = C't.
Since the pair (h, C) is weakly compatible, we have

hu = hCt = Cht = Cu.
Again by use of condition (2.1)), we have

G(Azsn, fran, fran) + G(Bu, frsn, fran) + G(Cu, frsn, frsn),
G(fxsn, gu, hu) < kmax G(Azsy, gu, gu) + G(Bu, gu, gu) + G(Cu, gu, gu),
G(Axsy, hu, hu) + G(Bu, hu, hu) + G(Cu, hu, hu)

Letting n — oo, using v = gu = Bu, C'u = hu and the Proposition [L.11} we have

G(u,u,u) + G(u,u,u) + G(hu, u,u),
G(u,u, hu) < kmax G(u,u,u) + G(u,u,u) + G(hu, u,u),
G(u, hu, hu) + G(u, hu, hu) + G(hu, hu, hu)

= kmax {G(hu,u,u),2G(u, hu, hu)}
< 4kG(u,u, hu),

which gives that G(u,u, hu) = 0 and so hu = u = Cu.
Step 4. We prove that u = Au.

Since h(X) C A(X) and u = hu € h(X), there is a point p € X such that u = hu = Ap. Again by use
of condition (2.1]), we have

G(Ap, fp, fp) + G(Bu, fp, fp) + G(Cu, fp, fp),
G(fp, gu, hu) < kmax ¢ G(Ap, gu, gu) + G(Bu, gu, gu) + G(Cu, gu, gu),
G(Ap, hu, hu) + G(Bu, hu, hu) + G(Cu, hu, hu)

Using v = gu = Bu, u = hu = C'u = Ap and the Proposition we obtain

G(u, fp, fp) + G(u, fp, fp) + G(u, fp, fp),
G(fp,u,u) < kmax G(u,u,u) + G(u,u,u) + G(u, u,u),
G(u,u,u) + G(u,u,u) + G(u, u, u)

= 3kG(u, fp, fp)
S 6kG(fp7 u, U),

which implies that G(fp,u,u) =0 and so fp =u = Ap.
Since the pair (f, A) is weakly compatible, we have

fu= fAp=Afp=Au=u.

Therefore u is the common fixed point of f, g, h, A, B, and C when S is continuous and the pair (f, A)
is weakly commuting, the pair (g, B) and (h,C) are weakly compatible.
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Similarly we can prove the result that u is a common fixed point of f, g, h, A, B, and C' when under
the condition of (b) or (c).

Finally we prove uniqueness of common fixed point u.

Let w and ¢ are two common fixed point of f, g, h, A, B, and C, by use of condition , we have

G(q, u,u) = G(fq, gu, hu)

G(Aq, fq, fq) + G(Bu, fq, fa) + G(Cu, fq, fq),

< kmax | G(Aq, gu,gu) + G(Bu, gu, gu) + G(Cu, gu, gu),
G(Agq, hu, hu) + G(Bu, hu, hu) + G(Cu, hu, hu)
G(q,q9,q9) + G(u,q,9) + G(u,q,9),

=kmax < G(q,u,u) + G(u,u,u) + G(u,u,u),
G(q,u,u) + G(u,u,u) + G(u,u, u)

= kmax {2G(u, ¢, q), G(q,u,u)}

< 6kG(q,u,u),

which implies that G(q,u,u) = 0 and so ¢ = u. Thus common fixed point is unique.
The proof using ([2.2) is similar. This completes the proof. O

Remark 2.2. Theorem improves and extends the corresponding results of Abbas, Nazir and Saadati [5,
Theorem 2.6] from three self-mappings to six self-mappings.

Remark 2.3. In Theorem 2.1} if we take: 1) f=g=h;2) A=B=C;3) f=g=hand A= B =C;4)
g=hand B=C;5) g=hand B =C = I, several new results can be obtained.

In Theorem if we take A = B = C = I (I is identity mapping, the same below), then we have the
following corollary.

Corollary 2.4 ([36],Theorem 2.6). Let (X,G) be a complete G-metric space and let f, g and h are three
mappings of X into itself satisfying the following conditions

G(z, fx, fr)+ Gy, fz, fx) + G(z, fz, fz),
G(fx,gy,hz) < kmax<  G(z,gy,9y) + Gy, 9y, 9y) + G(2, 9y, 9y), (2.9)
G(x,hz,hz) + G(y, hz,hz) + G(z, hz, hz)

or
G(z,z, fz)+ Gy, y, fx) + G(z, 2, fz),
G(fx,gy,hz) <kmax (¢ G(z,z,9y) + Gy, y,9y) + G(z, 2, gy), (2.10)

Va,y,z € X, where k € [0, %) Then f, g, and h have a unique common fized point in X.
Also, if we take f =g =h and A= B =C = I in Theorem[2.1], then we get the following.

Corollary 2.5. Let (X,G) be a complete G-metric space and let f be a mapping of X into itself satisfying
the following conditions

G(z, fz, fr) + G(y, fz, fz) + G(z, fz, fx),
G(fz, fy, fz) <kmaxq  G(z,9y,9y) + Gy, 9y, 9y) + G(2, gy, 9y), (2.11)
G(z,hz,hz) + G(y, hz,hz) + G(z, hz, hz)
or
G(fz, fy, fz) <kmax ¢ G(z,z, fy) + G(y,y, fy) + G(z, 2, fy), (2.12)
G(z, 2, f2) + G(y,y, f2) + G(z,2, [2)
1

Va,y,z € X, where a € [0, 5). Then f has a unique fized point in X.
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Theorem 2.6. Let (X,G) be a complete G-metric space and let f, g, h, A, B, and C are six mappings of
X into itself satisfying the following conditions:

(i) F(X) € B(X), g(X) € C(X), h(X) C A(X);

(ii) The pairs (f,A), (g,B) and (h,C) are commuting mappings;

(iii) Vx,y,z € X,

G(Az, fPz, fPz)+G(By, [Pz, fPz)+G(Cx, [Pz, fPx),
G(f'x, g%, 0 z) < kmax ¢ G(Az, g%, g%y)+G(By, gy, 9%y)+G(Cz, g%y, g%y), (2.13)
G(Az,h"z,h"z)+G(By,h"z,h"2)+G(Cz,h"z,h" 2)
or
G(Ax, Az, fPz) + G(By, By, fPz) + G(Cz,Cx, fPz),
G(fPx,¢9%y,h"z) < kmax{ G(Ax,Ax,g%)+ G(By, By, g%y) + G(Cz,Cz,g%), ;, (2.14)
G(Ax,Ax,h"z) + G(By, By,h"z) + G(Cz,Cz,h"2)

where k € [0, é), p,q,r €N, then f, g, h, A, B, and C have a unique common fixed point in X .

Proof. Suppose that mappings f, g, h, A, B, and C satisfies condition . Since fPX C fP1X C---C
fX, fX € BX, so that fPX C BX. Similarly, we can show that ¢g?X C CX and h"X C AX. From the
Theorem we see that fP, g9, h", A, B and C have a unique common fixed point u.

Since fu = f(fPu) = fP*lu = fP(fu), so that

G(Afu, fP fu, f? fu)+G(Bu, f? fu, f? fu)+G(Cu, f? fu, f? fu),
G(f? fu, g%, h"u) < kmax G(Afu, g%u, g?u)+G(Bu, g%u, g?u)+G(Cu, glu, glu), ,
G(Afu,h"u, h"u)+G(Bu, h"u, h"u)+G(Cu, h"u, h"u)

note that Afu = fAu = fu and the Proposition [1.11}, we obtain

{ G(fu, fu, fu) + G(u, fu, fu) + G(u, fu, fu), }
G(fu,u,u) < kmax G(fu,u,u) + G(u,u,u) + G(u, u,u),
G(fu,u,u) + G(u,u,u) + G(fu,u,u)
= kmax {2G(u, fu, fu), G(fu,u,u)}
< 4kG(fu,u,u).

This implies that G(fu,u,u) =0 and so fu = u.

By the same argument, we can prove gu = u and hu = u. Thus we have u = fu = gu = hu = Au =
Bu = Cu, so that f, g, h, A, B and C have a common fixed point u in X. Let v be any other common
fixed point of f, g, h, A, B and C, then use of condition , we have

G(u,u,v) = G(fPu, g%u, h"v)
G(Au, fPu, fPu) + G(Bu, fPu, fPu) + G(Cv, fPu, fPu),
< kmax<{ G(Au,g%u,g?u) + G(Bu, g%u, g%u) + G(Cv, g%u, glu),
G(Au, h"v,h"v) + G(Bu,h"v, h"v) + G(Cv, h"v, h"v)
U, u
u

(
G(u,u,u) + G(u,u,u) + G(v,u,u),
=kmax ¢ G(u,u,u) + G(u,u,u) + G(v,u,u),
G(u,v,v) + G(u,v,v) + G(v,v,v)

< kmax {G(v,u,u),2G(u,v,v)}
< 4kG(u,u,v),

which implies that G(u,u,v) = 0 and so u = v. Thus common fixed point is unique.
The proof using ([2.14]) is similar. This completes the proof. O
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Remark 2.7. Theorem improves and extends the corresponding results in of Abbas, Nazir and Saadati
[5, Corollary 2.8] from three self-mappings to six self-mappings.

Remark 2.8. In Theorem [2.6] if we take: 1) f=g=h;2) A=B=C;3) f=g=hand A=B =C; 4)
g=hand B=C;5)g=hand B=C =1;6) p=q=r, several new result can be obtained.
In Theorem if we take A = B = C = I, then we have the following corollary.

Corollary 2.9. Let (X,G) be a complete G-metric space and let f, g, and h are three mappings of X into
itself satisfying the following conditions
Gz, [Pz, fPx)+ Gy, [Pz, fPo)+G(z, [Pz, fPx),
G(fPz, g%, h"2) < kmax § G(z, 9%, g%y)+G(By, 9%y, 9%y) +G(z, 9%, 9%Y), (2.15)
G(h"z,h"2)+G(y,h"z, W z)+G(z,h"z,h" z)

or

G(z,z, fPz) + G(y,y, fPz) + G(z, z, fPx),
} (2.16)

G(ffz,g%y,h"2) < kmax ¢ G(z,z,9%) + G(y,y,9%) + G(z,2,9%),
G(z,z,h"z) + G(y,y,h"z) + G(z,2,h"2)

for all x,y,z € X, where k € [0, %), p,q,7 €N, then f, g and h have a unique common fized point in X.

Remark 2.10. If p = g = r = m, the Corollary is reduced to Corollary 2.8 of Abbas, Nazir and Saadati
[5].
Also, if we take f = g=h and A = B = C = I in Theorem then we get the following.

Corollary 2.11. Let (X, G) be a complete G-metric space and let f be a mapping of X into itself satisfying
the following conditions

G(z, fPz, fPx)+G(y, fPz, fPx)+G(z, fPx, fPx),
G(fPz, fly, fT2) < kmax S G(z, f, fly)+G(By, fly, fly)+G(z, fly, f1y), (2.17)
Gz, fT 2, fT2)+Gy, [Tz, fT2)+G(z, Tz, f2)

or

} (2.18)

G(fPx, fly, f"2) < kmax { Gz, fly) + Gy, y, fly) + G(z, 2, fly),
G(x,x, f'2) + G(y,y, f2) + G(2,2, [T2)

for all x,y,z € X, where k € [0, %), p,q,7 € N, then f has a unique fized point in X.
Corollary 2.12. Let (X,G) be a complete G-metric space and let f, g, h, A, B and C are six mappings of
X into itself satisfying the following conditions:
(i) F(X) € B(X), g(X) C C(X), h(X) C A(X);
(i) Ve, y,z € X,
G(fz,gy,hz) < a{G(Ax, fz, fx) + G(By, fz, fx) + G(Cz, fx, fx)}
+ u{G(Az, gy, gy) + G(By. gy, 9y) + G(Cz, 9y, 9y) }
+ {G(Az, hz,hz) + G(By, hz,hz) + G(Cz, hz, hz)} (2.19)

or

G(fz,gy,hz) < a{G(Az, Az, fz) + G(By, By, fz) + G(Cz,Cxz, fx)}
+ b{G(Az, Az, gy) + G(By, By, gy) + G(Cz,Cz, gy)}
+ c{G(Az, Az, hz) + G(By, By,hz) + G(Cz,Cz, hz)}, (2.20)

where 0 < a+b+c < . Then one of the pairs (f,A), (g9, B) and (h,C) has a coincidence point in X.
Moreover, if one of the following conditions is satisfied:
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(a) Either f or A is G-continuous, the pair (f, A) is weakly commuting, the pairs (g, B) and (h,C) are
weakly compatible;

(b) Either g or B is G-continuous, the pair (g, B) is weakly commuting, the pairs (f, A) and (h,C) are
weakly compatible;

(¢) Either h or C is G-continuous, the pair (h,C) is weakly commuting, the pairs (f, A) and (g, B) are
weakly compatible.

Then The mappings f, g, h, A, B and C have a unique common fixed point in X.
Proof. Suppose that mappings f, g, h, A, B and C satisfies condition (2.19)). For z,y,z € X, let
G(Az, fz, fx) + G(By, fz, fx) + G(Cx, fz, fx),

M(z,y,z) = max{ G(Ax, gy, gy) + G(By, g9y, 9y) + G(Cz, gy, 9y),
G(Ax,hz,hz) + G(By, hz,hz) + G(Cz, hz, hz)

Then
a{G(Azx, Az, fx) + G(By, By, fx) + G(Cz,Cz, fx)}
+ b{G(Az, Az, gy) + G(By, By, gy) + G(Cz,Cz,gy)}
+ c{G(Ax, Az, hz) + G(By, By, hz) + G(Cz,Cz, hz)}
<(a+b+c)M(z,y,z2).
So, if

G(fx,gy,hz) < a{G(Az, fz, fx) + G(By, fz, fr) + G(Cx, fr, fr)}
+ b{G(Az, gy, gy) + G(By, 9y, 9y) + G(Cz,9y,9y)}
+ {G(Azx, hz,hz) + G(By, hz,hz) + G(Cz, hz, hz)}

then G(fz,gy,hz) < (a+b+c)M(z,y, z). Taking k = a+ b+ ¢ in Theorem the conclusion of Corollary
2.12] can be obtained from Theorem [2.1] immediately.
The proof using (2.20)) is similar. This completes the proof. O

Remark 2.13. In Corollary if we take: 1) f=g=h;2) A=B=C;3) f=g=hand A=B=C;4)
g=hand B=C;5) g=hand B =C = I, several new results can be obtained.

Corollary 2.14. Let (X,G) be a complete G-metric space and let f, g, h, A, B and C are six mappings of
X into itself satisfying the following conditions:
(i) F(X) € B(X), g(X) € C(X), h(X) C A(X);
(ii) The pairs (f,A), (g,B) and (h,C) are commuting mappings;
(iii) Vx,y,z € X,
G(fPx, g%, h"2) <a{G(Az, fPz, fPx) + G(By, f'z, fPz) + G(Cz, [Pz, fPz)}
+b{G(Az, g%, g%y) + G(By, g%y, 9"y) + G(Cz, 9%, ¢%y)} (2.21)
+ A{G(Az,h"z,h"z) + G(By,h"z,h"z) + G(Cz,h"z,h"2)}

or

G(fPz, 9%, h'"z) < a{G(Az, Az, fPx) + G(By, By, f'z) + G(Cz,Cz, fPx)}
+0{G(Az, Az, g%y) + G(By, By, g"y) + G(Cz,Cz,g%y)} (2.22)
+ {G(Azx, Az, h"2) + G(By, By, h"z) + G(Cz,Cz,h"2)},

where 0 < a+b+c< %, p,q,7 €N, then f, g, h, A, B, and C have a unique common fixed point in X.
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Proof. The proof follows from Corollary and from an argument similar to that used in Theorem[2.6l O

Remark 2.15. In Corollary if we take: 1) f=g=h;2) A=B=C;3) f=g=hand A= B=C,;4)
g=hand B=C;5)g=hand B=C =1;6) p=q=r, several new results can be obtained.
Now we introduce an example to support Theorem

Example 2.16. Let X = [0,1], and (X, G) be a G-metric space defined by G(z, vy, z) = |v—y|+|y—z2|+|z—x|
for all z,y,z in X. Let f, g, h, A, B and C be self mappings defined by

18 2, zel0,3] 3, xel0,3]
= — — 210 > 20D hr = 207 » 9]y
fx 19° 9 { %, :ce(%,l]. T %, .Z'E(%,l].
1, T € [0, %], 1 ]-7 S [07 %]7
ar=d B e, Bo={ TSI comd B oseq),
207 - 21> — 4

Note that f is G-continuous in X, and g, h, A, B and C are not G-continuous in X.
Clearly we can get f(X) C B(X), g(X) C C(X), h(X) C A(X).
By the definition of the mappings of f and A, for all 2 € [0, 1], we have

18 18 18

> =0<G(fx,Ax, Ax),
so we can get the pair (f, A) is weakly commuting.

By the definition of the mappings of ¢ and B, only for x € (%, 1], gz = Bz, at this time gBx = g(%) =
% =B (%) = Bgx, so gBx = Bgzx, so we can obtain the pair (g, B) is weakly compatible. Similarly we can
proof the pair (h,C) is also weakly compatible.

Now we proof the mappings f, g, h, A, B and C are satisfying the condition (2.1)) of Theorem with

k=2 €0,8). Let

G(Az, fz, fx) + G(By, fz, fx) + G(Cxz, fx, fx),
M(z,y,z) =max ¢ G(Az, gy, gy) + G(By, gy, 9y) + G(Cz, gy, 9y),
G(Azx,hz,hz) + G(By, hz,hz) + G(Cz, hz, hz)

Case 1. If z,y,z € [0, %}, then

18 20 19y 4
19°21°20/ 399’

G(fr,gy,hz) =G <

G(Az, fx, fx) + G(By, fz, fx) + G(Cz, fz, fr)

18 18 18 18 18 18
= 1, —, = 1, = = 1.2 =2
G( ’19’19>+G< ’19’19>+G< ’19’19)

_56
19’

Thus we have

4 2 6
G(fx,gy,hz) = 399 <21 19

= -(G(Ax, fo, [2) + G(By, fr. f2) + G(Cz, fa, [v))
< 22—1M(:E,y72)-
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Case 2. If x,y € [O, %] ,2 € (%, 1], then

18 20 18 4
G(fﬂxgy,hZ):G(S ! >=3

19°21°19) 399’

G(Az, fz, fz) + G(By, fz, fr) + G(Cz, fz, fx)
> G(Az, fx, fx) + G(By, fx, fx)

18 18 18 18

= 1, —, — 1. = =

G( ’19’19>+G< ’19’19>
4
19’

Therefore we get

4 2 4
G(fx, gy, hz) = 399 <321 19
2

21

IN

(G(Az, fx, fx) + G(By, fx, fx) + G(Cz, fz, fz))
< %M(w,y,z)-

Case 3. If x,z € [O, %] Y € (%, 1], then

18 18 19 1
h = _— ., — = —
G(fxr,gy,hz) =G <19, o’ 20) 190"

G(Az, fz, fx) + G(By, fz, fz) + G(Cz, fx, fx)

18 18 18 18 18 18 18
= i = 1, — —
¢ <1’ 19’ 19> G <19’ 19’ 19) +G( 19’ 19>

4
19
Hence we have
1 2 4
G(fx, gy, hz) = T00 <321 19
2
= 5 (G(Az, fo, f2) + G(By, fx, fx) + G(C, fa, fx))
2
< — .
< 57 M(2,y,2)

Case 4. If y,z € [0, %] , X € (%, 1}, then

18 20 1 4
G(fx,gy,hZ)=G<8 0 9)2

19°21°20) 399’

G(Az, fz, fx) + G(By, fz, fx) + G(Cz, fz, fx)
> G(By, fz, fx) + G(Cxz, fz, fx)

18 18 18 18
—G(%g’@ +G(1,19,19)

4
19’
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So we get
4 2 4

309 <21 19

- (G(Ax, [z, fz) + C(By, fx, fx) + C(Cz, f, [v))

2
ﬁM(l’,y,Z)

G(fz,gy, hz) =

<

IN

Case 5. If z € [O, %] Y, 2 € (%, 1}, then

18 18 18 2
o= )=0<ZMm .
G(fx,gy,hz) =G (19, 19’ 19> 0< o7 (x,y, 2)

Case 6. If y € [0, %} , T, 2 € (%, 1], then

18 20 1 4
G(fﬂ%gy,hZ):G(S ! 8)

19'21°19) ~ 399’

G(Az, fz, fr) + G(By, fz, fx) + G(Cz, fx, fr) > G(By, fz, fz) = G (1 18 18) 2

'19°19) 19

Thus we have

4 2 2
G(fz,9y,h2) = 555 = 57 ' 19
< %(G(Ax, fz. fx) + G(By, fx, fr) + G(Cz, fx, fx))

2
< — .
< 21M(w7y7z)

Case 7. If z € [O, %] , X, Y € (%, 1}, then

18 18 1 1
G(fx,gy,hZ)=G<8 5 9)

19°19°20) ~ 190’

G(Ax, fx, fz) + G(By, fz, fz) + G(Cx, fx, fx)
> G(By, fa, ) + G(Cx, fa, fz)
18 18 18 18 18
=G <19’19’19> +G<1’19’19)

2

19°

Hence we have

1 2 2

G(fz,gy,hz) = 90 <21 19

2

2
S ﬁM(xvyaZ)'

Case 8. If z,y,z € (%, 1], then

G(fx, gy, hz) G<19,19719 0< 5 (z,y,2)

Then in all the above cases, the mappings f,g,h, A, B, and C are satisfying the condition (2.1)) of the
Theorem with k = 2—21 So that all the conditions of Theorem are satisfied. Moreover, % is the
unique common fixed point for all of the mappings f, g, h, A, B, and C.

18 18 18) 2
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