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Abstract

In this paper we give some properties of a class of intuitionistic fuzzy metrics which is called strong. This
new class includes the class of stationary intuitionistic fuzzy metrics. So we examine the relationship between
strong intuitionistic fuzzy metric and stationary intuitionistic fuzzy metric. c©2016 All rights reserved.
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1. Introduction and Preliminaries

Since the introduction of fuzzy sets by Zadeh [22] in 1965, many authors have introduced the concept
of fuzzy metric spaces in different ways [4, 5, 9, 10, 13, 14]. Especially, George and Veeramani [7–9],
have introduced a notion of fuzzy metric spaces with the help of continuous t-norms, which constitutes a
modification of the one due to Kramosil and Michalek [14]. Then many authors have made contribution to
the notion of fuzzy metric spaces [6, 12, 17, 20].

On the other hand Sapena and Morillas [19] have studied notion of strong fuzzy metrics. They have
discussed several important properties as strong fuzzy metrics, also some aspects of the completion of this
type fuzzy metrics attending to their associated continuous t-norms. Especially they have given the class of
stationary fuzzy metrics (M, ∗) , where ∗ is integral, are completable.

Park [16], using the idea of intuitionistic fuzzy sets which was introduced by Atanassov [2], has defined the
notion of intuitionistic fuzzy metric spaces with the help of continuous t-norms and continuous t-conorms
as a generalization of fuzzy metric spaces due to George and Veeramani [7]. Besides, he has introduced
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the notion of Cauchy sequences in an intuitionistic fuzzy metric space, has proved the Baire’s Theorem
and Uniform Limit Theorem for intuitionistic fuzzy metric spaces. Later many authors have studied on
intuitionistic fuzzy metric spaces [1, 11] and intuitionistic fuzzy topological spaces [3, 18].

Most of intuitionistic fuzzy metrics in the sense of Park [16], satisfy the following conditions

M (x, z, t) ≥M (x, y, t) ∗M (y, z, t)

and
N (x, z, t) ≤ N (x, y, t)♦N (y, z, t) .

In this paper we study some properties of this class of intuitionistic fuzzy metrics called strong. Also we
see that this class (strong) of intuitionistic fuzzy metric includes the class of stationary intuitionistic fuzzy
metrics and each strong intuitionistic fuzzy metric is characterized by a family ({(Mt, Nt, ∗,♦) : t ∈ R+}) of
stationary intuitionistic fuzzy metrics.

Definition 1.1 ([21]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is continuous t-norm if ∗ satisfies the
following conditions:

(i) ∗ is commutative and associative;

(ii) ∗ is continuous;

(iii) a ∗ 1 = a for all a ∈ [0, 1] ;

(iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for a, b, c, d ∈ [0, 1] .

Definition 1.2 ([21]). A binary operation ♦ : [0, 1]× [0, 1]→ [0, 1] is continuous t-conorm if ♦ satisfies the
following conditions:

(i) ♦ is commutative and associative;

(ii) ♦ is continuous;

(iii) a♦1 = a for all a ∈ [0, 1] ;

(iv) a♦b ≤ c♦d whenever a ≤ c and b ≤ d, for a, b, c, d ∈ [0, 1] .

Remark 1.3.

(i) For any r1, r2 ∈ (0, 1) with r1 > r2, there exist r3, r4 ∈ (0, 1) such that r1 ∗ r3 ≥ r2 and r1 ≥ r4♦r2.
(ii) For any r5 ∈ (0, 1) , there exist r6, r7 ∈ (0, 1) such that r6 ∗ r6 ≥ r5 and r7♦r7 ≤ r5.

Definition 1.4 ([16]). A 5-tuple (X,M,N, ∗,♦) is said to be an intuitionistic fuzzy metric space if X is an
arbitrary set, ∗ is a continuous t-norm, ♦ is a continuous t-conorm and M,N are fuzzy sets on X2× (0,∞)
satisfying the following conditions: for all x, y, z ∈ X, s, t > 0,

(IFM-1) M(x, y, t) +N(x, y, t) ≤ 1;

(IFM-2) M(x, y, t) > 0;

(IFM-3) M(x, y, t) = 1 if and only if x = y;

(IFM-4) M(x, y, t) = M(y, x, t);

(IFM-5) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);

(IFM-6) M(x, y, .) : (0,∞) −→ [0, 1] is continuous;

(IFM-7) N(x, y, t) > 0;

(IFM-8) N(x, y, t) = 0 if and only if x = y;

(IFM-9) N(x, y, t) = N(y, x, t);

(IFM-10) N(x, y, t)♦N(y, z, s) ≥ N(x, z, t+ s);

(IFM-11) N(x, y, .) : (0,∞) −→ [0, 1] is continuous.

Then (M,N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(x, y, t) denote
the degree of nearness and the degree of nonnearness between x and y with respect to t, respectively.



H. Efe, E. Yigit, J. Nonlinear Sci. Appl. 9 (2016), 4016–4038 4018

Remark 1.5.

(i) Every fuzzy metric space (X,M, ∗) is an intuitionistic fuzzy metric space of the form (X,M, 1−M, ∗,♦)
such that t-norm ∗ and t-conorm ♦ are associated (see [15]), that is, x♦y = 1− ((1− x) ∗ (1− y)) for
any x, y ∈ [0, 1] .

(ii) In intuitionistic fuzzy metric space X, M(x, y, .) is non-decreasing and N(x, y, .) is non-increasing for
all x, y ∈ X.

Example 1.6 ([16], Induced Intuitionistic Fuzzy Metric). Let (X, d) be a metric space. Denote a ∗ b = a.b
and a♦b = min {1, a+ b} for all a, b ∈ [0, 1] and let Md and Nd be fuzzy sets on X2 × (0,∞) defined as
follows:

Md (x, y, t) =
htn

htn +md (x, y)
, Nd (x, y, t) =

d (x, y)

ktn +md (x, y)

for all h, k,m, n ∈ R+. Then (X,Md, Nd, ∗,♦) is an intuitionistic fuzzy metric space.

Remark 1.7. Note the Example 1.6 holds even with the t-norm a ∗ b = min {a, b} and the t-conorm a♦b =
max {a, b} and hence (M,N) is an intuitionistic fuzzy metric with respect to any continuous t-norm and
continuous t-conorm. In the Example 1.6 by taking h = k = m = n = 1, we get

Md (x, y, t) =
t

t+ d (x, y)
, Nd (x, y, t) =

d (x, y)

t+ d (x, y)
.

We call this intuitionistic fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric.

Example 1.8 ([16]). Let X = N. Define a ∗ b = max {0, a+ b− 1} and a♦b = a+ b− ab for all a, b ∈ [0, 1]
and let M and N be fuzzy sets on X2 × (0,∞) as follows:

M (x, y, t) =

{ x
y if x ≤ y,
y
x if y ≤ x, , N (x, y, t) =

{ y−x
y if x ≤ y,

x−y
x if y ≤ x,

for all x, y ∈ X and t > 0. Then (X,M,N, ∗,♦) is an intuitionistic fuzzy metric space.

Remark 1.9. Note that, in the Example 1.8, t-norm ∗ and t-conorm ♦ are not associated. And there exists
no metric d on X satisfying

M (x, y, t) =
t

t+ d (x, y)
, N (x, y, t) =

d (x, y)

t+ d (x, y)
,

where M (x, y, t) and N (x, y, t) are as defined in the Example 1.8. Also note the above functions (M,N)
is not an intuitionistic fuzzy metric with the t-norm and t-conorm defined a ∗ b = min {a, b} and a♦b =
max {a, b} .

Definition 1.10 ([16]). Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space, and let r ∈ (0, 1) , t > 0
and x ∈ X. The set

B(M,N) (x, r, t) = {y ∈ X : M (x, y, t) > 1− r, N (x, y, t) < r}

is called the open ball with center x and radius r with respect to t.

Theorem 1.11 ([16]). Every open ball B(M,N) (x, r, t) is an open set.

Remark 1.12. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space. Define
τ(M,N) =

{
A ⊂ X : for each x ∈ A, there exist t > 0 and r ∈ (0, 1) 3 B(M,N) (x, r, t) ⊂ A

}
.

Then τ(M,N) is a topology on X.
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Remark 1.13.

(i) Since
{
B(M,N)

(
x, 1n ,

1
n

)
: n = 1, 2, ...

}
is a local base at x, the topology τ(M,N) is first countable.

(ii) Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space and τ(M,N) be the topology on X induced
by the fuzzy metric. Then for a sequence {xn} in X, xn −→ x if and only if M (xn, x, t) −→ 1 and
N (xn, x, t) −→ 0 as n −→∞.

Theorem 1.14 ([16]). Every intuitionistic fuzzy metric space is Hausdorff.

Definition 1.15 ([16]). Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space. Then,

(i) A sequence {xn} in X is said to be Cauchy if for each ε > 0 and each t > 0, there exist n0 ∈ N such
that M (xn, xm, t) > 1− ε and N (xn, xm, t) < ε for all n,m ≥ n0.

(ii) (X,M,N, ∗,♦) is called complete if every Cauchy sequence is convergent with respect to τ(M,N).

2. Main results

Definition 2.1. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space. The intuitionistic fuzzy metric
(M,N) is said to be strong if it satisfies for each x, y, z ∈ X and each t > 0

M (x, z, t) ≥M (x, y, t) ∗M (y, z, t) , (IFM-5′)

N (x, z, t) ≤ N (x, y, t)♦N (y, z, t) . (IFM-10′)

Notice that the axioms (IFM-5′) and (IFM-10′) cannot replace axioms (IFM-5) and (IFM-10) in the definition
of intuitionistic fuzzy metric, respectively because in this case (M,N) could not be an intuitionistic fuzzy
metric on X. Example 2.2 shows this case.

Example 2.2. Consider the usual metric |·| on R. Define the functions M : R2 × R+ −→ (0, 1] and
N : R2 × R+ −→ (0, 1] by

M (x, y, t) =
1
t

1
t + |x− y|

and N (x, y, t) =
|x− y|

1
t + |x− y|

.

Denote a∗b = ab and a♦b = a+b−ab for all a, b ∈ [0, 1] . It is clear that, (M,N) satisfies (IFM-1), (IFM-2),
(IFM-3), (IFM-4), (IFM-6), (IFM-7), (IFM-8), (IFM-9), and (IFM-11) but it does not satisfy (IFM-5) and
(IFM-10) with the continuous t-norm and continuous t-conorm defined by a ∗ b = ab and a♦b = a+ b− ab.
So indeed, when we choose x = 1, y = 2, z = 3 and t = s = 1 we get

M (x, z, t+ s) =
1
2

1
2 + |1− 3|

<
1
1

1
1 + |1− 2|

.
1
1

1
1 + |2− 3|

= M (x, y, t) .M (y, z, s)

and

N (x, z, t+ s) =
2

1
2 + 2

>
1

1
1 + 1

+
1

1
1 + 1

−

[
1

1
1 + 1

.
1

1
1 + 1

]
= N (x, y, t) +N(y, z, s)− [N (x, y, t) .N(y, z, s)] .

Nonetheless, (M,N) satisfy (IFM-5′) and (IFM-10′) with the same continuous t-norm ∗ and continuous
t-conorm ♦. Indeed for all x, y, z ∈ X and t > 0,

M (x, y, t) .M (y, z, t) =
1
t2

1
t2

+ 1
t |y − z|+

1
t |x− y|+ |x− y| . |y − z|
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≤
1
t2

1
t2

+ 1
t |y − z|+

1
t |x− y|

≤
1
t2

1
t2

+ 1
t |x− z|

=
1
t

1
t + |x− z|

= M(x, z, t)

and

N (x, y, t) +N(y, z, t)− [N (x, y, t) .N(y, z, t)] =
1
t2

+ 1
t |x− y|+

1
t |y − z|+ |x− y| . |y − z| −

1
t2

1
t2

+ 1
t |y − z|+

1
t |x− y|+ |x− y| . |y − z|

≥
1
t |y − z|+

1
t |x− y|

1
t2

+ 1
t |y − z|+

1
t |x− y|

≥ |x− z|
1
t + |x− z|

= N(x, z, t).

So we can say the following remark.

Remark 2.3. Notice that it is possible to define a strong intuitionistic fuzzy metric by replacing (IFM-5)
by (IFM-5′) and demanding in (IFM-6) that the function Mx,y be an increasing continuous function on t
and by replacing (IFM-10) by (IFM-10′) and demanding in (IFM-11) that the function Nx,y be a decreasing
continuous function on t, for each x, y ∈ X. So indeed, in such a case we have

M (x, z, t+ s) ≥M(x, y, t+ s) ∗M(y, z, t+ s) ≥M(x, y, t) ∗M(y, z, s)

and
N (x, z, t+ s) ≤ N(x, y, t+ s)♦N(y, z, t+ s) ≤ N(x, y, t)♦N(y, z, s).

Definition 2.4. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space. The intuitionistic fuzzy metric
(M,N) is said to be stationary if M and N don’t depend on t, in other words the functions Mx,y and Nx,y

are constant for each x, y ∈ X.
If (X,M,N, ∗,♦) is a stationary intuitionistic fuzzy metric space, we will denote M(x, y), N(x, y) and

B(M,N)(x, r) instead of M(x, y, t), N(x, y, t) and B(M,N)(x, r, t), respectively.

Example 2.5. Stationary intuitionistic fuzzy metrics are strong.

Recall that a metric d on X is called non-Archimedean (ultrametric) if

d(x, z) ≤ max {d(x, y), d(y, z)} , for all x, y, z ∈ X.

Now we give the Definition 2.6.

Definition 2.6. An intuitionistic fuzzy metric (M,N, ∗,♦) on X is said to be non-Archimedean (ultramet-
ric) if it satisfies

M(x, z, t) ≥ min {M(x, y, t),M(y, z, t)} , (2.1)

N(x, z, t) ≤ max {N(x, y, t), N(y, z, t)} (2.2)

for all x, y, z ∈ X, t > 0.

Example 2.7. Intuitionistic fuzzy ultrametrics are strong.

Proposition 2.8. Let f : X −→ R+ be a one-to-one function and let ϕ : R+ −→ [0,+∞) be an increasing
continuous function. Fixed α, β > 0, denote a ∗ b = ab and a♦b = a + b − ab for all a, b ∈ [0, 1], define M
and N by

M(x, y, t) =

(
(min {f(x), f(y)})α + ϕ(t)

(max {f(x), f(y)})α + ϕ(t)

)β
,
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N(x, y, t) = 1−
(

(min {f(x), f(y)})α + ϕ(t)

(max {f(x), f(y)})α + ϕ(t)

)β
.

Then, (M,N, ∗,♦) is an intuitionistic fuzzy metric on X.

Proof.

(IFM-1) M(x, y, t) +N(x, y, t) = 1 for all x, y ∈ X, t > 0.

(IFM-2) It is obvious that M(x, y, t) > 0 for all x, y ∈ X, t > 0.

(IFM-3)

M(x, y, t) =

(
(min {f(x), f(y)})α + ϕ(t)

(max {f(x), f(y)})α + ϕ(t)

)β
= 1⇔

⇔ min {f(x), f(y)} = max {f(x), f(y)} ⇐⇒ f(x) = f(y)⇔ x = y.

(IFM-4) It is obvious that M(x, y, t) = M(y, x, t) for all x, y ∈ X, t > 0.

(IFM-5) (a) Suppose that f(x) ≤ f(z). In such a case three cases are possible:

Case1. f(x) ≤ f(y) ≤ f(z).

Case2. f(y) ≤ f(x) ≤ f(z).

Case3. f(x) ≤ f(z) ≤ f(y).

We can write M(x, z, t+ s) as a simple way for our operations by

M(x, z, t+ s) =

(
f(x)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
.

(
f(y)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
.

And by using that the function ϕ is increasing we examine the above three cases.

(1)

M(x, z, t+ s) =

(
f(x)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
.

(
f(y)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
≥
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
.

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
= M(x, y, t).M(y, z, s).

(2)

M(x, z, t+ s) =

(
f(x)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
.

(
f(y)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
≥
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
.

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
≥
(
f(y)α + ϕ(t)

f(x)α + ϕ(t)

)β
.

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
= M(x, y, t).M(y, z, s).

(3)

M(x, z, t+ s) =

(
f(x)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
.

(
f(y)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
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≥
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
.

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
≥
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
.

(
f(z)α + ϕ(s)

f(y)α + ϕ(s)

)β
= M(x, y, t).M(y, z, s).

(b) Similar operations are performed if f(x) > f(z).

(IFM-6) It is obvious that M(x, y, .) : (0,∞) −→ (0, 1] is continuous.

(IFM-7) It is obvious that N(x, y, t) > 0 for all x, y ∈ X, t > 0.

(IFM-8)

N(x, y, t) = 1−
(

(min {f(x), f(y)})α + ϕ(t)

(max {f(x), f(y)})α + ϕ(t)

)β
= 0⇔

⇔ min {f(x), f(y)} = max {f(x), f(y)} ⇐⇒ f(x) = f(y)⇔ x = y.

(IFM-9) It is obvious that N(x, y, t) = N(y, x, t) for all x, y ∈ X, t > 0.

(IFM-10) (a) Suppose that f(x) ≤ f(z). In this case there are three cases:

Case1. f(x) ≤ f(y) ≤ f(z).

Case2. f(y) ≤ f(x) ≤ f(z).

Case3. f(x) ≤ f(z) ≤ f(y).

Remember the function ϕ is increasing.

(1)

N(x, y, t)♦N(y, z, t) = N(x, y, t) +N(y, z, t)− [N(x, y, t).N(y, z, t)]

= 1−
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
+ 1−

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
−

(
1−

(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β)
.

(
1−

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β)

= 1−
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
.

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
≥ 1−

(
f(x)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
.

(
f(y)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
= 1−

(
f(x)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
= N(x, z, t+ s).

(2)

N(x, y, t)♦N(y, z, t) = N(x, y, t) +N(y, z, t)− [N(x, y, t).N(y, z, t)]

= 1−
(
f(y)α + ϕ(t)

f(x)α + ϕ(t)

)β
+ 1−

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
−

(
1−

(
f(y)α + ϕ(t)

f(x)α + ϕ(t)

)β)
.

(
1−

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β)
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= 1−
(
f(y)α + ϕ(t)

f(x)α + ϕ(t)

)β
.

(
f(y)α + ϕ(s)

f(z)α + ϕ(s)

)β
≥ 1−

(
f(y)α + ϕ(t+ s)

f(x)α + ϕ(t+ s)

)β
.

(
f(y)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
≥ 1−

(
f(x)α + ϕ(t+ s)

f(x)α + ϕ(t+ s)

)β
.

(
f(x)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
= 1−

(
f(x)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
= N(x, z, t+ s).

(3)

N(x, y, t)♦N(y, z, t) = N(x, y, t) +N(y, z, t)− [N(x, y, t) +N(y, z, t)]

= 1−
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
+ 1−

(
f(z)α + ϕ(s)

f(y)α + ϕ(s)

)β
−

(
1−

(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β)
.

(
1−

(
f(z)α + ϕ(s)

f(y)α + ϕ(s)

)β)

= 1−
(
f(x)α + ϕ(t)

f(y)α + ϕ(t)

)β
.

(
f(z)α + ϕ(s)

f(y)α + ϕ(s)

)β
≥ 1−

(
f(x)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
.

(
f(z)α + ϕ(t+ s)

f(y)α + ϕ(t+ s)

)β
≥ 1−

(
f(x)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
.

(
f(z)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
= 1−

(
f(x)α + ϕ(t+ s)

f(z)α + ϕ(t+ s)

)β
= N(x, z, t+ s).

(IFM-11) It is obvious that N(x, y, .) : (0,∞) −→ (0, 1] is continuous.

Example 2.9. Let X = R+. Define a ∗ b = ab and a♦b = a+ b− ab for all a, b ∈ [0, 1] and let M and N be
fuzzy sets on X2 × (0,∞) as follows:

M(x, y, t) =
min {x, y}+ ϕ(t)

max {x, y}+ ϕ(t)
, N(x, y, t) =

max {x, y} −min {x, y}
max {x, y}+ ϕ(t)

for all x, y ∈ X, t > 0. Then the intuitionistic fuzzy metric (M,N, ∗,♦) is strong. Where ϕ : (0,∞) −→
(0,∞) is an increasing and continuous function.

In the Proposition 2.8, if we choose α = β = 1 we have the functions M and N in this example. So
(M,N, ∗,♦) is an intuitionistic fuzzy metric on X. Now we show the conditions (IFM-5′) and (IFM-10′) to
see (M,N, ∗,♦) is strong. Take x, y, z ∈ R+ and t > 0.

(IFM-5′) (a) Suppose that x ≤ z. In such a case three cases are possible:
Case1. Let x ≤ y ≤ z.

M(x, z, t) =
x+ ϕ(t)

z + ϕ(t)
=
x+ ϕ(t)

y + ϕ(t)
.
y + ϕ(t)

z + ϕ(t)
= M(x, y, t).M(y, z, t).

Case2. Let y ≤ x ≤ z.

M(x, z, t) =
x+ ϕ(t)

z + ϕ(t)
≥ y + ϕ(t)

x+ ϕ(t)
.
x+ ϕ(t)

z + ϕ(t)
≥ y + ϕ(t)

x+ ϕ(t)
.
y + ϕ(t)

z + ϕ(t)
= M(x, y, t).M(y, z, t).
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Case3. Let x ≤ z ≤ y.

M(x, z, t) =
x+ ϕ(t)

z + ϕ(t)
=
x+ ϕ(t)

y + ϕ(t)
.
y + ϕ(t)

z + ϕ(t)
≥ x+ ϕ(t)

y + ϕ(t)
.
z + ϕ(t)

y + ϕ(t)
= M(x, y, t).M(y, z, t).

(b) Similar operations are performed if z < x.

(IFM-10′) Firstly we show equivalent of N(x, y, t) + N(y, z, t) − [N(x, y, t) +N(y, z, t)] , then examine the
cases.

N(x,y, t)♦N(y, z, t)

= N(x, y, t) +N(y, z, t)− [N(x, y, t).N(y, z, t)] =

=
max {x, y} −min {x, y}

max {x, y}+ ϕ(t)
+

max {y, z} −min {y, z}
max {y, z}+ ϕ(t)

−
[

max {x, y} −min {x, y}
max {x, y}+ ϕ(t)

.
max {y, z} −min {y, z}

max {y, z}+ ϕ(t)

]
=
ϕ(t) max {x, y} − ϕ(t) min {x, y}+ max {x, y}max {y, z}

[max {x, y}+ ϕ(t)] [max {y, z}+ ϕ(t)]
+

+
ϕ(t) max {y, z} − ϕ(t) min {y, z} −min {x, y}min {y, z}

[max {x, y}+ ϕ(t)] [max {y, z}+ ϕ(t)]

=
max {x, y} [max {y, z}+ ϕ(t)] + ϕ(t) [max {y, z}+ ϕ(t)]

[max {x, y}+ ϕ(t)] [max {y, z}+ ϕ(t)]
+

+
−min {x, y} [min {y, z}+ ϕ(t)]− ϕ(t) [min {y, z}+ ϕ(t)]

[max {x, y}+ ϕ(t)] [max {y, z}+ ϕ(t)]

=
[max {x, y}+ ϕ(t)] [max {y, z}+ ϕ(t)]− [min {x, y}+ ϕ(t)] [min {y, z}+ ϕ(t)]

[max {x, y}+ ϕ(t)] [max {y, z}+ ϕ(t)]
.

(a) Suppose that x ≤ z. In such a case three cases are possible:
Case1. Let x ≤ y ≤ z.

N(x,y, t) +N(y, z, t)− [N(x, y, t) +N(y, z, t)]

=
[y + ϕ(t)] [z + ϕ(t)]− [x+ ϕ(t)] [y + ϕ(t)]

[y + ϕ(t)] [z + ϕ(t)]

= 1− [x+ ϕ(t)]

[z + ϕ(t)]
=

z − x
z + ϕ(t)

= N(x, z, t).

Case2. Let y ≤ x ≤ z.

N(x,y, t) +N(y, z, t)− [N(x, y, t) +N(y, z, t)]

=
[x+ ϕ(t)] [z + ϕ(t)]− [y + ϕ(t)] [y + ϕ(t)]

[x+ ϕ(t)] [z + ϕ(t)]

= 1− [y + ϕ(t)]

[x+ ϕ(t)]
.
[y + ϕ(t)]

[z + ϕ(t)]

≥ 1− [x+ ϕ(t)]

[x+ ϕ(t)]
.
[x+ ϕ(t)]

[z + ϕ(t)]

=
z − x
z + ϕ(t)

= N(x, z, t).

Case3. Let x ≤ z ≤ y.

N(x,y, t) +N(y, z, t)− [N(x, y, t) +N(y, z, t)]
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=
[y + ϕ(t)] [y + ϕ(t)]− [x+ ϕ(t)] [z + ϕ(t)]

[y + ϕ(t)] [y + ϕ(t)]

= 1− [x+ ϕ(t)]

[y + ϕ(t)]
.
[z + ϕ(t)]

[y + ϕ(t)]

≥ 1− [x+ ϕ(t)]

[z + ϕ(t)]
.
[z + ϕ(t)]

[z + ϕ(t)]

=
z − x
z + ϕ(t)

= N(x, z, t).

(b) Similar operations are performed if z < x.

Proposition 2.10. Let (K,P ) be a stationary intuitionistic fuzzy metric on X with the continuous t-norm
and continuous t-conorm defined by a ∗ b = ab and a♦b = a+ b− ab for all a, b ∈ [0, 1] . And let the function
ϕ : R+ → R+ be increasing and continuous, t > 0 and M , N be fuzzy sets on X2 × R+ defined by

M(x, y, t) =
ϕ(t)

ϕ(t) + 1−K(x, y)
and N(x, y, t) =

P (x, y)

ϕ(t) + P (x, y)
.

Then (M,N, ∗,♦) is an intuitionistic fuzzy metric on X.

Proof.

(IFM-1) We show that

M(x, y, t) +N(x, y, t) =
ϕ(t)

ϕ(t) + 1−K(x, y)
+

P (x, y)

ϕ(t) + P (x, y)
≤ 1

is equivalent to

ϕ(t)2 + ϕ(t)P (x, y) + ϕ(t)P (x, y) + P (x, y)− P (x, y).K(x, y)

[ϕ(t) + 1−K(x, y)] [ϕ(t) + P (x, y)]
− 1 ≤ 0.

The last inequality means that

ϕ(t)P (x, y)− ϕ(t) + ϕ(t)K(x, y)

[ϕ(t) + 1−K(x, y)] [ϕ(t) + P (x, y)]
≤ 0

and this is equivalent to
ϕ(t) [K(x, y) + P (x, y)− 1] ≤ 0.

Since ϕ(t) ∈ R+ for all t > 0, it is sufficient to see that [K(x, y) + P (x, y)− 1] ≤ 0. Since (K,P ) is a
stationary intuitionistic fuzzy metric on X, K(x, y) + P (x, y) ≤ 1. Then K(x, y) + P (x, y)− 1 ≤ 0.

(IFM-2) It is clear that M(x, y, t) > 0 for all x, y ∈ X and t > 0.

(IFM-3) By using the (K,P ) which is a stationary intuitionistic fuzzy metric on X, we get

M(x, y, t) =
ϕ(t)

ϕ(t) + 1−K(x, y)
= 1⇔ K(x, y) = 1⇔ x = y.

(IFM-4) Since (K,P ) is a stationary intuitionistic fuzzy metric on X, K(x, y) = K(y, x) for all x, y ∈ X.
Then

M(x, y, t) =
ϕ(t)

ϕ(t) + 1−K(x, y)
=

ϕ(t)

ϕ(t) + 1−K(y, x)
= M(y, x, t).
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(IFM-5) We show that M(x, z, t+s) ≥M(x, y, t).M(y, z, s) for all x, y, z ∈ X, t > 0. By using the (K,P )
is a stationary intuitionistic fuzzy metric on X,

[1−K(x, y)] . [1−K(y, z)] = 1−K(x, y)−K(y, z) +K(x, y)K(y, z) ≥ 0.

So we write

ϕ(t) [(1−K(x, y)) . (1−K(y, z))] + 1−K(x, y)−K(y, z) +K(x, y).K(y, z) ≥ 0

⇒ ϕ(t)− ϕ(t)K(x, y)− ϕ(t)K(y, z) + 1 +K(x, y)K(y, z)−K(x, y)−K(y, z)

≥ −ϕ(t)K(x, y)K(y, z)

⇒ [ϕ(t) + 1−K(y, z)] [ϕ(t) + 1−K(x, y)] ≥ ϕ(t) [ϕ(t) + 1−K(x, y)K(y, z)]

≥ [ϕ(t) + 1−K(x, z)]

⇒ 1

[ϕ(t) + 1−K(x, z)]
≥ ϕ(t)

[ϕ(t) + 1−K(y, z)] . [ϕ(t) + 1−K(x, y)]

⇒ ϕ(t)

[ϕ(t) + 1−K(x, z)]
≥ ϕ(t)

[ϕ(t) + 1−K(x, y)]
.

ϕ(t)

[ϕ(t) + 1−K(y, z)]
,

this means that M(x, z, t) ≥ M(x, y, t).M(y, z, t), also we can write M(x, z, t + s) ≥ M(x, y, t +
s).M(y, z, t + s). Since the function M is increasing and continuous, we write M(x, z, t + s) ≥
M(x, y, t).M(y, z, s).

(IFM-6) It is clear that M(x, y, .) : (0,∞)→ (0, 1] is continuous.

(IFM-7) It is clear that N(x, y, t) > 0 for all x, y ∈ X and t > 0.

(IFM-8)

N(x, y, t) =
P (x, y)

ϕ(t) + P (x, y)
= 0⇔ P (x, y) = 0⇔ x = y.

(IFM-9) Since (K,P ) is a stationary intuitionistic fuzzy metric on X, P (x, y) = P (y, x) for all x, y ∈ X.
Then

N(x, y, t) =
P (x, y)

ϕ(t) + P (x, y)
=

P (y, x)

ϕ(t) + P (y, x)
= N(y, x, t).

(IFM-10) We show that N(x, z, t + s) ≤ N(x, y, t) + N(y, z, s) − N(x, y, t).N(y, z, s) for all x, y, z ∈ X,
t, s > 0. By using the (K,P ) which is a stationary intuitionistic fuzzy metric on X and P satisfies the
condition P (x, z) ≤ P (x, y) + P (y, z)− P (x, y).P (y, z),

N(x, y, t)♦N(y, z, t) = N(x, y, t) +N(y, z, t)−N(x, y, t).N(y, z, t) =

=
P (x, y)

ϕ(t) + P (x, y)
+

P (y, z)

ϕ(t) + P (y, z)
−
[

P (x, y)

ϕ(t) + P (x, y)
.

P (y, z)

ϕ(t) + P (y, z)

]
=
ϕ(t)2 + ϕ(t)P (x, y) + ϕ(t)P (y, z) + P (x, y)P (y, z)− ϕ(t)2

ϕ(t)2 + ϕ(t)P (x, y) + ϕ(t)P (y, z) + P (x, y)P (y, z)

= 1− ϕ(t)2

ϕ(t)2 + ϕ(t)P (x, y) + ϕ(t)P (y, z) + P (x, y)P (y, z)

≥ 1− ϕ(t)2

ϕ(t)2 + ϕ(t)P (x, y) + ϕ(t)P (y, z)

≥ 1− ϕ(t)

ϕ(t) + P (x, y) + P (y, z)− P (x, y)P (y, z)
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≥ 1− ϕ(t)

ϕ(t) + P (x, z)
=

P (x, z)

ϕ(t) + P (x, z)
= N(x, z, t).

Also, by using N which is decreasing, we can write,

N(x, y, t+ s) ≤ N(x, y, t)

and
N(y, z, t+ s) ≤ N(y, z, s).

Then
1−N(x, y, t+ s) ≥ 1−N(x, y, t)

1−N(y, z, t+ s) ≥ 1−N(y, z, s).

If we multiply the last two inequalities side by side, we attain

N(x,y, t+ s) +N(y, z, t+ s)−N(x, y, t+ s)N(y, z, t+ s)

≤ N(x, y, t) +N(y, z, s)−N(x, y, t)N(y, z, s)

then,
N(x, z, t+ s) ≤ N(x, y, t) +N(y, z, s)−N(x, y, t)N(y, z, s).

(IFM-11) It is clear that N(x, y, .) : (0,∞)→ (0, 1] is continuous.

In the Example 2.11 and Example 2.12 intuitionistic fuzzy metric (M,N) defined by means of a stationary
intuitionistic fuzzy metric (K,P ) .

Example 2.11. Let (K,P ) be a stationary intuitionistic fuzzy metric on X with the continuous t-norm
and continuous t-conorm defined by a ∗ b = ab and a♦b = a+ b− ab for all a, b ∈ [0, 1], t > 0 and M , N be
fuzzy sets on X2 × R+ defined by

M(x, y, t) =
t

t+ 1−K(x, y)
and N(x, y, t) =

P (x, y)

t+ P (x, y)
.

Then (M,N, ∗,♦) is a strong intuitionistic fuzzy metric on X.
It is clear that if we choose ϕ(t) = t in the Proposition 2.10, (M,N, ∗,♦) be an intuitionistic fuzzy metric

on X. So in this example we will only show the conditions (IFM-5′) and (IFM-10′) to see (M,N, ∗,♦) is
strong.

(IFM-5′) We show that M(x, z, t) ≥M(x, y, t).M(y, z, t) for all x, y, z ∈ X, t > 0, that is,

t

t+ 1−K(x, z)
≥ t

t+ 1−K(x, y)
.

t

t+ 1−K(y, z)

is equivalent to

t [1 +K(x, z)−K(y, z)−K(x, y)] + 1 +K(x, y).K(y, z)−K(x, y)−K(y, z) ≥ 0.

If we show that this inequality is true, we will say that the condition (IFM-5′) is satisfied. Since t > 0 and

1 +K(x, y).K(y, z)−K(x, y)−K(y, z) = [1−K(x, y)] . [1−K(y, z)] ≥ 0,

we need to show that [1 +K(x, z)−K(y, z)−K(x, y)] > 0. Since (K,P ) is a stationary fuzzy metric on
X, K satisfies K(x, z) ≥ K(x, y).K(y, z) (the condition IFM-5′). So we can write

1 +K(x, z)−K(y, z)−K(x, y) ≥ 1 +K(x, y).K(y, z)−K(x, y)−K(y, z)

= [1−K(x, y)] [1−K(y, z)] > 0.
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(IFM-10′) We show that N(x, z, t) ≤ N(x, y, t) +N(y, z, t)−N(x, y, t).N(y, z, t) for all x, y, z ∈ X, t > 0,
that is,

P (x, z)

t+ P (x, z)
≤ P (x, y)

t+ P (x, y)
+

P (y, z)

t+ P (y, z)
−
[

P (x, y)

t+ P (x, y)
.
P (y, z)

t+ P (y, z)

]
is equivalent to

t2 [P (x, y) + P (y, z)− P (x, z)] + tP (x, y)P (y, z) ≥ 0.

Then we need to show that [P (x, y) + P (y, z)− P (x, z)] ≥ 0. Since (K,P ) is a stationary intuitionistic fuzzy
metric on X, P satisfies P (x, z) ≤ P (x, y) + P (y, z)− P (x, y).P (y, z) (the condition (IFM-10′). So we can
write

−P (x, z) ≥ −P (x, y)− P (y, z) + P (x, y).P (y, z)

and then
P (x, y) + P (y, z)− P (x, z) ≥ P (x, y).P (y, z) ≥ 0.

Example 2.12. Let (K,P ) be a stationary intuitionistic fuzzy metric on X with the continuous t-norm
and continuous t-conorm defined by a ∗ b = ab and a♦b = a+ b− ab for all a, b ∈ [0, 1] . And let t > 0 and
M , N be fuzzy sets on X2 × R+ defined by

M(x, y, t) =
t+K(x, y)

t+ 1
, N(x, y, t) =

P (x, y)

t+ 1
.

Then (M,N, ∗,♦) is a strong intuitionistic fuzzy metric on X.
Firstly we show that (M,N, ∗,♦) is an intuitionistic fuzzy metric on X. We only proof the conditions

(IFM-5) and (IFM-10) since the others are obvious.

(IFM-5) It is clear that for all a, b ∈ [0, 1] , t, s ∈ R+

t+ a

t+ 1
.
t+ b

t+ 1
≤ (t+ s) + a

(t+ s) + 1
.
(t+ s) + b

(t+ s) + 1
≤ (t+ s) + a.b

(t+ s) + 1
. (2.3)

Since K(x, y).K(y, z) ∈ [0, 1] and also K(x, z) ≥ K(x, y).K(y, z), by using (2.3)

M(x, y, t) ∗M(y, z, s) = M(x, y, t).M(y, z, s) =
t+K(x, y)

t+ 1
.
s+K(y, z)

s+ 1

≤ (t+ s) +K(x, y)

(t+ s) + 1
.
(t+ s) +K(y, z)

(t+ s) + 1

≤ (t+ s) +K(x, y).K(y, z)

(t+ s) + 1
≤ (t+ s) +K(x, z)

(t+ s) + 1
= M(x, z, t+ s).

(IFM-10) Since (K,P ) is a stationary intuitionistic fuzzy metric on X, P satisfies P (x, z) ≤
P (x, y) + P (y, z)− P (x, y).P (y, z). Then we can write

P (x, z)

(t+ s) + 1
≤ P (x, y)

(t+ s) + 1
+

P (y, z)

(t+ s) + 1
− P (x, y)P (y, z)

(t+ s) + 1
. (2.4)

Also, it is clear that for all t, s ∈ R+

P (x, y)

(t+ s) + 1
≤ P (x, y)

t+ 1
and

P (y, z)

(t+ s) + 1
≤ P (y, z)

t+ 1
.

At the same time, (t+ s) + 1 ≤ (t+ 1).(s+ 1) is satisfied for all t, s ∈ R+, then we write

1

(t+ s) + 1
≥ 1

(t+ 1).(s+ 1)
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and

−P (x, y).P (y, z)

(t+ s) + 1
≤ −P (x, y).P (y, z)

(t+ 1).(s+ 1)

and

P (x, y)

(t+ s) + 1
+

P (y, z)

(t+ s) + 1
− P (x, y)P (y, z)

(t+ s) + 1
≤ P (x, y)

(t+ s) + 1
+

P (y, z)

(t+ s) + 1
− P (x, y).P (y, z)

(t+ 1).(s+ 1)

≤ P (x, y)

t+ 1
+
P (y, z)

s+ 1
− P (x, y)

(t+ 1)
.
P (y, z)

s+ 1

= N(x, y, t) +N(y, z, s)−N(x, y, t).N(y, z, s).

(2.5)

From (2.4) and (2.5)
P (x, z)

(t+ s) + 1
≤ P (x, y)

t+ 1
+
P (y, z)

s+ 1
− P (x, y)

(t+ 1)
.
P (y, z)

s+ 1
.

The last inequality means that N(x, z, t + s) ≤ N(x, y, t) + N(y, z, s) − N(x, y, t).N(y, z, s). Now we show
the conditions (IFM-5′) and (IFM-10′) to see (M,N, ∗,♦) is strong.

(IFM-5′) We will show that M(x, z, t) ≥M(x, y, t).M(y, z, t) for all x, y, z ∈ X, t > 0 that is,

t+K(x, z)

t+ 1
≥ t+K(x, y)

t+ 1
.
t+K(y, z)

t+ 1

is equivalent to
(t+ 1) . [t+K(x, z)] ≥ [t+K(x, y)] . [t+K(y, z)] ,

also the above equation is equivalent to

t [K(x, z) + 1] +K(x, z)−K(x, y).K(y, z) ≥ t [K(x, y) +K(y, z)] .

Since K(x, z) ≥ K(x, y).K(y, z), it is sufficient to see that t [K(x, z) + 1] ≥ t [K(x, y) +K(y, z)]. So if we
show that K(x, z) + 1 − K(x, y) − K(y, z) ≥ 0, the proof is completed. By using the (K,P ) which is a
stationary intuitionistic fuzzy metric on X (K satisfies K(x, z) ≥ K(x, y).K(y, z)),

K(x, z) + 1−K(x, y)−K(y, z) ≥ K(x, y).K(y, z) + 1−K(x, y)−K(y, z)

= K(x, y) [K(y, z)− 1] + [1−K(y, z)]

= [K(y, z)− 1] . [K(x, y)− 1] ≥ 0.

(IFM-10′) We will show that N(x, z, t) ≤ N(x, y, t) + N(y, z, t) − N(x, y, t).N(y, z, t) for all x, y, z ∈ X,
t > 0. Since (K,P ) is a stationary intuitionistic fuzzy metric on X, P satisfies P (x, z) ≤ P (x, y) +P (y, z)−
P (x, y)P (y, z) for all x, y, z ∈ X, then we write

P (x, z)

t+ 1
≤ P (x, y)

t+ 1
+
P (y, z)

t+ 1
− P (x, y)P (y, z)

t+ 1
. (2.6)

Also, t+ 1 ≤ (t+ 1).(t+ 1) is satisfied for all t, s ∈ R+, then we write

1

t+ 1
≥ 1

(t+ 1).(t+ 1)

and

−P (x, y).P (y, z)

t+ 1
≤ −P (x, y).P (y, z)

(t+ 1).(t+ 1)

and
P (x, y)

t+ 1
+
P (y, z)

t+ 1
− P (x, y)P (y, z)

t+ 1
≤ P (x, y)

t+ 1
+
P (y, z)

t+ 1
− P (x, y).P (y, z)

(t+ 1).(t+ 1)
. (2.7)
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From (2.6) and (2.7)
P (x, z)

t+ 1
≤ P (x, y)

t+ 1
+
P (y, z)

(t+ 1
− P (x, y)

(t+ 1)
.
P (y, z)

(t+ 1)
.

The last inequality means that N(x, z, t) ≤ N(x, y, t) +N(y, z, t)−N(x, y, t).N(y, z, t).

In the Example 2.13, Example 2.14 and Example 2.15 d is a metric on X. And intuitionistic fuzzy metric
(M,N) defined by the means of a metric d.

Example 2.13. Let ϕ : R+ −→ (0, 1] be an increasing and continuous function. Define a ∗ b = ab and
a♦b = a+ b− ab for all a, b ∈ [0, 1] and let M,N be fuzzy sets on X2 × R+ defined by

M(x, y, t) =
ϕ(t)

ϕ(t) + d(x, y)
, N(x, y, t) =

d(x, y)

ϕ(t) + d(x, y)
.

Then (M,N, ∗,♦) is strong on X.
We show that (M,N, ∗,♦) is an intuitionistic fuzzy metric on X by using (M,N, ∗,♦) is strong. It is

obvious that the conditions (IFM-1), (IFM-2), (IFM-3), (IFM-4), (IFM-6), (IFM-7), (IFM-8), (IFM-9) and
(IFM-11) are satisfied, now we will see only (IFM-5) and (IFM-10) by using (IFM-5′) and (IFM-10′), since
M is increasing N is decreasing and M,N are continuous functions with respect to t ∈ R+.

(IFM-5′) Since ϕ : R+ −→ (0, 1] is an increasing and continuous function, M(x, y, t) is increasing. We show
M(x, z, t) ≥M(x, y, t).M(y, z, t) for all x, y, z ∈ X, t > 0 that is,

ϕ(t)

ϕ(t) + d(x, z)
≥ ϕ(t)

ϕ(t) + d(x, y)
.

ϕ(t)

ϕ(t) + d(y, z)
(2.8)

is equivalent to
[ϕ(t) + d(x, y)] . [ϕ(t) + d(y, z)] ≥ ϕ(t) [ϕ(t) + d(x, z)] , (2.9)

then, to demonstrate the validity of (2.8), it is sufficient to show the validity of (2.9).

ϕ(t)2 + ϕ(t)d(y, z) + ϕ(t)d(x, y) + d(x, y).d(y, z)

= ϕ(t)2 + ϕ(t) [d(x, y) + d(y, z)] + d(x, y).d(y, z)

≥ ϕ(t)2 + ϕ(t) [d(x, z)] + d(x, y).d(y, z)

≥ ϕ(t)2 + ϕ(t) [d(x, z)] = ϕ(t) [ϕ(t) + d(x, z)] .

Consequently, M(x, z, t) ≥M(x, y, t).M(y, z, t) and so we can write M(x, z, t+s) ≥M(x, y, t+s).M(y, z, t+
s). Also, since Mxy is increasing and continuous, we write M(x, z, t + s) ≥ M(x, y, t + s).M(y, z, t + s) ≥
M(x, y, t).M(y, z, s). So we demonstrated the condition (IFM-5) by using (IFM-5′).

(IFM-10′) Since ϕ : R+ −→ (0, 1] is an increasing and continuous function, N(x, y, t) is decreasing and
continuous. We show N(x, z, t) ≤ N(x, y, t) +N(y, z, t)−N(x, y, t).N(y, z, t) for all x, y, z ∈ X, t > 0.

N(x,y, t) +N(y, z, t)−N(x, y, t)N(y, z, t)

=
d(x, y)

ϕ(t) + d(x, y)
+

d(y, z)

ϕ(t) + d(y, z)
− d(x, y)

ϕ(t) + d(x, y)
.

d(y, z)

ϕ(t) + d(y, z)

=
ϕ(t)2 + ϕ(t)d(x, y) + ϕ(t)d(y, z) + d(x, y).d(y, z)− ϕ(t)2

ϕ(t)2 + ϕ(t)d(x, y) + ϕ(t)d(y, z) + d(x, y).d(y, z)

= 1− ϕ(t)2

ϕ(t)2 + ϕ(t) [d(x, y) + d(y, z)] + d(x, y).d(y, z)

≥ 1− ϕ(t)2

ϕ(t)2 + ϕ(t)[d(x, y) + d(y, z)]
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≥ 1− ϕ(t)

ϕ(t) + d(x, z)
=

d(x, z)

ϕ(t) + d(x, z)
= N(x, z, t).

Consequently, N(x, z, t) ≤ N(x, y, t) + N(y, z, t)− N(x, y, t).N(y, z, t) and N(x, z, t + s) ≤ N(x, y, t + s) +
N(y, z, t+s)−N(x, y, t+s).N(y, z, t+s). Also, sinceNxy is decreasing and continuous we writeN(x, y, t+s) ≤
N(x, y, t) and N(y, z, t + s) ≤ N(y, z, s), then 1 − N(x, y, t + s) ≥ 1 − N(x, y, t) and 1 − N(y, z, t + s) ≥
1−N(y, z, s). If we multiply the last two inequalities side by side, we attain

N(x, y, t+ s) +N(y, z, t+ s)−N(x, y, t+ s).N(y, z, t+ s) ≤ N(x, y, t) +N(y, z, s)−N(x, y, t).N(y, z, s)

then,
N(x, z, t+ s) ≤ N(x, y, t) +N(y, z, s)−N(x, y, t).N(y, z, s).

So we demonstrated the conditions (IFM-10) by using (IFM-10′). Thus, (M,N, ∗,♦) is strong and
(M,N, ∗,♦) is an intuitionistic fuzzy metric on X.

In particular, the standard intuitionistic fuzzy metric (Md, Nd, ∗,♦) is strong with the continuous t-norm
and continuous t-conorm defined by a ∗ b = a.b, a♦b = a+ b− a.b for all a, b ∈ [0, 1].

Example 2.14. Let a ∗ b = ab and a♦b = a + b − ab for all a, b ∈ [0, 1] , t > 0 and let M,N be fuzzy sets
on X2 × R+ defined by

M(x, y, t) = e
−d(x,y)

t and N(x, y, t) =
e

d(x,y)
t − 1

e
d(x,y)

t

.

(M,N, ∗,♦) is strong.
We show the conditions (IFM-5′) and (IFM-10′) are provided for M and N . Take x, y, z ∈ X, t > 0.

(IFM-5′) As d is a metric on X, it satisfies d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality). So, we can write

−d(x, z)

t
≥ −d(x, y)

t
− d(y, z)

t
.

Then,

e−
d(x,z)

t ≥ e−
d(x,y)

t
− d(y,z)

t

and it is the same with
e−

d(x,z)
t ≥ e−

d(x,y)
t .e−

d(y,z)
t ,

this means that
M(x, z, t) ≥M(x, y, t).M(y, z, t).

(IFM-10′)

N(x, y, t) +N(y, z, t)− [N(x, y, t) +N(y, z, t)]

=
e

d(x,y)
t − 1

e
d(x,y)

t

+
e

d(y,z)
t − 1

e
d(y,z)

t

−

[
e

d(x,y)
t − 1

e
d(x,y)

t

.
e

d(y,z)
t − 1

e
d(y,z)

t

]

=
e

d(x,y)
t

+
d(y,z)

t − 1

e
d(x,y)

t
+

d(y,z)
t

= 1− e−
[
d(x,y)+d(y,z)

t

]

≥ 1− e−
d(x,z)

t =
e

d(x,z)
t − 1

e
d(x,z)

t

= N(x, z, t).

Example 2.15.

(i) The standard intuitionistic fuzzy metric (Md, Nd) is an intuitionistic fuzzy ultrametric on X (thus,
it is strong with the continuous t-norm and continuous t-conorm defined by a ∗ b = min {a, b} and
a♦b = max {a, b} for all a, b ∈ [0, 1]) if and only if d is an ultrametric on X.



H. Efe, E. Yigit, J. Nonlinear Sci. Appl. 9 (2016), 4016–4038 4032

(ii) If d is a metric which is not an ultrametric on X, then (Md, Nd) is an intuitionistic fuzzy metric which
is not strong with the continuous t-norm and continuous t-conorm defined by a ∗ b = min {a, b} and
a♦b = max {a, b} for all a, b ∈ [0, 1].

(i) Let d be ultrametric. We show that (Md, Nd) is an intuitionistic fuzzy ultrametric. As d is ultrametric,
it satisfies d(x, z) ≤ max {d(x, y), d(y, z)} for all x, y, z ∈ X.

Md(x, z, t) =
t

t+ d(x, z)

≥ t

t+ max {d(x, y), d(y, z)}

= min

{
t

t+ d(x, y)
,

t

t+ d(y, z)

}
= min {Md(x, y, t),Md(y, z, t)}

and

d(x, z) ≤ max {d(x, y), d(y, z)}
⇒ t+ d(x, z) ≤ max {t+ d(x, y), t+ d(y, z)}

⇒ − t

t+ d(x, z)
≤ max

{
− t

t+ d(x, y)
,− t

t+ d(y, z)

}
⇒ 1− t

t+ d(x, z)
≤ max

{
1− t

t+ d(x, y)
, 1− t

t+ d(y, z)

}
⇒ d(x, z)

t+ d(x, z)
≤ max

{
d(x, y)

t+ d(x, y)
,

d(y, z)

t+ d(y, z)

}
,

this means Nd(x, z, t) ≤ max {Nd(x, y, t), Nd(y, z, t)} . So, (Md, Nd) is intuitionistic fuzzy ultrametric on X.
Conversely, let (Md, Nd) is an intuitionistic fuzzy ultrametric on X. We show that d is ultrametric on

X. As (Md, Nd) is intuitionistic fuzzy ultrametric, it satisfies Md(x, z, t) ≥ min {Md(x, y, t),Md(y, z, t)} and
Nd(x, z, t) ≤ max {Nd(x, y, t), Nd(y, z, t)} for all x, y, z ∈ X, t > 0. Then,

d(x, z) = t

[
1

Md(x, z, t)
− 1

]
≤ t
[

1

min {Md(x, y, t),Md(y, z, t)}
− 1

]

= t

 1

min
{

t
t+d(x,y) ,

t
t+d(y,z)

} − 1

 = t

[
max

{
t+ d(x, y)

t
,
t+ d(y, z)

t

}
− 1

]

= t

[
max

{
d(x, y)

t
,
d(y, z)

t

}]
= max {d(x, y), d(y, z)}

and

d(x, z) = t

[
1

1−Nd(x, z, t)
− 1

]
≤ t
[

1

1−max {Nd(x, y, t), Nd(y, z, t)}
− 1

]

= t

 1

min
{

1− d(x,y)
t+d(x,y) , 1−

d(y,z)
t+d(y,z)

} − 1


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= t

[
max

{
t+ d(x, y)

t
,
t+ d(y, z)

t

}
− 1

]
= t

[
max

{
d(x, y)

t
,
d(y, z)

t

}]
= max {d(x, y), d(y, z)} .

(ii) As d is not ultrametric, d(x, z) > max {d(x, y), d(y, z)} ∃ x, y, z ∈ X. It is obvious that (Md, Nd) is
non-strong intuitionistic fuzzy metric on X with the continuous t-norm ∗ and the continuous t-conorm ♦
defined by a ∗ b = min {a, b} and a♦b = max {a, b} for all a, b ∈ [0, 1] .

Let (M,N, ∗,♦) be a non-stationary intuitionistic fuzzy metric. We define the family of functions
{(Mt, Nt) : t ∈ R+} where Mt : X2 −→ (0, 1] and Nt : X2 −→ (0, 1] are given by Mt(x, y) = M(x, y, t) and
Nt(x, y) = N(x, y, t), respectively. With this notation we have the Proposition 2.16.

Proposition 2.16. Let (M,N, ∗,♦) be a non-stationary intuitionistic fuzzy metric on X. Then:

(i) (M,N, ∗,♦) is strong if and only if (Mt, Nt, ∗,♦) is a stationary intuitionistic fuzzy metric on X for
each t ∈ R+.

(ii) If (M,N, ∗,♦) is strong then τ(M,N) = ∨
{
τ(Mt,Nt) : t ∈ R+

}
.

If (M,N) is a strong intuitionistic fuzzy metric we will say that {(Mt, Nt) : t ∈ R+} is the family of
stationary intuitionistic fuzzy metrics deduced from (M,N) .

Proof. (i) Let (M,N, ∗,♦) be a non-stationary and strong intuitionistic fuzzy metric on X and t ∈ R+. We
show that (Mt, Nt, ∗,♦) is stationary intuitionistic fuzzy metric on X, for each t ∈ R+. It is obvious that,
when we choose a fixed t ∈ R+, we see the functions Mt and Nt are stationary since they are independent
from t. So for all different values of t ∈ R+, Mt and Nt are stationary. Now we show that the (Mt, Nt, ∗,♦)
is an intuitionistic fuzzy metric on X for all t ∈ R+.

By using the (M,N, ∗,♦) which is a strong intuitionistic fuzzy metric on X, for all x, y, z ∈ X, t, s > 0;

(IFM-1) Mt(x, y) +Nt(x, y) = M(x, y, t) +N(x, y, t) ≤ 1,

(IFM-2) Mt(x, y) = M(x, y, t) > 0,

(IFM-3) Mt(x, y) = M(x, y, t) = 1⇔ x = y,

(IFM-4) Mt(x, y) = M(x, y, t) = M(y, x, t) = Mt(y, x),

(IFM-5) Mt(x, z) = M(x, z, t) ≥M(x, y, t) ∗M(y, z, t) = Mt(x, y) ∗Mt(y, z),

(IFM-6) Mt(x, y) = M(x, y, t) : (0,∞)→ (0, 1] is continuous,

(IFM-7) Nt(x, y) = N(x, y, t) > 0,

(IFM-8) Nt(x, y) = N(x, y, t) = 0⇔ x = y,

(IFM-9) Nt(x, y) = N(x, y, t) = N(y, x, t) = Nt(y, x),

(IFM-10) Nt(x, z) = N(x, z, t) ≤ N(x, y, t)♦N(y, z, t) = Nt(x, y)♦Nt(y, z),

(IFM-11) Nt(x, y) = N(x, y, t) : (0,∞)→ (0, 1] is continuous.

Then, (Mt, Nt, ∗,♦) is stationary intuitionistic fuzzy metric on X.
Conversely, let (Mt, Nt, ∗,♦) be a stationary intuitionistic fuzzy metric on X for all t ∈ R+. Now we

show (M,N, ∗,♦) is strong. Because (Mt, Nt, ∗,♦) is stationary for all t ∈ R+, (Mt, Nt, ∗,♦) is strong.
Then,

M(x, z, t) = Mt(x, z) ≥Mt(x, y) ∗Mt(y, z) = M(x, y, t) ∗M(y, z, t)



H. Efe, E. Yigit, J. Nonlinear Sci. Appl. 9 (2016), 4016–4038 4034

and
N(x, z, t) = Nt(x, z) ≤ Nt(x, y)♦Nt(y, z) = N(x, y, t)♦N(y, z, t)

so, (M,N, ∗,♦) is strong.
(ii) Let (M,N, ∗,♦) be non-stationary and strong intuitionistic fuzzy metric on X. We show that

τ(M,N) = ∨
{
τ(Mt,Nt) : t ∈ R+

}
. To demonstrate the validity of this equation, it is sufficient to show that

B(M,N)(x, r, t) = B(Mt,Nt)(x, r) for all t ∈ R+, x ∈ X, r ∈ (0, 1).

B(M,N)(x, r, t) = {y ∈ X : M(x, y, t) > 1− r , N(x, y, t) < r }
= {y ∈ X : Mt(x, y) = M(x, y, t) > 1− r , Nt(x, y) = N(x, y, t) < r }
= {y ∈ X : Mt(x, y) > 1− r , Nt(x, y) < r }
= B(Mt,Nt)(x, r).

So, the open ball B(M,N)(x, r, t) coincides with the open ball B(Mt,Nt)(x, r) for all x ∈ X, r ∈ (0, 1), t ∈ R+

then τ(M,N) = ∨
{
τ(Mt,Nt) : t ∈ R+

}
.

Example 2.17, Example 2.18, and Example 2.19 illustrate the Proposition 2.16.

Example 2.17. Let d be a metric on X. Define a ∗ b = min {a, b} and a♦b = max {a, b} for all a, b ∈
[0, 1] . Then (Mdt , Ndt , ∗,♦) is a stationary intuitionistic fuzzy metric on X for each t > 0 if and only if
(Md, Nd, ∗,♦) is strong if and only if d is an ultrametric on X.

For the proof of “(Md, Nd, ∗,♦) is strong if and only if d is an ultrametric on X.”see Example 2.15 (i).
Let (Mdt , Ndt , ∗,♦) is a stationary intuitionistic fuzzy metric on X for each t > 0. We will show that

(Md, Nd, ∗,♦) is strong. Since (Mdt , Ndt , ∗,♦) is stationary intuitionistic fuzzy metric, it is strong for each
t > 0. Then,

Md(x, z, t) = Mdt(x, z) ≥ min {Mdt(x, y),Mdt(y, z)} = min {Md(x, y, t),Md(y, z, t)}

and
Nd(x, z, t) = Ndt(x, z) ≤ max {Ndt(x, y), Ndt(y, z)} = max {Nd(x, y, t), Nd(y, z, t)} .

Consequently (Md, Nd) is strong with the minimum t-norm and maximum t-conorm.
The converse of the proof is clear.

Example 2.18. Consider the strong intuitionistic fuzzy metric (M,N) in the Example 2.9 and choose
ϕ (t) = t. Then,

Mt(x, y) =
min {x, y}+ t

max {x, y}+ t
and Nt(x, y) =

max {x, y} −min {x, y}
max {x, y}+ t

is a stationary intuitionistic fuzzy metric for each t > 0 and it is easy to verify that τ(Mt,Nt) = τ(M,N) for
each t > 0.

In the Example 2.9 we have shown that non-stationary intuitionistic fuzzy metric (M,N, ∗,♦) is strong
with the continuous t-norm and continuous t-conorm defined by a ∗ b = ab and a♦b = a + b − ab for all
a, b ∈ [0, 1]. Now we will see (Mt, Nt, ∗,♦) is a stationary intuitionistic fuzzy metric on X = R+. Note that
we choose the values of t from interval (0,∞) . For example, let t = 1

2 . Then, since

M 1
2
(x, y) =

min {x, y}+ 1
2

max {x, y}+ 1
2

and N 1
2
(x, y) =

max {x, y} −min {x, y}
max {x, y}+ 1

2

for t = 1
2 and all x, y ∈ R+,

(
M 1

2
, N 1

2
, ∗,♦

)
is a stationary intuitionistic fuzzy metric on X. So, it is clear

that for all values of t from interval (0,∞) , (Mt, Nt, ∗,♦) is stationary intuitionistic fuzzy metric on X. Also
it is clear that τ(M,N) = τ(Mt,Nt) for all t ∈ R+.
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Example 2.19. Consider the functions M and N on R+ × R+ × R+ given by

M(x, y, t) =

{
1 if x = y

min{x,y}
max{x,y} .ϕ(t) if x 6= y

, N(x, y, t) =

{
0 if x = y

max{x,y}−ϕ(t)min{x,y}
max{x,y} if x 6= y

,

where

ϕ(t) =

{
t 0 < t ≤ 1
1 t > 1

.

Then (M,N) is a strong intuitionistic fuzzy metric on R+ with the continuous t-norm and continuous
t-conorm defined by a ∗ b = ab and a♦b = a+ b− ab for all a, b ∈ [0, 1] .

It is clear that for all t ∈ R+ (Mt, Nt, ∗,♦) is stationary intuitionistic fuzzy metric on R+.Then we can
easily say from the Proposition 2.16 that (M,N, ∗,♦) is strong. But still we will show this below.

(For this example’s proof we will consider the functions K and P on R+ × R+ × R+ defined by

K(x, y) =
min {x, y}
max {x, y}

, P (x, y) =
max {x, y} −min {x, y}

max {x, y}
.

It is easy to verify that (K,P ) is an intuitionistic fuzzy metric on R+ with the continuous t-norm and
continuous t-conorm defined by a∗ b = ab and a♦b = a+ b−ab for all a, b ∈ [0, 1] . So by using the condition

K(x, z) ≥ K(x, y).K(y, z).

that is,
min {x, z}
max {x, z}

≥ min {x, y}
max {x, y}

.
min {y, z}
max {y, z}

(2.10)

we will complete the proof). Since it is easy to verify the conditions of intuitionistic fuzzy metric space, we
will only show the conditions (IFM-5′) and (IFM-10′) to see (M,N) is strong.

(IFM-5′) In the events of x = y, y = z, x = z and x = y = z, the proof is obvious. Suppose that
x 6= y 6= z 6= x. Remember that ϕ(t) ∈ (0, 1], x, y, z ∈ R+ and by using (2.10)

M(x, z, t) =
min {x, z}
max {x, z}

.ϕ(t) ≥ min {x, y}
max {x, y}

.
min {y, z}
max {y, z}

.ϕ(t)

≥ min {x, y}
max {x, y}

.ϕ(t).
min {y, z}
max {y, z}

.ϕ(t) = M(x, y, t).M(y, z, t).

(IFM-10′)

N(x,y, t) +N(y, z, t)−N(x, y, t).N(y, z, t)

=
max {x, y} .max {y, z} − ϕ(t)2 min {x, y} .min {y, z}

max {x, y} .max {y, z}

= 1− min {x, y}
max {x, y}

.
min {y, z}
max {y, z}

.ϕ(t)2

≥ 1− min {x, z}
max {x, z}

.ϕ(t)

=
max {x, z} − ϕ(t) min {x, z}

max {x, z}
= N(x, z, t).

In this example we saw that if (M,N, ∗,♦) is a non-stationary intuitionistic fuzzy metric on R+ and
(Mt, Nt, ∗,♦) is a stationary intuitionistic fuzzy metric on R+ for each t ∈ R+, (M,N, ∗,♦) is strong. At
the same time τ(M,N) is the discrete topology on R+.
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For t ≥ 1 we get that Mt(x, y) = min{x,y}
max{x,y} , Nt(x, y) = max{x,y}−min{x,y}

max{x,y} and τ(Mt,Nt) is the usual topology

of R relative to R+.
For t < 1 we get that Mt(x, y) = min{x,y}

max{x,y} .t, Nt(x, y) = max{x,y}−t.min{x,y}
max{x,y} and thus, τ(Mt,Nt) is the

discrete topology.

Now it occurs the natural question of when a family (Mt, Nt, ∗,♦) of stationary intuitionistic fuzzy
metrics on X for t ∈ R+, defines a intuitionistic fuzzy metric (M,N, ∗,♦) on X by means of the formula
Mt(x, y) = M(x, y, t) and Nt(x, y) = N(x, y, t) for each x, y ∈ X, t ∈ R+. The Proposition 2.20 answers this
question.

Proposition 2.20. Let {(Mt, Nt, ∗,♦) : t ∈ R+} be a family of stationary intuitionistic fuzzy metrics on X.

(i) Consider the functions M and N on X2×R+ defined by M(x, y, t) = Mt(x, y) and N(x, y, t) = Nt(x, y)
then (M,N) is an intuitionistic fuzzy metric when considering the t-norm ∗, t-conorm ♦, if and only if
{Mt : t ∈ R+} is an increasing family (that is, Mt ≤Mt′ if t < t

′
), {Nt : t ∈ R+} is a decreasing family

(that is, Nt′ ≤ Nt if t < t
′

) and the functions Mxy, Nxy : R+ → (0, 1] defined by Mxy(t) = Mt(x, y)
and Nxy(t) = Nt(x, y) are continuous functions, for each x, y ∈ X.

(ii) If conditions (i) are satisfied then (M,N, ∗,♦) is strong and {(Mt, Nt, ∗,♦) : t ∈ R+} is the family of
stationary intuitionistic fuzzy metrics deduced from (M,N) . By (ii) we can notice that a strong intu-
itionistic fuzzy metric is characterized by its family {(Mt, Nt, ∗,♦) : t ∈ R+} of stationary intuitionistic
fuzzy metrics.

Proof. (i) If (M,N) is an intuitionistic fuzzy metric on X, the conclusion is obvious. Indeed, it is obvious
that, since (Mt, Nt, ∗,♦) is an intuitionistic fuzzy metric on X for all t ∈ R+, (M,N, ∗,♦) is an intuitionistic
fuzzy metric on X, too. So the functions Mxy(t) = Mt(x, y) and Nxy(t) = Nt(x, y) are continuous. Also,
since (Mt, Nt, ∗,♦) is stationary for each t ∈ R+, (Mt, Nt, ∗,♦) is strong. Then we can write

M(x, z, t) = Mt(x, z) ≥Mt(x, y) ∗Mt(y, z) = M(x, y, t) ∗M(y, z, t)

and
N(x, z, t) = Nt(x, z) ≤ Nt(x, y)♦Nt(y, z) = N(x, y, t)♦N(y, z, t).

It means that (M,N, ∗,♦) is strong and for all t > 0, M is increasing, N is decreasing, then, {Mt : t ∈ R+}
is an increasing family (that is, Mt ≤ Mt′ if t < t

′
), {Nt : t ∈ R+} is a decreasing family (that is, Nt′ ≤ Nt

if t < t
′

).
Conversely, let {Mt : t ∈ R+} be an increasing family (that is, Mt ≤ Mt′ if t < t

′
), {Nt : t ∈ R+} be

a decreasing family (that is, Nt′ ≤ Nt if t < t
′

) and the functions Mxy, Nxy : R+ → (0, 1] defined by
Mxy(t) = Mt(x, y) and Nxy(t) = Nt(x, y) are continuous functions, for each x, y ∈ X. Now we show that
(M,N, ∗,♦) is an intuitionistic fuzzy metric on X. It is clear that the axioms (IFM-1), (IFM-2), (IFM-
3), (IFM-4), (IFM-6), (IFM-7), (IFM-8), (IFM-9) and (IFM-11) are satisfied. We only show the triangle
inequality for M and N. Because (Mt, Nt, ∗,♦) is stationary for each t ∈ R+, (Mt, Nt, ∗,♦) is strong. Then,

M(x, z, t+ s) = Mt+s(x, z) ≥Mt+s(x, y) ∗Mt+s(y, z) ≥Mt(x, y) ∗Ms(y, z) = M(x, y, t) ∗M(y, z, s)

and

N(x, z, t+ s) = Nt+s(x, z) ≤ Nt+s(x, y)♦Nt+s(y, z) ≤ Nt(x, y)♦Ns(y, z) = N(x, y, t)♦N(y, z, s).

(ii) ∀x, y, z ∈ X, t > 0

M(x, z, t) = Mt(x, z) ≥Mt(x, y) ∗Mt(y, z) = M(x, y, t) ∗M(y, z, t)

and
N(x, z, t) = Nt(x, z) ≤ Nt(x, y)♦Nt(y, z) = N(x, y, t)♦N(y, z, t).

Then (M,N, ∗,♦) is strong and (M,N, ∗,♦) is characterized by its family {(Mt, Nt, ∗,♦) : t ∈ R+} of sta-
tionary intuitionistic fuzzy metrics.
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The Example 2.21 and Example 2.22 illustrate the Proposition 2.20.

Example 2.21. Consider on R the family of stationary intuitionistic fuzzy metrics {(Mt, Nt, ∗,♦) : t ∈ R+}
given by

Mt(x, y) =

{
1

1+|x−y| if t ≤ 1
2

2+|x−y| if t > 1
and Nt(x, y) =

{ |x−y|
1+|x−y| if t ≤ 1
|x−y|

2+|x−y| if t > 1
.

Define the functions M, N on R2×R+ by M(x, y, t) = Mt(x, y) and N(x, y, t) = Nt(x, y). Denote a∗ b = ab
and a♦b = a + b − ab for all a, b ∈ [0, 1] . Then (M,N, ∗,♦) is not an intuitionistic fuzzy metric on R.
So indeed, Mxy is an increasing function, Nxy is a decreasing function on R. But (M,N, ∗,♦) is not an
intuitionistic fuzzy metric on R since Mxy and Nxy are not continuous at t = 1 if x 6= y.

Example 2.22. Consider on R the family of stationary intuitionistic fuzzy metrics {(Mt, Nt, ∗,♦) : t ∈ R+}
given by

Mt(x, y) =


1

1+|x−y| if t ≤ 1
1
t

1
t
+|x−y| if t > 1

and Nt(x, y) =


|x−y|

1+|x−y| if t ≤ 1
|x−y|

1
t
+|x−y| if t > 1

.

Define the functions M, N on R2×R+ by M(x, y, t) = Mt(x, y) and N(x, y, t) = Nt(x, y). Denote a∗ b = ab
and a♦b = a + b − ab for all a, b ∈ [0, 1] . Then (M,N, ∗,♦) is not an intuitionistic fuzzy metric on R. So
indeed, Mxy and Nxy are continuous functions on R. But (M,N, ∗,♦) is not an intuitionistic fuzzy metric
on R since Mxy is not an increasing function and Nxy is not a decreasing function on R.

An easy consequence of the previous definitions is the Proposition 2.23.

Proposition 2.23. Let {(Mt, Nt, ∗,♦) : t ∈ R+} be the family of stationary intuitionistic fuzzy metrics
deduced from the strong intuitionistic fuzzy metric (M,N, ∗,♦) on X. Then the sequence {xn} in X is
MN−Cauchy if and only if {xn} is MtNt−Cauchy for each t > 0.

Corollary 2.24. Let (X,M,N, ∗,♦) be a strong intuitionistic fuzzy metric space. (X,M,N, ∗,♦) is com-
plete if and only if (X,Mt, Nt, ∗,♦) is complete for each t > 0.

Proof. The proof is clear since τ(M,N) = ∨
{
τ(Mt,Nt) : t > 0

}
.
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