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Abstract

The aim of this paper is to introduce the generalized viscosity implicit rules of one nonexpansive mapping
in uniformly smooth Banach spaces. Strong convergence theorems of the rules are proved under certain
assumptions imposed on the parameters. As applications, we use our main results to solve fixed point
problems of strict pseudocontractions in Hilbert spaces and variational inequality problems in Hilbert spaces.
Finally, we also give one numerical example to support our main results. (©2016 All rights reserved.
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1. Introduction

In this paper, we assume that F is a real Banach space and E* is the dual space of E. Let C be a subset
of F and T be a self-mapping on C. Let F(T) be the set of fixed points of mapping 7'
A mapping f: C — C is called a contraction, if there exists a constant a € [0, 1) such that

() = fWll < alle—yl, Va,yeC (1.1)

A mapping T : C — C' is called nonexpansive if

[Tw =Tyl < lz —yll,V 2,y € C. (1.2)
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Let N and R™ be the set of all positive integers and all positive real numbers, respectively. A mapping
¥ : RT — R* is called to be an L-function if (0) = 0, (¢) > 0 for all ¢ > 0 and for every s > 0 there exists
u > s such that ¢ (t) < s for each t € [s,u].

Let (E,d) be a metric space. A mapping f : E — F is said to be a (1, L)-contraction if ¢ : RT — R™
is an L-function and d(f(z), f(y)) < ¥(d(z,y)), for all z,y € E,x # y. A mapping f : E — FE is said to
be a Meir-Keeler type mapping if for each € > 0 there exists 6 = §(¢) > 0 such that for each z,y € E, with
€ <d(z,y) < e+ 0, we have d(f(z), f(y)) < e.

Proposition 1.1 ([I0]). Let (E,d) be a metric space and f : E — E be a mapping. The following assertions
are equivalent:

(i) f is a Meir-Keeler type mapping;
(ii) there exists an L-function v : RT — RT such that f is a (¢, L)-contraction.

Proposition 1.2 ([16]). Let C' be a convex subset of a Banach space E and let f : C — C be a Meir-Keeler
type mapping. Then, for each € > 0 there exists r € (0,1) such that

[ =yl = € implies |[f(x) = fF(YI <7z -yl

In what follows, a Meir-Keeler type mapping or (1, L)-contraction is called a generalized contraction
mapping. We assume that the L-function from the definition of (4, L)-contraction is continuous, strictly
increasing and lim;_,o, 77(t) = 0o, where n(t) =t — ¢ (t) for all t € RT.

Fixed Point Theory plays a very important role for solving all kinds of problems, such as variational
inequality problems in Hilbert spaces or Banach spaces, equilibrium problems, optimization problems and
so on. Recently, viscosity iterative algorithms for approximating a fixed point of nonexpansive mappings
have been investigated extensively by many authors, see [4] [6l [7, O, 1T, 12} 14}, 15 [I7] and the references
therein. For instance, Xu [I7] introduced an explicit viscosity method for nonexpansive mappings in Hilbert
spaces and uniformly smooth Banach spaces. Strong convergence theorems are obtained under some suitable
conditions on parameters. Song et al.[I4] studied a viscosity algorithm for a family of nonexpansive mappings
in a real strictly convex Banach space with a uniformly Gateaux differentiable norm by using uniformly
asymptotically regular condition.

Very recently, iterative sequence for the implicit midpoint rule has been studied by many authors, because
it is a powerful method for solving ordinary differential equations; see [I}, 2, 5] 8, [13], 18, 19] and the references
therein. Recently, Xu et al. [I8] considered the following viscosity implicit midpoint rule:

Ty + Tntl
2

They proved that the iterative sequence defined by ((1.3|) converges strongly to a fixed point of 7" which
also solves the following variational inequality in Hilbert spaces:

(I-f)g,x—q) >0,z € F(T). (1.4)

Tnt1 = Qnf(xn) + (1 —an)T( ), n > 0. (1.3)

Very recently, Ke et al.[8] applied the viscosity technique to the implicit rules of nonexpansive mappings
in Hilbert spaces. More precisely, they proposed the following two viscosity implicit rules:

Tnt1 = nQ(2n) + (1 — )T (spn + (1 — Sp)Tni1), (1.5)
and
Tyl = QpTy + /BnQ(xn) + ’YnT(Snxn + (1 - Sn)$n+1)' (16)

They obtained that the sequence {x, } generated by (1.5)) and (1.6)) converges strongly to a fixed point of
nonexpansive mapping 7', which also solves variational inequality ([1.4]). The following questions naturally
arise:

Question 1. In ke et al.[§], Step 5 in the proof of Theorem 3.1 and Theorem 3.2 is complicated. Can we
use techniques to simplify the step 57
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Question 2. Can we extend the main results of Ke et al.[§] from Hilbert spaces to a general Banach spaces?
such as uniformly smooth Banach spaces.

Question 3. Can we replace strict contractions by more generalized contractions? Such as Meir-Keeler
type mappings or a (¢, L)-functions.

The aim of this paper is to give affirmative answer to these questions mentioned above. We study the
generalized viscosity implicit rules of one nonexpansive mapping in uniformly smooth Banach spaces.
We prove some strong convergence theorems for finding a fixed point of one nonexpansive mapping under
suitable assumptions imposed on the parameters. As applications, we apply our main results to solve fixed
point problems of strict pseudocontractions in Banach spaces and variational inequality problems in Hilbert
spaces. Finally, we give some numerical examples for supporting our main results.

2. Preliminaries

The duality mapping J : E — 2F" is defined by
J@)={a* e B (@) = all, o) = el } V2 € B

It is well known that if F is a Hilbert space, then J is the identity mapping and if E is smooth, then J
is single-valued, which is denoted by j.
Let pg : [0,00) — [0,00) be the modulus of smoothness of E defined by

pitt) =sup { 5o+ vl + o =l ~ 15 2 € S(B), Iy < ¢}

(t)

A Banach space F is said to be uniformly smooth if PEXY). 0 as t — 0. Furthermore, Banach space

E is said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such that pg(t) < ct?. Typical

example of uniformly smooth Banach spaces is LP, where p > 1. Precisely, L? is min {p, 2}-uniformly smooth

for every p > 1. It is well known that, if F is ¢g-uniformly smooth, then ¢ < 2 and FE is uniformly smooth.
The following lemmas are very useful for proving our main results.

Lemma 2.1 ([I7]). Assume {a,} is a sequence of nonnegative real numbers such that
ant1 < (1 —ap)ay +6,, n >0,
where {ay} is a sequence in (0,1) and {5, } is a sequence in R such that
(1) > onZan = oo;
(ii) either limsup,, i—z <0 or Y 22 |0, < o0.
Then lim,,_ o anp = 0.

Lemma 2.2 ([15]). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E.
Let T : C — C be a nonexpansive mapping such that F(T) # 0 and f : C — C be a generalized contraction
mapping. Then {x;} defined by x; = tf(xy)+ (1 —t)Tx; fort € (0,1), converges strongly to & € F(T), which
solves the variational inequality:

(f(@) —2,j(z—2)) <0,V z € F(T).

Lemma 2.3 ([15]). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E.
Let T : C — C be a nonexpansive mapping such that F(T) # 0 and f : C — C be a generalized contraction
mapping. Assume that {x,} defined by vy = tf(x)+ (1 —t)Txy fort € (0,1), converges strongly to & € F(T)
as t — 0. Suppose that {z,} is bounded sequence such that x, — Tx, — 0 as n — oo. Then

limsup (f(2) — &, j(, — #)) < 0.
n—oo
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3. Main results

Theorem 3.1. Let E be a uniformly smooth Banach space and C' a nonempty closed convexr subset of E.
Let T : C — C be a nonexpansive mapping with F(T) # O and f : C — C a generalized contraction mapping.
Pick any xo € C. Let {z,} be a sequence generated by

Tntl = ATy + P f(Tn) + T (SnTn + (1 — Sp)Tnt1), (3.1)
where {an},{Bn}, and {v,} are three sequences in [0,1] satisfying the following conditions:
(i) an+ Botm=1;
(il) Y0 Bn = 00, limy 00 By = 0;
(iii) limp—eo |@nt1 — apn| = 0 and 0 < liminf, o oy < limsup,,_, . an < 1;
(iv) 0 <e <sp < spt1 <1 foralln>0.

Then {x,} converges strongly to a fized point =* of the nonexpansive mapping T, which is also the solution
of the variational inequality

(I —flz*,jly—2a")) >0, forally € F(T).
Proof. First, we show that {x,} is bounded. Indeed, take p € F(T') arbitrarily, we have
||xn+1 - p” = ||anmn + an(mn) + 'YnT(Sn-Tn + (1 - Sn)l'nJrl) _pH
= Han(xn - p) + ﬁn(f(xn) *p) + rYn(T(Snxn + (1 - Sn)anrl) - p)”
< apl|lwn — pll + Ball f(zn) — pll + ¥l T (sp2n + (1 — sp)Tnt1) — pl|
< apllwn — pll + Ball f(zn) — fF)I + Bl f(p) — pll + Yallsnn + (1 — sp)2ns1 — Pl

< anllzn = pll + Bu (| — pll) + Bull f(p) — Il + Ynllsn(zn — p) + (1 = sp) (@41 — D)l
< apllzn — ol + Bub(|zn — pll) + Bull f () — 2l + Ynsnllzn — pll + Yo (1 = sp) |T0s1 — P

It follows that

(1 =7 (1 = su))|Zns1 = pll < (on + Ynsn + Butd) |20 — pll + Bull £ (p) — P,

that is
an+7n5n+ﬁn¢ Bn
Tnt1 — Pl < Tp—p|| + —mm———— —
Bnn Bnn _
= (1 g 2 e =l = ) - o,

Thus, we have

|@n41 — pl| < max{||lzn, — pll,n | f(p) — pl}-

By induction, we obtain

|z — pll < max{fzo - pll,n~"[f(p) - pl}.

Hence we obtain that {z,} is bounded.
Next, we prove that lim, oo ||Znt1 — zn|| = 0.
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Set y, = W for all n > 0. We observe

Tn4+2 — Apt1Tn+1 Tp+1 — Qpdn

Yn+1 — Yn = -
1—an+1 1—a,
_ /Bn-‘rlf(xn-i-l) + ’Yn-i—lT(Sn—I—lxn-i-l + (1 - Sn+1)xn+2) _ /an(xn) + VnT(Snxn + (1 - Sn)xn-i—l)
1- Qn+1 I —ay
l-« -

= P (fa) o) + LTI (1 sna)ng)

— Qn+t1 1 —ap

T /Bn-f—l Bn

— T(snxn + (1 = sp)xpi1)] + (1 - )(f(zn) = T(sn@p + (1 = $p)2n41))-
— Qp41 1—-a,

It follows that

Br+1 1 —apt1 — Bot1
[9nt1 — ynll S————0(|2ns1 — zn)) + . (1 = spa )| @ns2 — T |
1 —apg 1 —apt
1 — ant1 — Bnt1 Bri1 B
+ ot " sl gt — @] [ — | (3.2)
1 —apq l—apt1 1—oayn

X [|f(zn) = T(spn + (1 = 8n)Tn+1)||-

However,

[#n42 = Tnta |l = [lont1 (@ns1 = 2n) + (0ng1 — an)(@n = T(sn@n + (1 = $n)Tn+1))

+ Bua1lf (@na1) — f(@n)] + (Brr1 — Bn) - (f(@n) — T(snn + (1 = 8n)2ni1))
+ 1 [T (Snt1Zn+1 + (1 = Spt1)@nt2) — T(Snn + (1 = 8p)Tn11)]||

< ans1l|Tnt1 — wal| + lantr — anll|rn — T(sn@n + (1 = 8n)Tnt1) || (3.3)
+ Bnt1¥(|[zns1 — znll) + [Brt1 = Bul - | f(zn) — T(snzn + (1 — sn)znt1) ||
+ Vnt+1(1 = snt)|Tn+2 — Tt | + Ynr18nllTnt1 — znl

= (an+1 + Ynt18n + Bot1¥)[|Znt1 — Zall + Ynt1(1 = Snt1) [ Tnt2 — Tna ||
+ lan+1 — ap| - [|zn = T(spzn + (1 — sn)zn41) ||
+ Bnt1 = Bl - [1f (@) = T(snzn + (1 = sp)ant1)]-

It follows that

|Zn+2 — Tnt1ll

Qi1+ Ynt18n + Buy1? |1 — o
< T — x| + Ty — T (82, + (1 —s,)T
T — Y1 (1 — Spt1) [ nll I — Y1 (1= $pt1) [ (snxn + ( n)Tn+1)|
At 2Bl i) — (s + (1= s)zs)] (3.4
1- '7n+1(1 - 5n+1)

_ _T 1
_ /3n+177 + 7n+1(3n+1 S'fl) ||$n+1 o :L‘TLH + |Oén+1 o an| ”l’n (S”xn + ( sn)xn—&-l)H
1- 'YnJrl(l - 5n+1) 1- 7n+1(1 - 3n+1)
Ty) — T(spx, + (1 —s,)x
+’/3n+1—5n|”f( n) ( non ( n) n+1)|"
1- ’7n+1(1 - Sn-‘rl)

=11

Substituting (3.4]) into (3.2)), we have

||yn+1 - yn”

BnJrl 1 —ap41 — ﬁnJrl
=1 an+l¢(”$n+1 znll) + 1— ant

Prt1  Bn

— Opt1 I—ap,

“Spl|Tnr — @nl| + |1
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1 —apt1 — Bnyr (

1—s
1_ it n+1)

X || f(zn) = T(spTn + (1 = sp)Tnt1)| +

_ Bntan + yn+1(Sns1 — Sn) 2n — T(snn + (1 = 85)Tn41)]|

x [(1 T — x| + | -«
[( 1_ ’771+1(1 — 5n+1) )H n+1 Tl” | n+1 n| 1_ ’7n+1(1 — SnJrl)
f(xn) = T(spwn + (1 — 8p)xTpi1
+|ﬁn+1_ﬁn|” ( n) (n n ( n) n+ )H}
I —g1(1 = sng1)
1
= 17{%“?/) + (1 — Op41 — 5n+1)5n + (1 — Op41 — ﬁnJrl)(l - 5n+1)
— Ony1
+ S — s I} I}
« (1 _ ﬁn-l-ln '7n+1( n+1 n))} . ”xn+1 _ an + (‘ n+1 _ n |
1- 7n+1(1 - 5n+1) 1 —anpg 1—ay,
1-— On41 — BnJrl ‘5n+1 - Bn|
1-— -T 1-—
+ 1— ans ( Sn+1) 1— ynri(l— Sn+1))Hf(In) (snn + ( $n)Tnt1)||
1 —ant1 — Bntt |04n+1 - an|
1-— . -T 1-—
+ 1— ant (1= snt1) 1— ynri(l— $pe1) [E2 (snan + (1 = sn)@pi1) ||
NBn+1 Br+1 Bn ‘Bn+1 - Bn|
< (1= —)zns1 — zall + — +
( 1- Oén+1)|| w1 = Znll 1] I—apt1 1- Oén‘ I —Yng1(1 = sp41)
leY -
% 11f (n) = Tlsnton + (1 = swams )l + — om0l s+ (1= s
I —Ynp1(1 = sng1)
NBn+1 Br+1 Bn |Bni1 — Bal
< (1= —)zns1 — zall + — +
( 1-— Oén+1)|| w1 = Tl +] Il—apy 1- Oén‘ 1 — Y1 (1 = Spy1)
« -«
+ | n+1 n| ]Mh

1- 'Yn+1(1 - 5n+1)

where M = sup, 5o | (2) = T(snn + (1 = s2)ansn)ll + 0 = Tlsuzn + (1 = su)ass)}
Hence, we have
lim sup(|[ynt1 — Ynll = [Tn41 — 20l]) < 0.

n—0o0
It follows that lim,_,cc ||yn — Zn|| = 0. By the definition of {y,}, we obtain
lim ||zp+1 — x| = 0. (3.5)
n—oo

Next, we prove that lim,_,« ||z, — Tx,|| = 0. In fact, we observe

|20 — Tan|| < |2 — g ll + [[Tn+1 — Ty
< wn — zppal| + an |2 — Tl + Bo |l f(Tn) — Tl + v |s070 + (1 — 50)Tna1 — 2|
< en = zpga || + o |20 — T || + Bu || f(2n) — Tznll + (1 — sn) |Tny1 — 20|,

which implies

1+, (1—s I}
[0 = Tan| < 14 Tall = on) |lZns1 = @nll + ——— [If (zn) — Tzl .
1—a, 1—a,
Then by (3.5) and condition (iii), we get
|z, — Txy|| — 0 as n — oo. (3.6)

Let {x:} be a sequence defined by z; = tf(z;) + (1 — t)Tx¢, by Lemma we have that {z;} converges
strongly to a fixed point x* of T', which solves the variational inequality:

(I = fa*,j(x —a7)) =0, 2 € F(T).
It follows from (3.6)) and Lemma that
limsup (f(z*) — =%, j(z, — 2¥)) <0. (3.7)

n—oo
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Finally, we show that x,, — z* as n — oco. Assume that the sequence {z,} does not converge strongly
to ¥ € F(T). Then there exists ¢ > 0 and a subsequence {z,,} of {z,} such that ||z,, —2*|| > ¢, for all
j €{0,1---}. For this € there exists r € (0,1) such that

1f (@) = F@) < rllwn; — 2]
Then we have
||':Unj+1 - ZL'*HQ
= <O‘njmnj + anf(l'n]) + ’}/an(Snjl'nj + (1 - Snj)manrl) - m*7j(ajnj+l - $*)>
= <O‘njxnj + ﬁnjf(xnj) + ’yan(Snd‘nj + (1 - Snj)xnfrl) - (Oénj + ﬁnj + an)x*,j(ﬂfnfrl - CC*)>
= anj <l‘nj - x*nj(xnj-i-l - l‘*)> + 571]- <f($nj) - f(x*)7j($nj+l - $*)>
+ 6nj <f(fL'*) - $*,j($nj+1 - 1:*)) + an <T(STijnj + (]- - Snj)inj—l—l) - x*7j($n_j+1 - .T*)>
< anjH$nj - 37*””«7771]--{-1 - x*” + T/anHxnj - x*HHxnri—l - x*H + 7nj8nj||xnj - CU*”HJ;nj—f—l - HE*H
+ ’}’nj(l - Snj)Hmnj-i—l - w*HQ + /Bn]- (f(x*) - x*7j($nj+1 - x*)>
= (@, + 7By + Yy ) n, — 2 M — 2] 4y (= )|z — 27
+ an <f($*) - $*,j($nj+1 - iﬂ*))
< Olp; + T/an + Yn;Sn; Oy + T/Bn]' + Tn;
- 2 2
+ FY’VLJ(l - S’Vlj)Hxnj-i-l - x*HQ + /871]' <f(l'*) - $*7j($nj+1 - [E*)>,

which implies

lzn, — 2*[* +

Sn.
&l Hxnj-u - w*H2

”xnj+1 - $*||2

anj + Tﬁnj + ’Ynj Snj
T 2—an; —rBn; +Vn;Sn; — 2Yn,

X (f(@") = 2%, j(%n; 41 — 27))

_ <1 B 2 = 2ap; — 2rBn; — 2,
2 - anj - rﬂnj + ’Ynj Snj - 2/777,]
2.,

X .

2 = 2an; — 2rBn; — 2,

28,,
2 —ap; —1Bn; +Vn;Sn; — 2Yn;

|, —2*|* +

2 = 2ap; — 2rBn; — 2n,
2 - anj - rﬁnj + ’Ynj Snj - 2771]

) len, — "2 +

(f(&") = 2% (w41 — 27)),

where
O/ _ 2 — 20énj - 2rﬁnj - 27n]
. Qﬁn] (1 - T)
2 = an; = 7Pn; + Yoy Sn; = 2,
20, (1 —1r
1+ Bo, (1 —7) + Y, (s, — 1)
‘We notice
26”]‘(1 —) 26”3'(1 -7 > B (1—1)
’I’L] *

1+Bn]‘(1ir)+’7ﬂj(5n]‘*1) 1+an(1*r)
As 370 Bn; = 00, so we have } 7% oy, = 00. Let

26
r_ J . *®\ ok . — ")),

Then it follows from (3.7) that limsup,_,, 07, < 0. So we obtain that z,, — z* as j — oo. The
contradiction permits us to conclude that {x, } converges strongly to z* € F(T"). This finishes the proof. [
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The following results can be obtained by Theorem easily. We omit the details.

Theorem 3.2. Let E be a uniformly smooth Banach space, C' a nonempty closed convex subset of E. Let
T :C — C be a nonexpansive mapping with F(T) # 0 and f : C — C a generalized contraction mapping.
Pick any o € C. Let {z,} be a sequence generated by

Tn + Tpyl

5 ) (3.8)

Tn+1 = ann + Bof(@n) + 1T (
where {an}, {Bn}, and {vn} are three sequences in [0, 1] satisfying the following conditions:
(i) an+Bn+m=1;
(il) D0 Bn = 00, limy 00 By = 0;
(iil) limpy—yoo |an+1 — an| =0 and 0 < liminf,, o oy, < limsup,,_, o @, < 1.

Then {z,} converges strongly to a fized point z* of the nonexpansive mapping T, which is also the solution
of the variational inequality
(I = fla%,jly—2")) 20,V y e F(T).

Corollary 3.3. Let C' be a nonempty closed conver subset of Hilbert space E. Let T : C — C be a
nonexpansive mapping with F(T) # 0 and f : C — C a generalized contraction mapping. Pick any xg € C.
Let {x,,} be a sequence generated by

Tny1 = an®p + Buf(2n) + T (snrn + (1 — 80)ZTnt1), (3.8)

where {an}, {Bn}, and {vn} are three sequences in [0, 1] satisfying the following conditions:

Then {z,} converges strongly to a fized point z* of the nonexpansive mapping T, which is also the solution
of the variational inequality
(I—fa*y—2a)=0,¥VyeF(T).

Corollary 3.4. Let C' be a nonempty closed conver subset of Hilbert space E. Let T : C — C be a
nonexpansive mapping with F(T) # 0 and f : C — C a generalized contraction mapping. Pick any xg € C.
Let {x,,} be a sequence generated by

Tn+ Tt

), (3.10)

Tnt1 = anZn + Bpf(zn) + 1 T(
where {an}, {Bn}, and {v,} are three sequences in [0, 1] satisfying the following conditions:
(i) an+Pn+m=1
(i) Dol Bn =00, limp_yo0 B = 0;
(iii) limp—e0 |nt1 — apn| =0 and 0 < liminf, o o, < limsup,, . apn < 1.

Then {x,} converges strongly to a fized point =* of the nonexpansive mapping T, which is also the solution
of the variational inequality

(I=faz*y—2a)=20,¥VyeF(T).



Q. Yan, G. Cai, P. Luo, J. Nonlinear Sci. Appl. 9 (2016), 4039-4051 4047

Remark 3.5. Theorem improves and extends Theorem of Ke and Ma[§] in the following aspects.
(1) Strict contraction is replaced by a generalized contraction.
(2) From Hilbert spaces to more general uniformly smooth Banach spaces.

(3) Condition lim, o ¥, = 1 is removed and condition Y 7 [ant1 — | < 00 is weakened as
limy, o0 |@nt1 — an| = 0.

(4) Our proof of main results are very different from ones in Ke and Ma[8]. Precisely, we use other method
to deal with the proof of step 2 and step 5, in this way, we simplify the proof of main results.

4. Applications

(I) Application to variational inequality problems in Hilbert spaces.
Let C be a nonempty closed convex subset of a Hilbert space H. Recall the following definitions.
A mapping A : C' — H is called monotone if

(Az — Ay, z —y) >0, Va,y € C.

A mapping A : C — H is called a-inverse strongly monotone if there exists a positive real number o
such that
<A$ - Ayax - y) > ”Al' - AyH27 V%y eC.

Let A: C — H be a nonlinear operator. The classical variational inequality is to find z* satisfying
(Az*,x —2*) >0, Vo eC. (4.1)

We use VI(A, C) to denoted the set of solutions of (4.1)).
Ceng et al. [3] considered the following problem of finding (z*,y*) € C' x C such that

* * * _ * >
{(/\Ay +a* —y* r—2*) >0, Ve el (4.2)

(uBx* +y* —x*,x —y*) >0, Vo € C,

which is called a general system of variational inequalities, where A, B : C — H are two nonlinear mappings,
A > 0 and g > 0 are two constants. They studied the following algorithm: z; = u € C and

{ Yn = PC(xn - ,U/an)u

4.3
Tnt1 = At + Bpy + Y SPo(yn — ANAyy). (4.3)

By using a relaxed extragradient method, they proved some strong convergence theorems under appro-
priate conditions in a real Hilbert space.

Lemma 4.1 ([3]). Let C be a nonempty closed convexr subset of a real Hilbert space H. Let A,B:C — H
be two nonlinear mappings. For given x*,y* € C, (x*,y*) is a solution of problem (4.2)) if and only if x* is
a fixed point of the mapping G : C' — C defined by

G(z) = Po(Po(x — uBx) — MAPo(x — pBx)),V z € C,
where y* = Qc(x* — uBz™).

Theorem 4.2. Let C be a nonempty closed convex subset of Hilbert space H. Let the mappings A, B : C' —
H be a-inverse-strongly monotone and [3-inverse-strongly monotone with F(G) # 0, where G : C — C is a
mapping defined by Lemmald.1]. Let f : C — C be a generalized contraction mapping. Pick any xg € C. Let
{zn} be a sequence generated by
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Tpi1 = anTp + Bnf(Tn) + Ynln,
Yn = QC(Un - )\Aun)a

Un = QC’(Zn - NBZn)a

Zp = SpTp + (1 - Sn)mn—l—l?

(4.4)

where A € (0,2a),u € (0,28). Let {an}, {Bn}, and {yn} be three sequences in [0,1] satisfying the following
conditions:

(i) an+Bn+vm=1;

(i) Donto Bn = 00, limp 00 B = 0;

(iii) limy o |n+1 — o] =0 and 0 < liminf,, o @, < limsup,,_,. o < 1;

(iv) 0 <e < sp <spy1 <1 foralln>0.

Then {xz,} converges strongly to a fixed point x* G, which is also the solution of the variational inequality
(I = fla%,y—2") 20,V y € F(G),

and (z*,y*) is a solution of problem ([1.2), where y* = Q¢ (z* — uBx*).

Proof. By Remark 2.1 of [3], we know that G is nonexpansive. So we obtain the desired results by Theorem
B.1 and Lemma 4.2 O

(IT) Application to strict pseudocontractive mappings.
Let K be a nonempty subset of a Hilbert space H. Recall that a mapping 7' : K — H is said to be
k-strict pseudocontractive if there exists a constant k € [0, 1) such that

1Tz = Ty|* < o = yl* + k(I = T)z — (I = T)y|* V¥ 2,y € K. (4.5)

Lemma 4.3 ([20]). Let H be a Hilbert space, K be a closed convex subset of H. If T is a k-strict pseu-
docontractive mapping on K, then the fized point set F(T) is closed convez, so that the projection Pp(r) is
well defined.

Lemma 4.4 ([20]). Let H be a Hilbert space, K be a closed convex subset of H. If T : K — H 1is a k-strict
pseudocontractive mapping with F(T) # 0, then F(PxT) = F(T).

Lemma 4.5 ([20]). Let H be a Hilbert space, K be a closed convex subset of H. If T : K — H 'is a k-strict
pseudocontractive mapping. Define a mapping S : K — K by St = Ax + (1 — \)Tx for all z € K. Then, as
A€ [k, 1), S is a nonexpansive mapping such that F(S) = F(T).

Theorem 4.6. Let C be a nonempty closed convex subset of Hilbert space E. Let T : C' — H be a k-strict
pseudocontractive mapping with F(T) # 0 and f : C — C a generalized contraction mapping. Pick any
xg € C. Let {x,} be a sequence generated by

Tpy1 = anp + Buf(2n) + WPoS(sntn + (1 — 8p)Tni1), (4.6)

where S : C — H is defined by Sz =z + (1 —0)Tx,¥Y x € C, § € [k,1). Let {an},{Bn}, and {vn} be three

sequences in [0, 1] satisfying the following conditions:
(i) A+ Bnt+Wm=1;
(i) D0l Bn =00, limp o0 B = 0;

(iii) limy o0 |@nt1 — an| = 0 and 0 < liminf, o oy, < limsup,, . an < 1;
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(iv) 0 <e <sp < spt1 <1 foralln>0.

Then {x,} converges strongly to a fized point =* of the nonexpansive mapping T', which is also the solution
of the variational inequality

Proof. By Lemma and we have that Po.S is nonexpansive and F(PcS) = F(T'). So we obtain the
desired results by Theorem [3.1] immediately. O

5. Numerical Examples

Example 5.1. Let inner product < -,- >: R? x R? — R be defined by

(x,y)=x-y=x1-y1 +22-y2 + 23" ¥3,

and the usual norm [|-|| : R® — R be defined by

Ix[| = /2 + 9y + 23, V x = (21,22,23),y = (y1, 92, y3) € R”.

Let T, f : R3 — R3 be defined by Tx = f(x) = %x, Vz eR. Let

an:f—l—ﬁ, ﬁnzﬁ, %L:%—{—%, sn:i,VnGN.
Let {z,} be a sequence generated by (3.§). It is easy to see that F(T') = {0}. Then {x,} converges
strongly to 0 by Corollary
We can rewrite as follows:
19n + 18
B5n+6 "

Choosing x; = (1,2, 3) in (5.1]), we have the following numerical results in Figure (1| and Figure

Xn+1 = (51)

()20
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Figure 1
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