Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 41274136

Research Article

(LaiEyy Journal of Nonlinear Science and Applications
e bP

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Some fixed point theorems concerning (1, ¢)-type
contraction in complete metric spaces

Xin-Dong Liu?, Shih-Sen Chang®*, Yun Xiao?, Liang-Cai Zhao?

?Department of Mathematics, Yibin University, Yibin, Sichuan, 644007, China.
bCenter for General Education, China Medical University, Taichung, 40402, Taiwan.

Communicated by X. Qin

Abstract

The purpose of this paper is to introduce the notions of (1, ¢)-type contractions and (1), ¢)-type Suzuki
contractions and to establish some new fixed point theorems for such kind of mappings in the setting of
complete metric spaces. The results presented in the paper are an extension of the Banach contraction
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1. Introduction and preliminaries

Let (X,d) be a metric space and let T : X — X be a self-mapping. If there exists a k € (0,1) such
that for all z,y € X, d(Tx,Ty) < kd(z,y) holds. Then T is said to be a contractive mapping. In 1922,
Polish mathematician Banach [I] proved a very important result regarding a contraction mapping, known
as the Banach contraction principle. It is one of the fundamental results in fixed point theory. Due to
its importance and simplicity, several authors have obtained many interesting extensions of the Banach
contraction principle (see [3], 4, 10-14] and the references therein).

In 2009, Suzuki [12] proved a generalized Banach contraction principle in compact metric spaces as
follows.

Theorem 1.1 ([12]). Let (X,d) be a compact metric space and let T : X — X be a self-mapping. Assume

*Corresponding author
Email address: changss12013@163. com (Shih-Sen Chang)

Received 2016-04-13



X.-D. Liu, S.-S. Chang, Y. Xiao, L.-C. Zhao, J. Nonlinear Sci. Appl. 9 (2016), 4127-4136 4128

that for all x,y € X with x # vy,

1

id(x,Tx) <d(z,y) = dTx,Ty) < d(z,y).
Then T has unique fized point in X.

In 2014, Jleli and Samet [6], [7] introduced the following notion of 6-contraction.

Definition 1.2 ([7]). Let (X, d) be a metric space. A mapping 7" : X — X is said to be a #-contraction, if
there exist § € © and k € (0,1) such that

2.y € X, d(Te,Ty) £0 = 0(d(Tx,Ty)) < (6(d(z, )], (1.1)
where © is the set of functions 6 : (0,00) — (1, 00) satisfying the following conditions:

©1) 6 is non-decreasing, that is, for all ¢,s € (0,00), t < s, one has 6(t) < 6(s);

0(t)—1

©3) there exist 7 € (0,1) and [ € (0, 0o] such that lim,_,o+ =5 = [;

(©1)
(©2) for each sequence {t,} C (0,00), lim, o0 O(ty) =1 iff limy, o0 t,, = 0;
(©3)
(©4)

O4

0 is continuous.
In the sequel we denote by © the set of all functions satisfying the conditions (©1)—(04).
By using the notion of §-contraction, Jleli and Samet [6] proved the following fixed point theorem.

Theorem 1.3 ([6]). Let (X,d) be a complete metric space and T : X — X be a -contraction, then T has
a unique fized point in X.

On the other hand, in 2012, Wardowski [15] introduced the following notion of F'-contraction.

Definition 1.4 ([I5]). Let (X,d) be a metric space. A mapping T': X — X is said to be a F-contraction,
if there exist F' € F and 7 > 0 such that

2,y €X, d(Tx,Ty) #0 = 7+ F(d(Tz,Ty)) < F(d(z,y)), (1.2)

where F is the set of functions F': (0, 00) — (—00, 4+00) satisfying the following conditions:

(F1) F is non-decreasing, that is, for all ¢,s € (0,00), t < s, one has F(t) < F(s);
(F2) for each sequence {t,} C (0,00), lim, o0 F(t,) = —o0 iff limy, o t, = 0;
(F3) there exist r € (0,1) such that lim;_,g+t"F(t) = 0.
Wardowski [I5] stated a modified version of the Banach contraction principle as follows.

Theorem 1.5 ([15]). Let (X,d) be a complete metric space and T : X — X be a F-contraction, then T
has a unique fized point z* € X and for every x € X the sequence {T,,x}nen converges to x*.

Very recently, Piri and Kumam [8] modified the conditions of F', they defined the F-contraction as
follows.

Definition 1.6 ([§]). Let (X,d) be a metric space. A mapping T': X — X is said to be a F-contraction,
if there exist F' € § and 7 > 0 such that

zye X, dTz,Ty) #0 = 7+ F(d(Tz,Ty)) < F(d(x,y)), (1.3)

where § is the set of functions F : (0,00) — (—o00, +00) satisfying the following conditions:
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(F1) F is non-decreasing, that is, for all ¢, s € (0,00), t < s, one has F(t) < F(s);
(F2) for each sequence {t,} C (0,00), limy, o0 F(t,) = —o0 iff limy, o0 t,, = 0;
(F3) F' is continuous.

They also prove the F-contraction with F' € § has a unique fixed point in X.

Motivated by the research work going on in this direction, it is naturally to put forward the following,

Open Question Could we define some generalized type of contractions which can contain all of
f-contractions and F-contractions?

In order to give an affirmative answer to this open question, we first analysis the conditions (©2) and
(O3).
It is easy to see that the condition (©3) is so strong that there exist a lot of functions which satisfy the
conditions (O1) , (©2) and (©4) but they do not satisfy the condition (O3). For example, we can prove that
1

the function A(t) = e ™, p > 0 satisfies the conditions (61) , (©2) and (6,), but for any r > 0

y 1

P 1

6(t) — 1 | —w 7
fm PO T T £,
t—o+ 17 t—0T tr t—0+ 17 t—0T o7

that is, it does not satisfy the condition (03).
In the sequel, we denote by © the set of functions 6 : (0,00) — (1, c0) satisfying the following conditions:

’ . . .
(©1) 0 is non-decreasing and continuous;

(@2)/ inftE(O,oo) H(t) =1.
Theorem 1.7. Let (X, d) be a complete metric space and T : X — X be a self-mapping. then the following
assertions are equivalent.

(i) T is a O-contraction with 6 € © ;
(i) T is a F-contraction with F € §.

Proof.
(i)= (ii) If there exist # € © and k € (0,1) such that

7,y € X, d(Tz,Ty) #0 = 0(d(Tz,Ty)) < [0(d(=,y))]".
Put F=1Inlnf# and 7 = —Ink > 0, then it is easy to verify that F' € § and

0(d(Tx, Ty)) < [0(d(z,y))]*
< nf(d(Tz,Ty)) < klnb(d(x,y))
<Inlnb(d(Tz,Ty)) <Ink+Inlné(d(z,y))
< —Ink+Inlnd(d(Tz,Ty)) <Ilnlnd(d(z,y))
7+ F(d(Tx, Ty)) < F(d(z.1))

(ii)= (i) If there exist F' € § and 7 > 0 such that
z,y€e X, dTz,Ty) #0 = 7+ F(d(Tz,Ty)) < F(d(z,y)).
Put § = ¢¢" and k =e " € (0,1), then it is easy to verify that § € © and

T+ F(d(Tz, Ty)) < F(d(z,y))
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<:>e'r-|-F(d(Tac,Ty)) < eF(d(:z;y))

e FA(TzTy) < JF(dy) g

F(d(Tz,Ty)) F(d(z,y))q,—T
e v e 4 ]6

IN

e
9(d(Tz,Ty)) < [0(d(z,y))]".
0

In [2], Berinde introduced the concepts of comparison function. A function ¢ : Ry — R, is called a
comparison function if it satisfies the following:
(i) % is monotone increasing, that is, t1 < to = ¥ (t1) < ¥ (t2);
(i)  limp—eo ¥™(t) = 0 for all ¢ > 0, where ¥™ stands for the nth iterate of .

Clearly, if ¢ is a comparison function, then ¢ (t) < ¢ for each ¢t > 0.
For the properties and applications of comparison functions, we refer the reader to [2, [5].
Examples of comparison functions Let

Pi(t) =at, 0<a<l,forallt>0;

if0<t <,
Pa(t) =

Wl + DN ~+

if1<t.

Y3(t) = 15, for all £ > 0.
Definition 1.8. Let ¢ : Ry — R, be a mapping satisfying the following conditions:

(®1) ¢ is non-decreasing, that is, for all ¢,s € (0,00),t < s, one has ¢(t) < ¢(s);
(®2) for each sequence {t,} C (0,00), limy, o0 ¢(t,) = 0 iff limy, o0 £, = 0;
(®3) ¢ is continuous.
We shall denote by ® the set of all functions satisfying the conditions (®;) , (P2) and (P3).

Lemma 1.9 ([9]). If {tx}x is a bounded sequence of real numbers such that all its convergent subsequences
have the same limit 1, then {ty}r is convergent and limy_ oot = I.

Lemma 1.10. Let ¢ : (0, 00) — (0, o) be a non-decreasing and continuous function with inf,c o o) ¢(t) =
0 and {tx}r be a sequence in (0, co). Then the following conclusion holds.

lim gf)(tk) =0<«<= lim t; =0.
k—o00 k—o0

Proof. (1) (Necessity) If limy_ o ¢(tx) = 0, then we claim that the sequence {t;} is bounded. Indeed, if
the sequence is unbounded, we may assume that t; — oo, then for every M > 0, there is kg € N such that
tr > M for any k > kg. Hence we have ¢(M) < ¢(tx), and so,

B(M) < lim 6(13) =0,

which is a contradiction with ¢(M) > 0. Therefore {t;} is bounded. Hence there exists a subsequence
{tx, } C {tr} such that lim,_,~ ¢, = a (some nonnegative number). Clearly a > 0.

If & > 0, then there exists ng € N such that ¢, € (5, 370‘) for all n > ng. As ¢ is non-decreasing, we
deduce that ¢(§) < lim,, oo ¢(tx,) = 0 which contradicts with ¢(§) > 0. Consequently o = 0. By Lemma

[1.9] we know that limg_,o tx = 0.

(2) (Sufficiency) Since inf,e( o0y #(t) = 0, if £ — 0, then for any given € > 0, there is a > 0 such that
¢(a) € (0,€) and there exists k1 € N such that ¢ < « for all k& > k;. Therefore 0 < ¢(t;) < ¢(a) < ¢, for
k > k1. This shows that ¢(tx) — 0. O
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Based on the above argument, now we are in a position to give the following definition.

Definition 1.11. Let (X, d) be a complete metric space and T': X — X be a mapping.
(1) T is said to be a (1, ¢)-type contraction, if there exists a comparison function ¢ and ¢ € ® such that

Vz,ye X, dTx,Ty) >0 = ¢(d(Tx,Ty)) < p[p(M(x,y))], (1.4)

(2) T is said to be a (¢, ¢)-type Suzuki contraction, if there exists a comparison function ¢ and ¢ € ®
such that for all x,y € X with Tz # Ty

%d(%T?ﬂ) <d(z,y) = ¢(d(Tz,Ty)) < P[p(M(z,y))], (1.5)
where ]
M (z,y) = max{d(z,y), d(z,Tx), d(y,Ty), §d($,Ty), d(y,Tx)}. (1.6)

From the Definition m, it is easy to see that each (1, ¢)-type Suzuki contraction must be (v, ¢)-type
contraction.

The purpose of this paper is to prove some existence theorems of fixed points for (v, ¢)-type contraction
and (v, ¢)-type Suzuki contraction in the setting of complete metric spaces. The results presented in the
paper improve and extend the corresponding results in Banach [I], Suzuki [12], Jleli et al [6l [7], Wardowski
[15], Piri et al [§].

2. Main results
Theorem 2.1. Let (X,d) be a complete metric space and T : X — X be a (¢, ¢)-type Suzuki contraction,
that is, there exist ¢ € ® and a continuous comparison function ¢ such that for all x,y € X with Tx # Ty

1

Jda,Tz) <d(z,y) = ¢(d(Tz,Ty)) < ¢[¢(M(z,y))]; (2.1)
where 1

M($7 y) = max{d(z, y)) d(:l}, Tﬂ?), d(y7 Ty)a 5(1(15‘, Ty)) d(y7 T$)} (22)

Then T has a unique fized point z € X and for each x € X the sequence {T"x} converges to z.

Proof. Let x be an arbitrary point in X. If for some positive integer p such that TP~z = TPz, then TP~ 'z
will be a fixed point of T. So, without loss of generality, we can assume that d(T" 'z, T"z) > 0 for all
n>1.

Therefore,
%d(T”_lm,T”x) <d(T" 'z, T"z), VYn>1. (2.3)
Hence from , for all n > 1, we have
S(d(TT" 2, TT"2)) = $(d(T", T" ) < Blo(M(T" 2, T"2)], (2.4)
where
M(T" 'z, T"z)
=maz{d(T" ‘e, T"z), d(T" 1z, T"z), d(T"z, T" " z), %d(T"‘lm,T"Hx), d(T"z, T"x)} 25
=max{d(T" ‘z,T"z), d(T"z, T" " z), éd(T”_lx, T )} &
=max{d(T" ‘z,T"z), d(T"z, T"z)}.
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If M(T" 1o, T"z) = d(T"x, T" " 'z), then it follows from (2.4) that
G(A(T"x, T ) < plp(d(T"x, T ).

This implies that

BT, T™1z)) < GA(T"2.T"12),
this is a contradiction . Hence, from (2.5) we have M (T" 1z, T"z) = d(T™ 'z, T"x). This together with
inequality ([2.4) yields that

ST, T ) < YIB((T™ 2, T"))] < P00, T )] 6
< < Po(d(x, Ti))].
Since ¢ : (0,00) — (0, 00), it follows from that
0 < lim ¢(d(T"z, T"*'2)) < lim ¢"[¢(d(z, Tx))] = 0.
This implies that lim,, o ¢(d(T"z, T""1z)) = 0. This together with (®2) and Lemma m gives
lim d(T"z, T""z) = 0. (2.7)

n—o0

Now, we claim that {T"x}2° is a Cauchy sequence. Arguing by contradiction, we assume that there
exist € > 0 and sequence {p,}>2; and {g,}>2, of natural numbers such that

Pn > qn >n, d(TPrz,Tz) >e, d(TP 'z, T9z) <€, ¥YneN. (2.8)

So, we have
€ <d(TPra, T%™x) < d(TPraz, TP ‘z) + d(TP"lz, T%zx)

<d(TPrz, TP '2) + e
It follows from ([2.7) and the above inequality that

lim d(TPrx, Tz) = e. (2.9)

n—o0

From and (2.9), we can choose a positive integer ng > 1 such that
%d(Tp":r,TTp":r) < %e <d(TPrx,T™z), Yn > ng.
So, from the assumption of the theorem, we get
H(d(TP T, T 2)) < Y[p(M(TPz, T x))], Vn > ng, (2.10)

where
M(TPr2, T%x) = maz{d(TP"z, T z), d(TPrz, TP z), d(T%z, T z),

1
id(Tpnx’ an+1x), d(T%"x, Tpn+1x)}

< maz{d(TP"z, TP "'z, d(T%z, T z),
d(Tpnijpn‘i’lx) +d(Tp”+1:1:,Tq”+1a:) + d(Tq”Jrlx,Tq":r)}.

Substituting (2.11)) into (2.10)), then letting n — oo and by using the condition (®2), (2.7), (2.9), we get
¢(e) = lim ¢(d(TP" ', T 1)) < lim Plp(d(TP o, T z))] = p[o(e)] < ¢(e).

n—oo n—oo

(2.11)
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This is a contradiction. Therefore {T"x}2°  is a Cauchy sequence. By completeness of (X, d), without

loss of generality, we can assume that {T"x}>° ; converges to some point z € X, that is,

lim d(T"z,z) = 0.

n—o0

Now, we claim that

1 1
§d(T”x,T"+1x) <d(T"z,z) or id(T”+1$,T”+2x) <d(T" iz, 2), Vn € N.

Suppose that it is not the case, there exists m € N such that
1 1
id(TmZL',Tm—Hl‘) >d(T™zx,z) and id(Tm'H:E,Tm'F%) > d(T™ e, 2).
Therefore,
2d(T™x, z) < d(T™z, T™ M z) < d(T™z,2) +d(z, T™ ).

This implies that
d(T™z, z) < d(z, T x).

This together with (2.14) shows that

d(T™z,2) < d(z, T z) < —d(T™ e, T 22).

N | =

Since d(T™z, T™+'z) < d(T™z, T™z), by the assumption of the theorem, we get
(AT, T 22)) < (M (T2, T )],

where
M(T™z, T" ) =maz{d(T™z, T" " 2), d(T™z, TT™z), d(T™ 2, TT™ ),

1
§d(me, TT™ ), d(T™ e, TT™x)}
:max{d(mea Tm+1x)a d(Tm:E7 Tm+1x)7 d(Tm+1l', Tm+2$)a
1
id(TmQ?, T ) + d(T™ e, T 22))
:max{d(Tmm7 Terl.CC), d(Tme, Tm+2$)}.
If M(T™x, T 2) = d(T™ ez, T 22), then it follows from (2.17) that

¢(d(Tm+1IIZ, Tm+2x)) < ¢[¢(Tm+1x7 Tm+2x)] < ¢(d(Tm+1$, Tm+2x))‘

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

This contradiction shows that M (T™z, T™* x) = d(T™x, T™*2). Hence from (2.17) we have that

H(A(T™ iz, T™2)) < Pl(T™a, T™ ).
Since v (t) < t for each t > 0, this implies that

Plo(d(T™e, T )] < (d(TTa, T ).
It follows from condition (®) and that

d(T" e, T 2e) < d(T™x, T x).

(2.18)

(2.19)
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From (2.14)), (2.16) and (2.19) we arrive at
A(T™ g, T 2g) <d(T™x, T™ )
<d(T™z,z) + d(z, T 'z) (2.20)

1 1
Sid(Tm—Hw, Tm+2$) + id(Tm—H.%', Tm+2$) — d(Tm+1£L‘, Tm+2£1?).

This is a contradiction. Hence, (2.13)) holds, that is, for every n > 2,

%d(T"x,T"H:U) <d(T"z,2) (2.21)
holds. By the assumption of Theorem, it follows from that for every n > 2,
O d(TT"x,Tz)) < Pp[p(M(T"z, 2))]. (2.22)
we have
M(T"x, z) = max{d(T"z, z), d(T"z, TT"x), d(z,Tz), %d(T”x, Tz), d(Tz,TT"z)}. (2.23)

By using ([2.12]), we obtain that

1
nlingo M(T'z,z) = nl;ngo max{d(T"z,z), d(T"x,TT"x), d(z,Tz),id(T"ac,Tz), d(Tz,TT"x)} (2.24)
=d(z,Tz).

Now we prove that z = Tz. Suppose to the contrary, d(z,7z) > 0. Letting n — oo in (2.22) and by
using (2.12)) and the condition (®1), we obtain

d(z,Tz) = li_)m P(d(TT"z,Tz))
< lim Y[o(M(T"z, 2)]
=y[0(d(z, T'2))]
<d(z,Tz).

This is a contradiction. Hence, z = T'z. This shows that z is a fixed point of T'.

Now we prove that z is the unique fixed point of T in X. In fact, if 2, u € X are two distinct fixed
points of T, that is Tz = z # u = T, then d(z,u) = d(Tz,Tu) > 0. So 0 = 3d(2,Tz) < d(z,u) and from
the assumption of the theorem, we obtain

o(d(z,u) = ¢(d(Tz, Tu)) < P[O(M(z,u))], (2.25)
where 1
M(z,u) = maz{d(z,u), d(z,Tz), d(u,Tu), §d(z,Tu), d(u,Tz)} = d(z,u).
This together with (2.25) shows that
P(d(z,u)) = ¢(d(T'z, Tu)) < P[p(d(z,u))] < ¢(d(z,u)), (2.26)
which is a contraction. Hence we have u = v. This completes the proof of Theorem O

Remark 2.2. Theorem is a generalization and improvement of the main results in Suzuki [12].

Corollary 2.3. Let (X,d) be a complete metric space and T : X — X be a (1, ¢)-type contraction, that
is, there exist ¢ € ® and a continuous comparison function v such that

Va,ye X, d(Tz,Ty) >0 = ¢(d(Tz,Ty)) < [op(M(z,y))], (2.27)

where M(x,y) is given by (2.2). Then T has a unique fized point z € X and for each v € X the sequence
{T"z} converges to z.

Remark 2.4.  Corollary is a generalization and improvement of Banach contraction principle [I] and
the recent results in Jleli et al [6, [7].
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3. Some Consequences

Corollary 3.1. Let (X,d) be a complete metric space and T : X — X be a mapping. If there exists
A€ (0,1) such that

d(Tz,Ty) < AM(z,y) Vz,y € X, (3.1)
where 1
M(ﬂl‘,y) = max{d(x,y), d([L‘,TfL‘), d(yaTy)7 id($,Ty), d(yaT‘/E)}v (32)

then T has a unique fized point z € X and for any given x € X, the sequence {T"x} converges to z.
Proof. Denote by 1(t) := At and ¢(t) =t : (0,00) — (0,00). It is easy to check that ¢ € ®. The conclusion
of Corollary [3.1] can be obtained from Corollary [2.3] immediately. O

Corollary 3.2. Let (X, d) be a complete metric space and T : X — X be a mapping. Suppose that there
exist A\, , v, &, >0 with A+ p+v+E£+n <1 such that

1
d(Tz,Ty) < Ad(z,y) + pd(z, Tz) + vd(y, Ty) + E5d(x, Ty) + nd(y, Tw) Vo, y € X.

Then T has a unique fized point z and for each x € X, the sequence {T™x} converges to z.

Corollary 3.3.  Let (X,d) be a complete metric space and T : X — X be a O-type contraction, that is,
there exist 0 € © and k € (0,1) such that

Va,ye X, d(Tz,Ty) >0 = 0(d(Tz,Ty)) < [0(M(z,y))]", (3.3)
where M (x,y) is given by (3.2). Then T has a unique fixed point z € X and for each x € X the sequence
{T"z} converges to z.

Proof. Denote by ¥(t) = (Ink)t and ¢(t) :=1nf : (0,00) = (0,00). It is easy to check that ¢ € ®. Hence

from (3.3)) we have
nO(d(Tz,Ty)) < (Ink)InO(M(z,vy)).

The conclusion of Corollary can be obtained from Corollary immediately. O

Corollary 3.4. Let (X,d) be a complete metric space and T : X — X be a F-type contraction, that is,
there exist F' € § and 7 > 0 such that

Ve,ye X, dTz,Ty) >0 = 7+ F(d(Tz,Ty)) < F(M(x,y)), (3.4)

where M (x,y) is given by (3.2). Then T has a unique fixed point z € X and for each x € X the sequence
{T"x} converges to z.

Proof. Denote by ¥(t) = e™"t and ¢(t) := ef : (0,00) — (0,00). It is easy to check that ¢ € ®. Hence
from (3.4)) we have

The conclusion of Corollary [3.4] can be obtained from Corollary [2.3] immediately. O

Remark 3.5. Corollary is a generalization and improvement of the recent results in Wardowski [15] and
Piri et al [§].

Corollary 3.6. Let (X,d) be a complete metric space and T : X — X be a mapping. Suppose that

M(z,y)
AT TY) < T )

where M (z,y) is given by (3.2). Then T has a unique fized point z and for each x € X, the sequence {T"x}
converges to z.

, Ve,y € X, Tx #£ Ty,

Proof. Taking ¥(t) = %th’ t >0, and ¢(t) =t, t > 0, then the conclusion can be obtained from Corollary

immediately. O
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