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1. Introduction and preliminaries

Throughout this article, let R = (—o0,+00), RT = [0,400), Ng = {0} UN, where N denotes the set
of all positive integers. Let (X,d) be a metric space, CL(X), CB(X) and C(X) denote the families of all
nonempty closed, all nonempty bounded closed and all nonempty compact subsets of X, respectively. For
T:X —-CL(X),A,Be X and z € X, put

d(z,B) = inf{d(z,y),y € B}, f(z)=d(z,Tx),

max { sup, ¢ 4 d(x, B),sup,¢p d(y, A)}, if the maximum exists,

H(A,B) = {

400, otherwise.
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Such a mapping H is called a generalized Hausdorff metric induced by d in CL(X). A sequence
{xnnen, C X is said to be an orbit of T if x,1 € Tz, for each n € Ny. A function h: X — RT is said to
be T-orbitally lower semi-continuous at z € X if h(z) < liminf,_, h(xy,) for any orbit {zy }nen, € X of T
with lim,,_yoo x, = 2.

It is well-known that the Banach contraction principle has a lot of generalizations and applications, (see
[2, 6, [7, O, 10, 12, 17HI9, 25]). In 1969, Nadler [19] obtained the following fixed point theorem for the
multi-valued contraction mappings.

Theorem 1.1 ([19]). Let (X,d) be a complete metric space and T a mapping from X to CB(X) such that
H(Tz,Ty) < cd(z,y), Vz,y€ X, (1.1)
where ¢ € [0,1) is a constant. Then T has a fized point.

Later, many researchers generalized Theorem in various directions (see [1, [BH6] @, 10} 13} 14 [16] 18-
24]). In 1972, Reich [22] extended Theorem and proved the following fixed point theorem for the
multi-valued contraction mapping which maps points into compact sets.

Theorem 1.2 ([22]). Let (X,d) be a complete metric space and T : X — C(X) satisfies

H(Tz,Ty) < ¢(d(z,y))d(z,y), Vz,y€ X, (1.2)
where
0 :(0,400) = [0,1) with limsupe(r) <1, Vte (0,+00). (1.3)
r—tt

Then T has a fixed point.

In 1989, Mizoguchi and Takahashi [I8] responded to the conjecture which has been asked whether Reich’s
theorem [22] can be extended to multi-valued mappings whose range consists of bounded and closed sets
and proved the following result.

Theorem 1.3 ([18]). Let (X,d) be a complete metric space and T : X — CB(X) satisfy that

H(Tz,Ty) < p(d(z,y))d(z,y), Yo,y X withz #y, (1.4)
where
©:(0,+00) = [0,1) with limsupy(r) <1, VteRT. (1.5)
r—tt

Then T has a fixed point.

In 2006, Feng and Liu [10] generalized Theorem to a new type of multi-valued nonlinear contraction
mapping without using the Hausdorff metric. Cirié¢ [5], 6], and Klim and Wardowski [14] extended the result
of Feng and Liu [10] and showed the existence of fixed points for some new set-valued contraction mappings.
Pathak and Shahzad [21] introduced a new concept of generalized contraction of set-valued mappings and
got fixed point theorems for such mappings.

In 2012, Wardowski [25] introduced the concept of F-contractions for single-valued mappings and proved
a fixed point theorem for the F-contraction, which is a generalization of the Banach contraction principle.

Definition 1.4 ([25]). Let F': (0, 4+00) — R be a mapping satisfying:
(F1) F is strictly increasing;
(F2) for each sequence {ay, }nen of positive numbers lim,,—, ~ @, = 0 if and only if limy, 4 F(cv,) = —o0;

F3) there exists k € (0,1) such that lim,_,o+ o*F () = 0.
—0



Z. Liu, X. Na, S. M. Kang, S. Y. Cho, J. Nonlinear Sci. Appl. 9 (2016), 4737-4753 4739

Denote by F the family of all functions F' that satisfy (F1)-(F3).

Definition 1.5 ([25]). Let (X,d) be a metric space. A self-mapping 7" on X is called an F-contraction if
there exist ' € F and 7 > 0 such that

T+ Fd(Tz,Ty)) < F(d(z,y)), VYr,ye X with d(Tz,Ty) > 0.

Theorem 1.6. Let (X,d) be a complete metric space and let T : X — X be an F-contraction. Then T has
a unique fized point u € X and for every xog € X a sequence {T™xo}nen i convergent to u.

Recently, the researchers have been attracted to study new classes of F-contractions and to prove the
existence of fixed point theorems for these F-contractions (see [I}, 2} [8, 1T}, [T5, (17, 20} 23], 25]). In particular,
Minak et al. [I7] and Cosentino and Vetro [8] introduced Ciri¢ type generalized F-contractions and Hardy-
Rogers type F-contraction mappings and proved some fixed point results for the F-contractions.

The purpose of this paper is to introduce some new multi-valued nonlinear F-contractions without using
the Hausdorff metric and to establish the existence and iterative approximations of fixed points for these
multi-valued nonlinear F'-contractions in complete metric spaces. Three examples are included.

2. Main results

In this section, we establish four fixed point theorems for the multi-valued nonlinear F-contractions (al),
(a3), (ad), and (a6) in complete metric spaces.

Theorem 2.1. Let (X,d) be a complete metric space, T : X — CL(X) be a multi-valued mapping such that
(al) for any x € X — Tz there isy € Tx — Ty with

Fd(z,y)) < F(f(x))+7, F(f(y)+7+n(f(2) < Fd(z,y)),
where F € F, 7> 0 and n: (0,+00) — (0, +00) satisfies that
(a2) liminf,_,,+ n(s) > 0,Vt € R*.

Then, for each xg € X there exists an orbit {x, }nen, of T and z € X such that lim,,_,o x,, = z. Furthermore,
z 1s a fized point of T in X if and only if the function f is T-orbitally lower semi-continuous at z.

Proof. Let xp € X be an arbitrary point with xy ¢ T'z¢. It follows from (al) that there exists 1 € Txg—Tx;
satisfying
F(d(zo, 1)) < F(f(z0)) +7, F(f(21)) +7+n(f(x0)) < F(d(zo,21)). (2.1)
In light of and n(f(x0)) > 0, we deduce that
F(f(x1)) < F(d(zo,21)) — 7 — n(f(20))
< F(f(zo)) +7 =7 —n(f(20))
= F(f(z0)) = n(f(z0))
< F(f(20))-
In terms of (al) there exists xo € Tx1 — T'zo with
F(d(z1,22)) < F(f(z1)) + 7, F(f(22)) +7+n(f(21)) < F(d(21,22)),
which together with (2.1), n(f(zo)) > 0 and n(f(z1)) > 0 mean that
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F(d(x1,22)) < F(f(21)) +
< F(d(fﬂo»wl)) T=n(f(zo)) + 7
= F(d(xo,z1)) — n(f(z0))
< F(d(wo, 1)).
Repeating this process, we obtain an orbit {x,, }nen, C X of T satisfying
F(d(xnaxn+1)) < F(f(l'n)) + 7, (2 2)
F(f(xnt1)) + 7 +n(f(zn)) < Fd(n, Tni1)), Tpt1 € Txp — TTnq1,
In view of and n(f(rp—1)) > 0 for each n € N, we have
F(f(zn)) < F(d(zn-1,70n)) — T — 0(f(Tn-1))
< F(f(zn-1)) +7—7—=n(f(zn-1)) (2.3)
= F(f(2n-1)) = 0(f(zn-1))
< F(f(xp-1)), VneN.
It follows from (2.3) and (F'1) that
0< f(zn) < f(zn—1), VYneN. (2.4)
Note that (2.4)) implies that there exists a constant a € RT with
lim f(z,) = a. (2.5)
By virtue of (a2) there exists a constant b > 0 satisfying
liminf n(s) = 2b,
s—at
which means that for ¢ = b, there exists § > 0 satisfying
n(s) —2b > —e, Vse€ (a,a+9),
that is,
n(s) > b, Vse€ (a,a+9). (2.6)
Clearly, (2.4)-(2.6)) ensure that there exists ng € N satisfying
a< flxzy) <a+46, n(f(zy))>0b, Vn>n. (2.7)
Making use of (2.3]) and , we arrive at
F(f(zn)) < F(f(zn-1)) = n(f(2n-1))
< F(f(wn—2)) = n(f(zn—-2)) — n(f(zn-1))
S F(f(@ng)) = 0(f (@ny)) = 0(f (@ng41)) — - = n(f (2n-1))
< F(f(2n)) — (n = no)b,
which implies that
li_)m F(f(zpn)) = —o0. (2.8)
By means of (F2), (2.5) and ({2.8]), we conclude immediately that
a= lim f(z,)=0. (2.9)

n—o0



Z. Liu, X. Na, S. M. Kang, S. Y. Cho, J. Nonlinear Sci. Appl. 9 (2016), 4737-4753 4741

Using and , we infer that
F(d(xn, Tnt1)) < F(f(zn)) +7
< F(d(zp-1,20)) =7 = 0(f(zn-1)) + 7
= F(d(zp-1,2n)) = n(f(2n-1))
(d(zn—2,Tn-1)) = n(f(Tn-2)) = n(f(Tn-1))

IN
|

(2.10)

F(d(#ng, Zno+1)) = 1(f (2ne)) = 1(f (Xng+1)) = - = 0(f (#n-1))
F(d(ng; Tng+1)) — (n = 10)b
—00 as n — 00.

LIAIA

That is,

H_)m F(d(zp,xnt1)) = —00.

It follows from ([2.10) and (F2) that
lim d(xy,2p+1) = 0. (2.11)

n—o0

It is clear that (F'3) and (2.11)) ensure that there exists k£ € (0, 1) such that
lim [d* (2, Zni1) F(d(2n, 2ny1))] = 0. (2.12)

n—oo

Using (2.10))-(2.12), we derive that

0 < limsup[(n — no)bd" (xp, Tn11)]

n—o0

< lim Sup{(F(d(xnov xn0+1)) - F(d(mm anrl)))dk(xm anrl)}

n—o0

=0,

which yields that

lim (n — ng)bd® (z, Tni1) = 0,
n—oo

that is,
lim nd®(z,, zn1) = 0. (2.13)

n—oo

It follows from ([2.13]) that there exists n; > ng satisfying
ndk(xnwrn-i-l) < 17 vn > ni,
that is,

d(xp, Tpt1) < ,  Vn>mnq,

S
=]

which gives that
d(xny xm) S d((L‘n, xn-{—l) + d($n+17 xn+2) +---+ d(.’L’m_l, wm)

m—1
< Z d(z;, zit1)
< Zd(%,xiﬂ)

1
SZT; Vm >n > ny,

: k
i=n

which together with the convergence of the series Z?; L means that {Zn }nen, is a Cauchy sequence. Since
i%
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(X,d) is a complete metric space, there exists a point z € X such that

lim z, = z. (2.14)

n—oo

Suppose that f is T-orbitally lower semi-continuous at z. It follows from (2.9) and (2.14) that

d(Z, TZ) = f(z) <lim inff(xn) = HILH;O f(xn) =0,

n—o0

that is, z € X is a fixed point of T.
Conversely, suppose that z € X is a fixed point of T'. For each orbit {y, }nen, of T with lim,, o0 yn = 2,

we deduce that
f(2) = d(2,T%) = 0 < liminf f(yn),

which implies that f is T-orbitally lower semi-continuous in z. This completes the proof. O

Theorem 2.2. Let (X,d) be a complete metric space, T : X — CL(X) be a multi-valued mapping such that
(a3) for any x € X — Tx there is y € Tax — Ty with
Fld(z,y)) < F(f(x))+7, F(f(y)+7+ndz,y)) < Fd(z,y)),
where F € F, 7> 0 and n: (0,+00) — (0,400) satisfies (a2).

Then, for each xg € X there exists an orbit {xy }nen, of T and z € X such that limy,_,oc x,, = z. Furthermore,
z 1s a fized point of T in X if and only if the function f is T-orbitally lower semi-continuous at z.

Proof. Let g € X be an arbitrary point with xy ¢ Txg. It follows from (a2) that there exists x1 € Tzo—Tz;
satisfying

F(d(xo,21)) < F(f(z0)) + 7, F(f(21)) + 7+ n(d(zo,21)) < F(d(xo,z1)). (2.15)
In view of (a3), there exists z3 € Ta1 — Tag with
F(d(z1,22)) < F(f(z1)) + 7, F(f(22)) + 7 +n(d(z1,22)) < F(d(21,22)),
which together with and n(d(xg, 1)) > 0 we have
F(d(xy1,x2))

Repeating this process, we obtain an orbit {x, }nen, C X of T satisfying

F(d(zn, 2nt1)) < F(f(zn)) + 7, (2.16)
F(f(znt+1)) + 7+ n(d(xn, Tpt1)) < F(d(xn, Tnt1)), Tnt1 € Txy — Txpyr, Vn e Np. .

In light of (2.16) and n(d(xn—1,2,)) > 0 for each n € N, we deduce that

(
< F(d(xp—1,2p)) — T —n(d(Tp—1,2n)) + T
— Fd(n1,20)) — 1(d(z0-1,70) (217
< F(d(xp-1,zy)), VYneN,
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which together with (F'1) implies that
0 < d(xn,xny1) < d(xp_1,2n), VneN. (2.18)

Consequently, (2.18) means that the sequence {d(xy, Tnt1)}nen, converges to a constant a € RT, that
is,

lim d(zy,p+1) = a. (2.19)

n—oo

As in the proof of Theorem we conclude that (2.6 holds. It follows from (2.6)), (2.18)) and ([2.19)

that there exists ng € N satisfying

a<d(xn,Tnt1) <a+9, n(d@n,nt1)) >b, ¥n > ng. (2.20)

Using (2.17)) and (2.20)), we obtain that

F(d(zn, Tnt1)) < F(d(@p-1,2n)) — n(d(zn-1,7n))
< F(d(zn-2,7n-1)) — n(d(zn—2,Tn-1)) — n(d(@pn—1,2n))

< F(d(Tng, Tng+1)) — 1(d(Zng, Tng+1)) — 1(d(Tng 41, Tngr2)) — -+ — n(d(Tn-1, Tp))
< F(d($n0,$n0+1)) - (n - no)b

— —00 as n — 0o,

which implies (2.11). The rest of the proof is similar to that of Theorem and is omitted. This completes
the proof. O

Theorem 2.3. Let (X,d) be a complete metric space, T : X — CL(X) be a multi-valued mapping such that
(ad) for any x € X — Tz there is y € Tax — Ty with

1

Fld(z,y)) < F(f(2)) + 5n(f(2)),  F(f(y) +n(f(z)) < F(d(z,y)),

where F € F, n: (0,400) — (0,400) satisfies (a2) and
(ab) limsup,_,o+ 1(s) < +o0.

Then, for each xg € X there exists an orbit {x, }nen, of T and z € X such that lim,,_,oc x,, = z. Furthermore,
z 18 a fixed point of T in X if and only if the function f is T-orbitally lower semi-continuous at z.

Proof. Let xp € X be an arbitrary point with xy ¢ T'z¢. It follows from (a4) that there exists 1 € Txg—Tx;
satisfying
1
F(d(zo, 21)) < F(f(z0)) + 5n(f(z0)),  F(f(21)) +n(f(20)) < F(d(zo,21)). (2.21)

It follows from and n(f(zg)) > 0 that
F(f(x1)) < F(d(zo, 1)) = n(f(0))

< F(f(w0)) + 510/ () = 1(/(x0))

= F(f(z0)) — gn(f(a0))

< F(f(x0))-
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(a4) implies that there exists zo € T'x1 — Txg with

1

F(d(z1,22)) < F(f(z1) + 5n(f(21)),  F(f(22)) +0(f(21)) < Fd(z1,22)),

which together with (2.21)) and n(f(x1)) > 0 give that

F(f(w2)) < F(d(21, 22)) — n(f (1))

< F(f(0)) + 50/ (1) = 0/ (@)

= F(f(e1) — n(f(z1))

< F(f(xl))a
F(d(1,22)) < (7)) + 5n(f(a)
< F(d(wo,21)) — n(f (o)) + 3(F(a1).

Repeating this process, we obtain an orbit {xy, }nen, € X of T satisfying

F(d(an,n11) < F(F(a) + g0(f () (2.29)
F(f(zny1)) +n(f(2n)) < Fd(wn, Tny1)), Tpt1 € Trp — Tngr,  Vn € No.

In view of (2.22) and n(f(xn—1)) > 0 for each n € N, we deduce that

F(f(wn)) < Fld(zn-1,70)) = 0(f(2n-1))

< F(f(on1) + (F(zn1)) — ()

; (2.23)
< F(f(en1)) = 5(f(en 1))
< F(f(zp-1)), VYneN
and ]
F(d(zn, znv1)) < F(f(za)) + 5n(f(2n))
(2.24)

< F(d(rn-1,20)) ~ 1(f (o)) + gn(F(zn)), Vo €N

Similar to the arguments of Theorem [2.1] we conclude that (2.4)-(2.7) hold. In terms of (2.23)) and (2.7),

we arrive at .

F(f(z)) < F(f(en1)) = 51(F (1)
< F(f(n-2)) ~ 3(f(zn2)) — 30(f(en 1))

=N

< F(f(ng)) = 50 o) = 310 ngs1)) = -+ = 5107 (n 1))
< F(f(ny)) = 5(n = noh

— —00  as n — 00,

which together with (2.5) and (F'2), we derive that (2.8) and (2.9) hold.
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In light of (2.7) and ([2.24]), we get that

F(d(zn, tni1)) < F(d(@n-1,20)) = 1(f (2n-1)) + %ﬁ(f(wn))

< F(dln 2 21)) — 0 Gen-2)) = 50 n1)) + 30(f(on))
(2.25)
< F(dlings tng11)) = 10 (one) = 5107 ) = =+ = 50(F 1)) + 30(F ()

1 1
< F(d(xnmxn(ﬂrl)) - i(n —no— 1)b + 577(f($n)), Vn > ng.
Taking upper limit in (2.25) and using (2.7)), (2.9) and (a5), we get that

limsup F(d(zy, Zn+1)) < limsup [F(d(mno,xn0+1)) — 1(n —nog—1)b+ 177(f(a;n))}

< lim sup [F(d(rcm, Frat1)) — 20— g — 1>b] + L timsupn(f(z.)

n—o0 2 n—oo

= —00,

that is, (2.11)) holds. Similarly, we know that (2.12]) holds.
It follows from (a5), (2.11), (2.12)), and (2.25)) that

1
0 < limsup {Q(n —ng — 1)bdk(:vn, xn+1)}

n—oo

<t sup { (Pl 2ng1)) = Fldans 2ri0)) + 5170 ) i) |

n—oo 2

< lim Sup{(F(d(xnoa xno—i—l)) - F(d<xn7 xn—f—l)))dk(xny xn+1)}

n—oo

+ % lim sup[n(f(xn))dk@m Tpit)]

n—o0

1

<0+ = limsupn(f(z,)) - limsup d*(z,, ny1)
=0,

which means that

lim sup[(n — ng — 1)bdk($na Tny1)] =0,

n—o0

which yields (2.13]). The rest of the proof is similar to that of Theorem and is omitted. This completes
the proof. O

Theorem 2.4. Let (X,d) be a complete metric space, T : X — CL(X) be a multi-valued mapping such that

(a6) for any x € X — Tx there isy € Tax — Ty with

Fd(z,y)) < F(f(x)) + %n(d(w,y)), E(f(y) +nld(z,y)) < F(d(z,y)),

where F' € F, n: (0,400) — (0,4+00) satisfies
(a7) n is decreasing,

(a8) lim,_,o+ n(s) > 0.
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Then, for each xg € X there exists an orbit {x, }nen, of T and z € X such that lim,,_,o x,, = z. Furthermore,
z 1s a fized point of T in X if and only if the function f is T-orbitally lower semi-continuous at z.

Proof. Let g € X be an arbitrary point with xy ¢ Txg. It follows from (a6) that there exists x1 € Tzo—Tz;
satisfying

F(d(xo, 21)) < F(f(x0)) + %n(d(mo,xl)), F(f(x1)) + n(d(zo, 71)) < F(d(zo,21)). (2.26)

In view of and 7(d(xo, 1)) > 0, we arrive at
F(f(z1)) < F(d(zo, z1)) — n(d(zo, 21))

< F(f(w0)) + 31(d(zo, 1)) — n(d(zo, 21)

— F(f(a0)) - 2n(d(wo, 21))

2
< F(f(wo)).
(a6) implies that there exists x9 € T'z1 — T'xo with

1

F(d(z1,22)) < F(f(21)) + gn(d(z1,22)),  F(f(22)) +nld(z1,22)) < Fd(21,22)),

which together with (2.26)) and n(d(x1,x2)) > 0 show that
F(f(x2)) < F(d(z1,22)) — n(d(z1, 22))

< F(f(e1)) + gn(d(er, 22)) — (s, )

= F(f(xl)) — %n(d(m,xg))

< F(f(zl))v

F(d(ar,22)) < F(f(e1)) + gu(d(ar,22))

< Fld(wo,21)) ~ n(d(ro, 21)) + gnld(as, 22)).

Repeating this process, we obtain an orbit {x,, }nen, C X of T satisfying

F(d(en, 211)) < F(f () + 5n(d(n, 2n11)),

(2.27)
F(f(zns1)) +n(d(@n, 2ns1)) < F(d(Tn, Tny1))s  Tng1 € Txp — Tapgr, Yn € Np.
Suppose that there exists some ng € N satisfying
d($n0,$n0+1) > d(xn0—1,$n0)7 (2.28)

which together with (a7) gives that
N(d(Tng; Trg+1)) < N(d(Tng—1,Tn))- (2:29)
In terms of ([2.27)-(2.29) and n(d(zn,, Tny+1)) > 0, we deduce that
F(d(2ng—1,Tn,)) < F(d(@ny, Tng+1))

< F(f(xn,)) + %n(d(l‘no, Tng+1))
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< F(d(ng1,00)) ~ 11, 0n0)) + 37T ng 1))

1
< F(d(mm—hwm)) - n(d(mnmxno-i-l)) + 57](d(:€n0, xn0+1))

= P((ny-1,700)) ~ 51((ns041))
< F(d(Zng—1,%ng))s

which is contradiction. Therefore,

0 < d(xn,xny1) < d(xp_1,2n), VneN. (2.30)
It is clear that (2.30)) implies (2.19)) for some a € R. (a7), (a8), (2.19), and (2.30]) imply that
lim n(d(zn, Tnt1)) = 2b (2.31)
n—oo

for some b > 0. It is easy to see that (2.19)), (2.30]), and (2.31) ensure that there exists n; > ng satisfying

a<d(@n,Tnt1) <a+96, n(d(@n, rnt1)) >b, Yn>ny. (2.32)
It follows from ([2.27)), (2.30]), and (2.32)) that

F(d(n 2031)) < F(F () + 3n(dn,n1))
1

< F(d(zn-1,2n)) — n(d(xn-1,2n)) + 577(d($n733n+1))
< P(d(wn2,01)) = 102, 01)) = 3(dln1,20) + 51(d(zn, 201)

(2.33)
< F(d(xmaxm-i-l)) - n(d(xmﬁxnﬁ-l)) - %n(d(xm-&-l:xm-&-?)) -

1

_ 577((1(%4’ :En)) + n(d(xna :EnJrl))

1

2
1 1

< F(d(wpy, Tny41)) — 5(” —np —1)b+ §n(d(wn,xn+1)), Vn > ny.

Using (2.33)) and (a7), we arrive at

. . 1 1

limsup F'(d(2n, Tp41)) < limsup |:F(d(xn17xn1+1)) - 5(” —np—1)b+ §ﬁ(d($n,$n+1))

n—oo n—o0

1 1
< limsup |:F(d(mn1>$n1+1)) - 7(n —ni— 1>b + - limsup n(d(xmwn—i-l))
= —007
that is,
H_)m F(d(zp,xnt1)) = —00.

In view of (F'2) and (2.19)), we get that

a= lim d(x,,zp+1) =0. (2.34)

n—oo

In view of (F'3) and (2.33), ensure that there exists k& € (0,1) such that

lim [d* (2, Zni1)F(d(2n, 2pyi1))] = 0. (2.35)

n—oo
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In light of (a7) and ({2.33)-(2.35]), we deduce that

n—o0

1
0 < limsup [2(71 —ng — 1)bdk(azn,xn+1)]

< limsup |:<F(d($n1,$n1+1)) — F(d(#n, Tpt1)) + 177(d($m$n+1))> dk(ﬂcmxnﬂ)]

n—o0 2

< Tim sup[(F(d(@ny  20,41)) — F(d(@ 0, 251)))d (@, 2011)]

n—oo

n—oo

1
+ lim sup |:277(d($n, l'nJrl)dk (l‘n, xn+1):|

1
< 0+ limsup *ﬁ(d(%, anrl) - lim sup dk(xna anrl)
n—o0 2 n—oo

=0,

which connotes (2.13)). The rest of the proof is similar to that of Theorem and is omitted. This completes
the proof. m

3. Remarks and examples
Remark 3.1. The following examples show that Theorems differ from Theorems 1.3

Example 3.2. Let X = R be endowed with the Euclidean metric d =|-|. Let 7 = In %, T:X — CL(X),
F:(0,400) = R and 7 : (0,400) — (0,+00) be defined by

T — (—o0, 22| U [%,0), z € (—00,0),
[0, %] U [3%, +OO), x € [07 _|_OO)’

F(t) = Int, n(t):lng, vt € (0, +00).

It is easy to see that

is continuous in X,
6
liminf 7(s) = liminf In 5> 0, VteRT.

s—tt s—tt

Put z € X — Tz. In order to verify (al) and (a3), we consider the following two possible cases:

Case 1. Let 2 € (—00,0) — T'z. It follows that = € (2z,%). Put

X x

y=5¢€ (—o0,2z] U [5,0) — (—o0,z]U [£,0) =Tz — Ty.

4
It follows that
T x 4
F(d(z,y)) = lnb‘ < lnb‘ —i—lng =F(f(z))+T,

and
F(f(y)+7+n(f(z) =F(f(y) +71+n(dz,y))

T 4 6
le - +lno
Ryt ting

2x
5
= F(d(z,y))-

=1In

<uls
2
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Case 2. Let z € [0, +00) — Tz. It follows that z € (%,3z). Put

y=3 € [0.5] UlBa, +00) = [0.5] Ule, +o0) = Ta — Ty,
It is clear that

Fld(z,y)) = In %”“" <In %x 4 1n§ — F(f(x) + 7,

and
F(f(y) +7+n(f(z) =F(f(y) +71+n(dz,y))

—ln2—x—|—lné—|—ln§
9 3 5

16x 2x
=ln— <Iln—
45 3

= F(d(z,y)).

That is, (al) and (a3) hold. It follows from both of Theorems [2.1|and [2.2| that T has a fixed point in X.

However, the mapping 7" does not satisfy (1.1), (1.2) and (1.4) in Theorems respectively. In fact,
put zg = —1 and yo = 1. It is clear that

1 1
H(Txo,Tyo) = H <(—oo, —2]U [—2,0> , [0, 3} U [3, +oo)>
= 400 £ 2r = rd(z,y0), Vre€[0,1),
H(Txo, Tyo) = +00 £ 2¢(d(z0,%0)) = »(d(x0, y0))d(x0, o)
for any mapping ¢ : (0,+00) — [0,1) with each of (|1.3)) and (1.5).

Example 3.3. Let X = RT be endowed with the Euclidean metric d = |-|. Let T : X — CL(X),
F:(0,400) = R, n:(0,4+00) — (0,400) be defined by

o [0,2'], =e[0,1],
o= {[o,f], v € (1, +00),

4
F(t) =1Int, n(t)=In 3 vt € (0, +00).

It is easy to see that
2

:L'_I 9 1’6[0,1],
x ,  x€(1,400),

ﬂmzmewz{

NI

is lower semi-continuous in X,

4 4

limsupn(s) =In- < +oo, liminfn(s)=In- >0, VteRT.
s—0+ 3 s—tt 3

In order to verify (a4), we consider the following two possible cases:

2 2 4

Case 1. Let z € [0,1] N (X — Tx). It follows that = € (%,1]. Puty =% € [O, %] — [O, %] =Tz —Ty.
It follows that

Plde.) =t (-5 ) <t (2= 2) + J g = FU) + Jals)

and
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! 1 +a:2 41 22 41 4
:n —_ —_— n —_ nf
2\*" " 2 T 3

Case 2. Let z € (1,+00) N (X —T). It follows that « € (1,400). Puty = § € [0, 1] — [0, 35] = Tz —TY.
It is clear that

P =t (- 7) <t (2= )+ Jhng = P + 500

and

F(f(y) +n(f(x)) = ln3—72+ln§ 111274<1n2<1n<x—111>:F(d(x,y)).

That is, (a4) holds. It follows from Theorem that T has a fixed point in X. However, the mappings

T does not satisfy (1.1]), (1.2)) and (1.4)) in Theorems respectively. In fact, put 2o = 1 and yo = %.

It is clear that

H(Txzy,Tyo) = H ([O, ;] , [O, i]) = i y éc = cd(x0,90), VYee€0,1),
H(Txo,Tyo) = - f 90 (d(z0,90)) = ¢(d(xo,y0))d(z0, yo)

for any mapping ¢ : (0,4+00) — [0,1) with each of (1.3]) and (1.5].

Example 3.4. Let X = [0,1] be endowed with the Euclidean metric d = |-|. Let T : X — CL(X),
F:(0,400) = R, n:(0,4+00) — (0,+00) be defined by

Tm_{{x;}, v e 0.8)0 (4,1,
L2] ==k

F(t) =Int, Vte (0,400),
In10, te[0,),
n(t) = 111%, te [1 %),
Ing, te s +o0).
It is easy to see that
z? 17 17
-z € |0, , 1
f(z) = d(z, Tx) = {5255 3: L [17 36) Y (56-1],
72 T=36

is lower semi-continuous in X and

lim 7n(s) =1n10 > 0.

s—0F

Put x € X — Tx. In order to verify (a6), we consider the following two possible cases:

Case 1. Leth(O,éé) ( _{%2} Putyz%é{%}—{g—;}:Tx—Ty. Notethatx—%QG(O,%].

360 1]
36°
Assume that z — % (O %) It follows that

1 +x2 < ;1:2< 1
T+ — r——=< —
3 3 3 10’
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which yields that
i (o4 2) smi0<o
n-|z+ — n .
3 3

Consequently, we have

Fld(z,y)) = In (x - x) <In (ac - ”“;> + %mo — F(f(2)) + ~n(d(z, ).

and

3
2 72
(ZL‘+> —|—ln<x—3> +1n10

Assume that z — %2 € [1—10, %) It follows that
2 2 1 1 1
Fw) =t (0= %) <t (o= 5 ) 4 fin o = FU@) + gu(dla. )

and

Assume that z — %2 € [%, +oo). It follows that

Py = (s 2) < (o= £) 1

N —
—
IS

and

Case 2. Let x = %. Put y = % € {%,%} - {ﬁ} =Tz —Ty. It follows that

F(d(r,) =T 2o <In 22 4 2In'} = F(f(2) + 3u(d(r, ),

and
2 J—

23 9 5
F(f(y)) +n(d(z,y)) =In— +1nZ < -131< —-1.06 <In

192 75— Fld@,y)).
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That is, (a6) holds. It follows from Theorem that T has a fixed point in X. However, the mappings T'
does not satisfy (1.1]), (1.2) and (1.4]) in Theorems respectively. In fact, put z¢g = % and yg = é—g. It

is clear that

1 1 5 1 1 3 1
H(Tzog. Ty) = H(— 4= 222 -~ .2 _ )
( Zo, yO) (12a {8’ 48}) 24 36 2 ﬁ 366 Cd(ffo,yo), Ve € [07 )7

1 1

H(Txo,Tyo) = 21 * 36 (d(wo,90)) = w(d(z0, yo))d(z0,Yo)

for any mapping ¢ : (0,+00) — [0,1) with each of (|1.3)) and (1.5).
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