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Abstract

In this paper, we introduce and analyze a multi-step hybrid steepest-descent algorithm by combining Ko-
rpelevich’s extragradient method, viscosity approximation method, hybrid steepest-descent method, Mann’s
iteration method and gradient-projection method (GPM) with regularization in the setting of infinite-
dimensional Hilbert spaces. Strong convergence was established. (©)2016 All rights reserved.
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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H and Pg be the metric projection
of H onto C. Let S : C — H be a nonlinear mapping on C. We denote by Fix(S) the set of fixed points
of S and by R the set of all real numbers. A mapping S : C — H is called L-Lipschitz continuous (or
L-Lipschitzian) if there exists a constant L > 0 such that ||Sx — Sy|| < L||z —y||,Vz,y € C. In particular, if
L =1 then S is called a nonexpansive mapping; if L € [0,1) then S is called a contraction. Let A: C — H
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be a nonlinear mapping on C. We consider the following variational inequality problem (VIP): find a point
z € C such that
(Az,y —z) >0, YyedC. (1.1)

The solution set of VIP (1.1)) is denoted by VI(C, A).

In 1976, Korpelevich [26] proposed an iterative algorithm for solving the VIP (1.1)) in Euclidean space
R"™, which is known as the extragradient method. Subsequently, many authors improved it in various ways;
see e.g., [OHIT, 15, 19, 27, 28] and references therein.

On the other hand, let C' and @) be nonempty closed convex subsets of infinite-dimensional real Hilbert
spaces H and H, respectively. The split feasibility problem (SFP) is to find a point x* with the property:

z*eC and Az* €Q, (1.2)

where A € B(H,H) and B(H,H) denotes the family of all bounded linear operators from H to H. We
denote by I' the solution set of the SFP (1.2). In 1994, the SFP (1.2) was first introduced by Censor
and Elfving [22], in finite-dimensional Hilbert spaces, for modeling inverse problems which arise from phase
retrievals and in medical image reconstruction.

Assume that the SFP is consistent, that is, the solution set I" of the SFP (1.2]) is nonempty. Let f :
H — R be a continuous differentiable function. The minimization problem mingec f(z) := || Az — PgAx||*/2
is ill-posed. In 2010, Xu [35] considered the following Tikhonov regularization problem:

1 1
mi = ~ || Az — PoAz|? + ~aljz|?
xelgfa(ﬂﬁ) 2|| x — PoAx|| +204H33||7

where a > 0 is the regularization parameter. Very recently, by combining the gradient-projection method
with regularization and extragradient method due to Nadezhkina and Takahashi [27], Ceng, Ansari and Yao
[12] proposed a Mann type extragradient-like algorithm, and proved that the sequences generated by the
proposed algorithm converge weakly to a common solution of the SFP and the fixed point problem of
a nonexpansive mapping.

On the other hand, let S and T" be two nonexpansive self-mappings on a nonempty closed convex subset
C of a real Hilbert space H. In 2009, Yao, Liou and Marino [40, Theorem 3.2] considered the following
hierarchical variational inequality problem (HVIP): find hierarchically a fixed point of 7', which is a solution
to the VIP for monotone mapping I — S; namely, find Z € Fix(7T') such that

(I—S)z,p—2)>0, VYpe Fix(T). (1.3)

The solution set of the HVIP (1.3)) is denoted by U. It is not hard to check that solving the HVIP (|1.3])
is equivalent to the fixed point problem of the composite mapping Ppiy(7)S, that is, find & € C such that
T = Ppix(1)SZ. They introduced and analyzed an iterative algorithm for solving the HVIP .

Furthermore, let ¢ : C — R be a real-valued function, A : H — H be a nonlinear mapping and
O : C x C — R be a bifunction. In 2008, Peng and Yao [28] introduced the following generalized mixed
equilibrium problem (GMEP) of finding « € C such that

O(z,y) + p(y) — p(x) + (Az,y —2z) >0, VyeC. (1.4)

We denote the set of solutions of GMEP by GMEP (6, ¢, A). The GMEP is very general in the
sense that it includes, as special cases, optimization problems, variational inequalities, minimax problems,
Nash equilibrium problems in noncooperative games and others. The GMEP is further considered and
studied; see e.g., [7, 9, 13-15, 19].

It was assumed in [28] that © : C'x C' — R is a bifunction satisfying conditions (A1)-(A4) and ¢ : C' - R
is a lower semicontinuous and convex function with restriction (B1) or (B2):

(A1) O(z,z) =0 for all z € C;



L. C. Ceng, Y. C. Liou, D. R. Sahu, J. Nonlinear Sci. Appl. 9 (2016), 4148-4166 4150

(A2) O is monotone, that is, O(x,y) + O(y,x) <0 for any z,y € C;
(A3) O is upper-hemicontinuous, that is, for each x,y,z € C,

limsup O(tz + (1 — t)x,y) < O(z,y);
t—0t+

(A4) O(z,-) is convex and lower semicontinuous for each x € C;

(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such that for any
2 € C\ Da, 0(2,50) + ¢(ya) = ¢(2) + 1 {¥a — 2,2 — 2) <0;

(B2) Cis a bounded set.

In addition, let B be a single-valued mapping of C into H and R be a multivalued mapping with
D(R) = C. Consider the following variational inclusion: find a point « € C such that

0 € Bx + Ru. (1.5)

We denote by I(B, R) the solution set of the variational inclusion . Let a set-valued mapping R :
D(R) ¢ H — 27 be maximal monotone. We define the resolvent operator Jg : H — D(R) associated
with R and A by Jgz = (I + AR)"'x, Vz € H, where ) is a positive number. In 1998, Huang [25]
studied problem in the case where R is maximal monotone and B is strongly monotone and Lipschitz
continuous with D(R) = C = H. Subsequently, Zeng, Guu and Yao [45] further studied problem in
the case which is more general than Huang’s one [25].

In this paper, we introduce and analyze a multi-step hybrid steepest-descent algorithm by combin-
ing Korpelevich’s extragradient method, viscosity approximation method, hybrid steepest-descent method,
Mann’s iteration method and gradient-projection method (GPM) with regularization in the setting of
infinite-dimensional Hilbert spaces. It is proven that under appropriate assumptions the proposed algo-
rithm converges strongly to a solution of the SFP with constraints of several problems: finitely many
GMEPs, finitely many variational inclusions and the fixed point problem of an infinite family of nonexpan-
sive mappings. Our results improve, extend and develop the corresponding results in the literature; see e.g.,
[40, Theorems 3.1 and 3.2] and [12, Theorem 3.2]. Recent results in this directions can be also found, e.g.,
in [1), 2 4, 5 8, 16l 17, 20, 21}, 32], B3, B7H39, 42H44].

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product and norm are

denoted by (-,-) and || - ||, respectively. Let C be a nonempty closed convex subset of H. We write
xn, — x (resp. x, — ) to indicate that the sequence {z,} converges weakly (resp. strongly) to x.
Moreover, we use wy(zy,) to denote the weak w-limit set of {z,}, that is, wy(zy,) == {z € H : z,, —

x for some subsequence {x,,} of {z,,}}. The metric projection from H onto C is the mapping Pc : H — C
which assigns to each point x € H, the unique point Pcx € C such that ||z — Pox|| = infyec ||z — 9|

Definition 2.1. Let T be a mapping with domain D(7") C H and range R(T) C H. Then T is said to be
(i) monotone if (T'z — Ty, z —y) > 0,Vz,y € D(T);
(ii) B-strongly monotone if (Tx — Ty, z — y) > n|lz — y||*,Vz,y € D(T), for some 3 > 0;
(iii) v-inverse-strongly monotone if (T'x — Ty, z — y) > v||Tx — Ty||?, Yo,y € D(T), for some v > 0.

It is clear that if T is v-inverse-strongly monotone, then 7' is monotone and %—Lipschitz continuous.
Moreover, one also has that, for all u,v € D(T) and A\ > 0,

(I = AT)u— (I = AT < [lu — v]|2 + AA — 20) || Tu — Tl (2.1)

So, if A < 2v, then I — AT is a nonexpansive mapping. Next, some important properties of projections are
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gathered in the following proposition.
Proposition 2.2 ([24]). For given x € H and z € C':
(i) z=Pex & (z—2z,y—2) <0, YyeC;
(i) 2 =Pex < |o—z)* < |lo—yl* -y — 2|%, ¥y € C;
(iii) (Pox — Poy,x —y) > ||Pox — Poy||?, Vy € H.

Definition 2.3. A mapping T : H — H is said to be firmly nonexpansive if 27" — I is nonexpansive, or
equivalently, if T is 1-inverse strongly monotone (1-ism); alternatively, T" is firmly nonexpansive if and only
if T is expressed as T' = (I + 5)/2, where S is nonexpansive on H.

Proposition 2.4 ([18]). Assume that © : C' x C — R satisfies (A1)-(A4) and let ¢ : C — R be a proper
lower semicontinuous and convex function. Assume that either (B1) or (B2) holds. Forr >0 and x € H,

define a mapping Tr(e’w) : H — C as follows:

TT(Q"P)(:U) ={ze€C:0(z,y)+y) —pz)+ %@_ z,z —x) > 0,Yy € C}

for all x € H. Then the following hold:
(i) for each x € H, TT(Q’@ (x) is nonempty and single-valued;
(ii) T7§9,<p) 18 firmly nonexpansive, that is,
ITFO ) — TROPy||? < (T19)a — T(O¢)y,z —y)
for any x,y € H;

(iii) Fix(7'%?)) = MEP(6, ¢);

(iv) MEP(O, ¢) is closed and convex;

(v) |’T§@’¢)x - Tt(Q’cp)acH2 < ST_t(Ts(@’@)x - Tt(@’cp)x,Ts(Q’@m —x) for all s,t >0 and x € H.

Definition 2.5. A mapping T : H — H is said to be an averaged mapping if it can be written as the
average of the identity I and a nonexpansive mapping, that is, 7 = (1 — «)I + S where a € (0,1) and

S : H — H is nonexpansive. More precisely, when the last equality holds, we say that T is a-averaged.

Thus firmly nonexpansive mappings (in particular, projections) are %—averaged mappings.

Proposition 2.6 ([0]). Let T : H — H be a given mapping.
(i) T is nonexpansive if and only if the complement I — T is %—ism.
(ii) If T is v-ism, then for v > 0, ¥T is %—ism.

(iii) T is averaged if and only if the complement I —T is v-ism for some v > 1/2. Indeed, for a € (0,1), T
is a-averaged if and only if I — T is i-ism.
Proposition 2.7 ([6, 23]). Let S,T,V : H — H be given operators.

i) If T = (1 —a)S+aV for some a € (0,1) and if S is averaged and V is nonexpansive, then T is
averaged.

(ii) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.
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(iii) If T = (1—a)S+aV for some o € (0,1) and if S is firmly nonexpansive and V is nonexpansive, then
T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the mappings {TZ}ZJ\L1
is averaged, then so is the composite T ---Tn. In particular, if T1 is aq-averaged and To is ag-averaged,
where ai, a9 € (0,1), then the composite Th T is a-averaged, where o = a1 + g — aag.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.
Lemma 2.8 ([31]). Let X be a real inner product space. Then the following inequality holds:
2+ yl? <z + 2(y, & + ), Va,y € X.
Lemma 2.9 ([31]). Let H be a real Hilbert space. Then the following hold:
(@) llz—yl* = llzl? = lylI* = 2(z — y,y) for all z,y € H;
(®) Az + py|* = Mz||? + ullyl|? — Apllz — y||? for all z,y € H and X\, pu € [0,1] with A+ p = 1.

Let {T,,}?°, be an infinite family of nonexpansive self-mappings on C' and {p,}72; be a sequence of
nonnegative numbers in [0, 1]. For any n > 1, define a self-mapping W), on C as follows:

Un,n—i—l = I,
Un,n = pnTnUn,n+1 + (1 - Pn)L

Un = PeTkUn g1 + (1 — pr)1, (2.2)

Una2 = p2ToUy 3 + (1 — p2)1,
W, = Un,l = plTlUn,2 + (1 - pl)I

Such a mapping W, is called the W-mapping generated by T5,, Tr,—1, ..., 71 and pn, pr—1, ..., P1-

Lemma 2.10 ([30]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,,}>° , be
a sequence of nonexpansive self-mappings on C such that (\,- | Fix(T,,) # 0 and let {p,} be a sequence in

(0,6] for some 8 € (0,1). Then, for every x € C and k > 1 the limit lim,,_,o U, 2 exists.

Remark 2.11 ([41], Remark 3.1). It can be known from Lemma that if D is a nonempty bounded subset
of C, then for e > 0 there exists ng > k such that for all n > ng, sup,cp |Un iz — Upz|| < e

Remark 2.12 ([41]). Utilizing Lemma we define a mapping W : C — C by Wz = lim,,_oo Wy =
limy, oo Upz, Vo € C. Such a W is called the W-mapping generated by 11,75, ... and p1, p2, .... Since W,
is nonexpansive, W : C' — C'is also nonexpansive. If {z,} is a bounded sequence in C, then from Remark
m one can show that lim, o ||Wpx, — Wa,|| = 0.

Lemma 2.13 ([30]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,,}>° , be
a sequence of nonexpansive self-mappings on C such that (\,—, Fix(T,,) # 0, and let {pn} be a sequence in

(0,0] for some 0 € (0,1). Then, Fix(W) =2, Fix(T;,).

Lemma 2.14 ([24]). (Demiclosedness principle). Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let S be a nonexpansive self-mapping on C. Then I — S is demiclosed. That is, whenever {x,} is
a sequence in C weakly converging to some x € C' and the sequence {(I — S)xz,} strongly converges to some
y, it follows that (I —S)x =vy. Here I is the identity operator of H.

Let C be a nonempty closed convex subset of a real Hilbert space H. We introduce some notations. Let
A be a number in (0, 1] and let x> 0. Associating with a nonexpansive mapping T': C' — H, we define the
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mapping 77 : C — H by Tz := Tx — A\uF(Tz), Vx € C, where F: H — H is an operator such that, for
some positive constants x,n > 0, F' is x-Lipschitzian and 7n-strongly monotone on H; that is, F' satisfies the
condition that for all z,y € H,

|Fz — Fy|| < slla —yll and (Fz - Fy,z—y) >nlz—y|*
Lemma 2.15 ([36], Lemma 3.1). T? is a contraction provided 0 < p < i—’;; that is,

Tz — Try[| < (1= M)z —yl, Vaz,y€C,

where T =1 — /1 — pu(2n — ux?) € (0,1].
Lemma 2.16 ([34]). Let {a,} be a sequence of nonnegative real numbers satisfying the property:
an+1 < (1= sp)an + Spbp + tn, Yn > 1,
where {sn} C (0,1] and {b,} are such that
(1) Dony sn = 005

(ii) either imsup, oo by <0 or Y 07 |spbp| < 00;

(iii) >0 tn < oo where t, >0, for alln > 1.
Then lim,,_,o a, = 0.

Recall that a set-valued mapping T : D(T) ¢ H — 2 is called monotone if for all z,y € D(T), f € Tz
and g € Ty imply that (f — g,z —y) > 0. A set-valued mapping T is called maximal monotone if
T is monotone and (I + AXT)D(T) = H for each A > 0, where I is the identity mapping of H. We
denote by G(T') the graph of T'. It is known that a monotone mapping 7" is maximal if and only if, for
(x,f) € Hx H, (f —g,x —y) >0 for every (y,g) € G(T') implies f € Tx. Next we provide an example to
illustrate the concept of maximal monotone mapping. Let A : C — H be a monotone, k-Lipschitz-continuous
mapping and let Nov be the normal cone to C at v € C, that is, Nov ={u € H : (v —p,u) >0, Vp € C}.
Define

~ Av + Nev, ifve(,
Tv =
{ 0, if vegC.

Then, T is maximal monotone (see [29]) such that 0 € Tv <= v € VI(C, 4).
Let R: D(R) C H — 2H be a maximal monotone mapping. Let A, & > 0 be two positive numbers.

Lemma 2.17 ([3]). There holds the resolvent identity

JR,)\x = JR,u (;w—l— (1 — ;

Remark 2.18. For A, u > 0, there holds the following relation

)JR)\x> , Ve H.

1 1
Ve — Trll < lle = yll + 1A — (AHW ~yl+ e JR,uyH)  VaeyeH  (23)

In terms of Huang [25] (see also [45]), there holds the following property for the resolvent operator
JR)\ H — D(R)

Lemma 2.19. Jg ) is single-valued and firmly nonexpansive, that is,
(Jram — Jrpy, @ —y) > [[Jrpx — Jroyll?,  Va,y € H.

Consequently, Jg x is nonexpansive and monotone.
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Lemma 2.20 ([10]). Let R be a mazimal monotone mapping with D(R) = C. Then for any given A\ >
0, u € C is a solution of problem (1.5)) if and only if u € C satisfies

u = Jpx(u— ABu).

Lemma 2.21 ([45]). Let R be a mazimal monotone mapping with D(R) = C and let B : C — H be a strongly
monotone, continuous and single-valued mapping. Then for each z € H, the equation z € (B + AR)x has a
unique solution xy for X > 0.

Lemma 2.22 ([10]). Let R be a mazimal monotone mapping with D(R) = C and B : C — H be a monotone,
continuous and single-valued mapping. Then (I + AN(R+ B))C = H for each A > 0. In this case, R+ B s
maximal monotone.

3. Main Results

We now state and prove the main result of this paper. Let H be a real Hilbert space and f : H — R be
a function. Then the minimization problem mingec f(z) := || Az — PoAxz||* is ill-posed. Xu [35] considered
the following Tikhonov’s regularization problem:

1 1
mi = = || Az — PoAaz|? + ~al|z|?
min fo(x) := gllAz — PoAz|” + sallz|%

where o > 0 is the regularization parameter. It is clear that the gradient Vf, = Vf+al = A*(I1—Pg)A+al
is (o + || AJ|?)-Lipschitz continuous.

We are now in a position to state and prove the main result in this paper.

Theorem 3.1. Let C be a nonempty closed conver subset of a real Hilbert space H. Let M, N be two
positive integers. Let O be a bifunction from C x C to R satisfying (A1)-(A4) and ¢y, : C — RU{+o0} be
a proper lower semicontinuous and convez function with restriction (B1) or (B2), where k € {1,2,..., M }.
Let R; : C — 2" be a mazimal monotone mapping and let A, : H — H and B; : C — H be juj-inverse
strongly monotone and n;-inverse strongly monotone, respectively, where k € {1,2,... M}, i € {1,2,..., N}.
Let S : H — H be a nonexpansive mapping and V : H — H be a p-contraction with coefficient p €
[0,1). Let {T,,}°2, be a sequence of nonexpansive self-mappings on C and {p,} be a sequence in (0,0]
for some 0 € (0,1). Let F : H — H be k-Lipschitzian and n-strongly monotone with positive constants
k,m > 0 such that 0 < v < 7 and 0 < p < i—Z where 7 = 1 — /1 — pu(2n — pk?). Assume that 2 =

N2, Fix(Ty,) N L, GMEP(6Oy, o, Ar) NN, I(Bi, Ri) N T # 0. Let {\,} C [a,b] C (0, ap)s fan} C

(07 OO) thh Z;ozl Qn < 0, {En}7{5n},{ﬁn},{7n},{0'n} C (07 1) thh Bn + Tn + On = 17 (J/fld {/\z,n} C
[ai, bi] € (0,2m;), {rkn} C [ck,di] C (0,2py) where i € {1,2,...,N} and k € {1,2,...,M}. For arbitrarily
given x1 € H, let {x,} be a sequence generated by

tn = T — ragn A )T PP (I = rag oy Ango1) -+ TOPI (I — 11 AL,
Vn = JRy Ann (L = ANaBN) IRy i An1n (L = AN—12BN-1) - IRy 2y, (I — A1, B1)un,
Yn = /ann + FYnPC(I - )\nvfan)vn + UanPC(I - )‘nvfocn)vny

Tnt1 = enY(0nVrn + (1 — 0p)Sxp) + (I — €nbF)yn, Yn >1,

where V fo, = apl + V' f and W, is the W-mapping generated by (2.2). Suppose that

(C1) limp oo €n =0, Y 07 € =00 and limy, oo é\l — 5%;1‘ =0;

Ll 1

. 5n :
(C2) limsup,,_,, o <09, limp, 00 en!8n — Sn_1

| =0 and lim, i|1 — =l =

€n
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|'Yn_'7n—1| =0-
- )

(C3) limysoo 25 =0, limy oo 2202t = 0 and limy, o

€ndn

(C4) limp_yoe 2en=2en=1l — 0 gnd limy, oo en—bn=1l — § for i = 1,2, N and k = 1,2, ..., M;

€non €nln

(CB) lity_yoo P2n2n=tl — 0 fiy,, o Pnen=Ancromaal _ () g tim,, .0 @2 = 0;
€ndn €non o

(C6) 0 < liminf,, o Bn < limsup,,_,.(Bn + 0n) < 1 and liminf,_,~ oy, > 0.

Then we have:

(i) Timy oo L2220

(i) wy(zn) C £2;
(iii) {zn} converges strongly to a solution x* of the SFP (1.2), which is a unique solution in §2 to the HVIP

(uF —yS)a*,p—2*) >0, Vpe R
Proof. First of all, observe that un > 7 < k > 7, and

(WE —S)z — (WF —S)y,z —y) > (un — )|z — y|I>, Va,y € H.

Since 0 < v < 7 and k > 7, we know that un > 7 > 7 and hence the mapping uF — S is (un — v)-strongly
monotone. Moreover, it is clear that the mapping uF — S is (uk + 7)-Lipschitzian. Thus, there exists a
unique solution z* in {2 to the VIP

(uF —~8)z*,p—2*) >0, Vpe

That is, {z*} = VI(2, uF — ~S). Now, we put

Ok _1,pk_
Ak =T Oe)(1 - Pen AT = gy Agr) - TP (T — vy Ay,

1,n

for all k € {1,2,...,M} and n > 1,

Al = Jr I = XinBi) IR,y 2o = Xic1nBic1) -+ Jpyag, (I — AinBr)

i—1,n
for all i € {1,2,...,N}, AY = I and A% = I, where I is the identity mapping on H. Then we have that
up = AM g, and v, = AN u,,.

In addition, in terms of condition (C6), we may assume, without loss of generality, that {8,} C
[e,d] € (0,1). Now, we show that Po(I — AV f,) is (-averaged for each A\ € (0, m} where ( =
(2+ Ma+ [|A]?)) /4 € (0,1). Indeed, since V f = A*(I — Pg)A is W-ism, it is easy to see that

(@ + AIP)V fal@) = Vialy), z —y) 2 [|Vfalz) = V faly)l*.

Hence, it follows that Vf, = al + A*(I — Pg)A is m—ism. Thus, by Proposition (i), AV fq is

2
%—averaged. Therefore, noting

W—ism. From Proposition (iii), the complement I —AV f,, is
that Po is %—averaged and utilizing Proposition (iv), we obtain that for each A € (0, m), Po(I —
AV fo) is C-averaged with ¢ = (2 + A(a + ||A[|?)) /4 € (0,1). This shows that Po(I—AV f,) is nonexpansive.

Taking into account that {\,} C [a,b] C (0, W) and o, — 0, we get

2 4+ My (v, + || A2 2+ b||Al|2
i sup 2 A (@n +IAI%) 2+ b4

n—s00 4 o 4

1.
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Without loss of generality, we may assume that (, := w < 1 foreachn > 1. So, Po(I -\, V fa,,)
)\n(OCn‘Qf'IIA”Z) < b||fg||2

is nonexpansive for each n > 1. Since limsup,,_, . < 1, it is known similarly that
I — X\, Vf,, is nonexpansive for each n > 1. Next, we divide the rest of the proof into several steps.

Step 1. We prove that {x,} is bounded. Indeed, take a fixed p € {2 arbitrarily. Utilizing (2.1) and
Proposition (ii) we have

lun = pll < A 2 — AN ) < - <[ AQzn — ARpll = [l — pll. (3-2)
Utilizing (2.1) and Lemma we have
lon = pll = 147 un — AQpll < 47w = AFT 'l < -+ <[ AQun — Al = un = pll. (3.3)

Combining ((3.2]) and ( . we have

[vn = pll < [lzn — |- (3.4)
For simplicity, put t, = Po(I — AyV fa, Jun for each n > 0. Note that Po(I — AV f)p = p for A € (0, —=2).
Hence, from , it follows that

[tn = pll < [|Po(I = AnV fa,, )on — Po(I = AV fa, )Pl + | Po(I = AV fa,)p — Po(I = AV f)p|

(3.5)
< lvn = pll + Ananllpll < llzn — pll + Ananllpll-

Since W,p = p for all n > 1 and W, is a nonexpansive mapping, we obtain from (3.1) and (3.5) that

|y = pll < Bullzn — pll + Yulltn — pll + onl[Wat, — pl|
< Ballzn — pll + (v + o) (|20 — Il + Ananllpl]) (3.6)
< ||@n = pll + Ananl|pl|-

Utilizing Lemma we deduce from (B.1)), (3.6)), {A\n} C [a,b] C (0, ) TA H z) and 0 <y < 7 that for alln > 1

[Znt1 =Dl < enl0n(VVan — pFp) + (1 = 6n)(vSxy — pFp)||
+ H(I — en b )yn — (I — €nﬂF)p”
< & [On(vpllen —pll + 7V — pEpl| + (1 = 0n)(Vl|zn — pll + [[vSp — nFpl])]
+(1 = en7)|lyn — pll
< en[lwn — pll + en max {|[yVp — uFp|, |vSp — uFpll}
+(1 = en7)[|lzn — pll + and|lp||

Vp—pFp| |ySp—pF
i pl Iy Pt P”} + anb||p].

< max { [z, = pl], 12

By induction, we get

17VVp — pFpl| ”’YSP MFPH
B , Z%prH

lass — pl smax{uscl p
T =7

for all n > 1. Thus, {z,} is bounded (due to > »” a, < 00) and so are the sequences {t,}, {un},{vn},
and {yn}.

lowea=oall _

Step 2. We prove that lim,, o0
Indeed, utilizing (2.1)) and (| -, we obtain that

[vnt1 — vnll = HAnNJrlun-l-l - AgunH

N-1 N-1
< HJRN,AN,"H(I = ANt 1 BN) Ap iyttt = TRy s (U= Ann Br) 4545 un+1H
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+ H‘]RNJ\N,nH (I - AN,HBN)Ar]yJ:IlunJrl - JRN7>\N,n (I - )‘N,HBN)AQI_IUTL

IN

ANt = Al (BN AN unga || + M) + || AN Luggn — AN,
+ +

IN

IN

Avatt = Aval (1B AN | + )
+ -ttt = Av-tal (1BN-1 AN unia ||+ ) (3.7)
+ o At — Al <HBlA(7JL+1un+1|| + M) + HA9z+1Un+1 - AgunH

N

< MOZ |Ninr1 — Nl + || tnse1 — unll,
i—1

where

sup{ N\ HJRN)\N n+1 (I = AN nBN)An+1 Uny1 — (I — AN nBN)A 71un

n>1 Nn+1

+ AN, (I = An ”BN)An—I—l Un+1 — JRNM\N,n (- /\N,nBN)AéV_lun } < M
n
for some M > 0 and SUpP;,>0 {Zl L I1Bi An+1un+1|] + M} < Mj for some My > 0.
Utilizing Proposition (ii), (v), we deduce that
[unt1 — un| = ||A7];/{1-1$n+1 - Aﬁ/lﬂjnn
<TG = rapr Apr) AN T gy — T — iy Apg) AV |

TS (I — pag g Ang) AN g1 — TSI = 13,0 Arg) AN |

< !rM,n+1 sl A AN gt ||+ AR5 g — AN |

1 _ _
o T = P An) A s = (1= Parnin An) Ay |
TMn+1
< lrarmer = raalll A AN 2| (3.8)
1 o M-1
" %”T?"(Mfﬁm(f = a1 An) A Tn

- (I — a1 An) AN e ] 4+ s — Tl [JALAD L @ |

+ ||Tr19,i’+f1)( = P11 A A g1 — (I = 1141 A1) AD 2]
n

+ HAnHﬂ?nH — ADay||

M
< M12|T‘k,n+1 — k| + [|[Tng1 — zall,
k=1

where Ml > 0 is a constant such that for each n > 1

M
> llARAN rfjﬁk)( — 1 AR AN 21 — (I = P A AN |] < M.
k=1

Furthermore, we define y, = 8,2z, + (1 — B,)w, for all n > 1. It follows that
’Yn—l—l( n+1l — tn) + Un—l—l(Wn—l—ltn—i—l - Wntn)

- 5714—1 (39)

— tn + — Wity
1_ﬁn+1 1_ﬁn)n (1_,8n+1 ]—_ﬁn) nn

Wp41 — Wp =

+(
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Taking into account the nonexpansivity of W,,, T}, and U, , from (2.2) we get

n+1
[Witatni1r = Watn || < |ltns1 — tall + HPj||Tn+1tn — tnll. (3.10)
j=1
By the nonexpansivity of Po(I — A,V f,, ) we have
[tn+1 — toll < llont1 — vall + [Ans1ant1 — Anan|l[vnll + [Ansr — Anl[[V f (vn) |- (3.11)

Hence it follows from (3.7)-(3.11)) and {p,} C (0,6] C (0,1) that

'Yn+1||tn+1 — tn” + Gn+1||Wn+1tn+1 - Wntn”
1= Bnt+1

o

Wt

Tn+1 Tn
+ - i
|1_ﬂn+1 1_Bn||| n”

[wnt1 — wall <

On+1

+ _
|1_6n+1 1

n+1

[(ltall + 1Watnll) + T T 251 Tt 1tn — tall
j=1

Tn+1 7
< ltnsr = tall + 15 _"5 o _"6
n n

< Mvns1 — vnll + [Anr1an1 — Ananl||lvnll + [Ans1 = Al V f(va) ||

Tn+1 7
=5 — = 1 g Il + 1Watal) + 0" [ Tagatn =t
1_571-&-1 1_671

(3.12)

N M
< My Z |XNin+1 — Ainl + MIZ|Tk,n+1 = Tkl + |Tn41 — 20|
=1 k=1

+ |)\n+104n+1 - )\n()én‘”UnH + ’)\n+1 — )\n|||Vf(Un)”
I D+ [Wtal) + 0 Tyt — bl

+ o n
| 1- ﬂn+1 Bn

Note that
Yn+1 — Yn = 5n(xn+1 - xn) + (1 - 5n)<wn+1 - wn) + (5n+1 - Bn)(xn—l-l - wn+1)-
It follows from (3.12)) that

||yn+1 - ynH < Bn”xn—l—l - xn” + (1 - Bn)”wn—i—l - wn” + |/Bn+1 - ﬁnmxn—i-l - wn—i—l”

N M
< znt1 = zall + Moy [Nintt = il + M1y _|rknss = Tam
=1 k=1

_ 1 + _
1 e =l = ) 0Bt = Bal i)+ Dosranss — Awcinlfoal
1= fn (3.13)

+ p\n+1 - )‘n’|’Vf(Un)H + 9n+1”Tn+1tn - th + |Bng1 — ,anl'm-l - wn+1H
M

N
< @ns1 = 2nll + M2 (D [ Xint1 = Xinl + D Pkt = Thom
i=1 h=1

+ Bns1 = Bal + At 10ms1 — Ao | + [Ang1 — An| + 601,

+ |’Yn+1 - ’Yn‘

where 8P,y { [#ns1 = o | + L2l oy | 4 1 £ (0a) | + | Tos1tn = tall + Mo+ M} < My for
some Mg > 0.
On the other hand, we define z, := §,Va, + (1 — 0,)Sxz, for all n > 1. Then it is known that
Tnt1 = €nY2n + (I — epuF)yy, for all n > 1. Simple calculations show that
Znt1 — Zn = (Ong1 — On) (Vay, — Sxy) + Onp1 (Vs — V) + (1 — 0pg1) (STpg1 — Szy),
Tp42 — Tp41 = (€n+1 - en)(’}/zn - ,UFyn) + 6n+1'7(zn+1 - Zn) + (I - )\nJrLUF)yn+1 - (I - An+1MF‘)yn-
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Since V is a p-contraction with coefficient p € [0,1) and S is a nonexpansive mapping, we conclude that

lzna1 = 2ol < [0na1 — 0nl[|[VEn — Szl + onp1 [V — Va, |
+ (1 = 6p41)[[Szng1 — Say|
< 0nt1 = OnlllVan — S|l + dnv1pl|ns — 24l
+ (1 = ny1)[Tns1 — @a|
= (1= Gus1(1 = p) st — 2l + 101 = 8alIVn — Szl
which together with and 0 < v < 7, implies that

|Znt2 = Tpy1ll < lens1 — enlllvzn — uFYnll + ent1vll2nt1 — 2nll
I = ens 1t )yns1 — (I — enyp1puF)yn |
< len+1 — enlllvzn — uFynll + En—i—l"Y[(l = Opt1(1 = p))|Tn+1 — 24|
+ [0n41 = On|[|Van — an”] + (1= enpa7) [Hxn-&-l — |
N M

+ Mo (Z|>‘i,n+1 - Al,n| + Z‘Tk,n—‘rl - Tk,n| + |7n+1 - 7n|
i=1 k=1

+1Bnt1 = Bl + At 10041 — M| + [Ang1 — Ap| + 60"1)]

N
< (1= en1 (T = Mllznr = 2ol + M{D_|Ain+1 = Al
=1
M
+ Z|7"k,n+1 - rk,n‘ + l€n+1 — €| + [0nt1 — n
k=1

+ ‘Bn—&—l - 5n| + "7n+1 - ’Vn’ + |)‘n+104n+1 - )\nan‘ + p‘n—&-l - )\n’ + 9n+1}7

where sup,,> {H'yzn — wFyn || + |Van — Szp|| + Mg} < Mj for some Ms > 0. Consequently,

|Znt1 — 20|
On
< (1 i (7_ . )) Hxn - xn—l” + M {i ’)\i,n - /\i,n—1’ + i ‘Tk,n - Tk,n—1|
=1 k=1
+ |€n - fn—l‘ + ‘571 - 5n—1| + |Bn - ﬁn—l’ + h’n - 711—1‘
+ |>\n+1an+l - )\nan‘ ’)\n—&—l - )\n| 9n+1
on on On (3.14)
- N
|z — Tp—1]] My (11 1 |Xin — Ain—1]
<Q—ep(t—7)——F+ex(t—7) - = = + N A A1l
( n( ’Y)) 5n71 n( ’7) T _’7{6n‘5n 5n71| Zzl en(sn
M
|’I"k n — Tk n—1| 1 €n—1 1 5n71 ’ﬁn - 5n71| h/n - 'Yn71|
+ — 4+ —|1 - + —|1 - + +
kzl €n0n on | €n ’ €n | on ‘ €n0n €n0n
|>\nan - )\n—lan—l‘ ’)\n - )\n—1| 0"
€n.0n €n0n €n0n ’

where sup,,>; {H:z:n — Tp—1| + Mg} < My for some My > 0. From conditions (C1)-(Cb) it follows that
Yoo €n(T —7) =00 and

N

~ M

. My 11 1 |Xin — Nin—1] Tkm — Thm—1] 1 €n—1
lim —|= - + : : + : : +—1-
n—ooT — 7y { €n | On  Op—1 | ; €non ; €n0n On, | €n
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On

€n On €non €nOn €n0n
|)‘n — )\nfl‘ 0"
=0.
* €n0n + endn}

Thus, utilizing Lemma we immediately conclude that lim,_,« ||Zn+1 — Zn||/6n = 0. So, from §,, — 0
it follows that limy, o ||Zn+1 — zp|| = 0.

Step 3. We prove that lim, o ||Zn, — un|| = 0, limyoo ||Zn — vnl|| = 0, limy_seo ||vn — tn|| = 0 and
lim,, 0 [[tn — Wty || = 0. Indeed, by Lemmas and (b), from (3.1)), (3.4)-(3.5) and 0 <~ < 7 one has
Yntn + onWhtn

1yn = plI* = [|Bn(n —p) + (1 - e p)?
TnOn
= Bullzn = plI* + nlltn — 01> + onl[Watn — p||* — 1-8 [t — Watnl|?
Bn
- q”yn — an|?
" ) ) O ) (3.15)
< Bullzn — plI* + (1 = Bn)(|2n — pll + Ananllpl)” — 1-8 [t — Whatn||
Bn 2
el —
< B 2_’}/an ‘o " 2 Bn n_n2
< ([lzn = pll + Anaw|lpl]) 1_ ﬁnH n — Watn| 1_ BnHy zn ||,
and hence
[Zns1 — plI* = ||€nln(¥V 2R — 4VP) + (1 — 6,) (vSzn — 7Sp)]
+ (I = enuF)yn — (I — enuF)p
2
+ en[0n(YVp — uFp) 4+ (1 = 6,) (vSp — pFp)]||
2
< [fn(l = (1 = p))yll7n —pll + (1 = €n7)|lyn — p”]
+ 26n6n<('YVp - UFp>7 Tn+1 — p> + 2671(1 - 5n)<(’75p - ,U,Fp), Tn41 — p>
En'YQ 2 2 TnOn 2
< - [z = plI” + (1 — en7) [(Hxn —pll + anbllpl))” - 1-3 [t — Wats|l
" (3.16)
— g = wall?]
1-— /Bn
+ 26,00 ((YVp — 1E'D), Tni1 — p) + 2en(1 — 0,){(vSp — pF'p), Tny1 — p)
T2 — 72 '7no'n(1 - 6717—)
<(1-e )([lzn — pll + cnbllpl))* — WH% — Wtn|?
Brn(1 —€,7) 9
5 —

+ 26,0, ((YVp — uF'p), Tny1 — p) + 2€n(1 — 6,)((vSp — pF'p), Tpt1 — ),
which together with {8,} C [¢,d] C (0,1), immediately yields

on(l —e€,T c(l —e,7

< (lzn = znall + andllpll) (|zn = pll + [[2ns1 — 2l + cnbllpl])
+ 26,60 [V Vp — pFpl||2ns1 — pll + 2€nl|vSp — pF'pll[|2ns1 — pl|-

In terms of (C6), we find that liminf,, . y,0, > 0. Since €, — 0, 6, — 0, a, = 0, ||Tpt1 — zn|| = 0 and
{z,,} is bounded, we have

lyn = @nl|?

lim |t, — Wytn| =0 and lim ||y, — z,| = 0. (3.17)
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Noting that
Yn — Tn :’Yn(tn - xn) + Un(Wntn - l'n)

:(1 - ﬂn)(tn - $n) + Un(Wntn - tn);
we conclude from (3.17) and {8,} C [c,d] C (0,1) that as n — oo,

(I =d)[tn — znll < [(1 = Bn)(tn — )|l < llyn — Zall + [Watn — tull — 0. (3.18)
Observe that
nIn — P X [|Tn — P Ten\Tkn — 2UE k4, “Tn — Ap||7, .
1Ay 1> < 17+ rn( 2 || A AL Agpll? (3.19)
145 un = plI* < llzn = plI* + Ain(Nin — 203)[| BiA},  un — Bipl|® (3.20)

fori e {1,2,...,N} and k € {1,2,..., M}. Combining (3.5), (3.15), (3.19) and (3.20)), we get

lyn = pII* < Bullen — plI* + (1 = Ba)lltn — plI?
< Ballzn = ol + (1 = Ba)(lon — pll + Anenllpl])?
< Bullzn = plI* + (1 = Ba) 14310 — plI* + and|[pl|(2]on — pl| + cnblpl])
< Ballzn = plI* + (1 = Ba) [lun — pII* + Nin Vi — 200) | Bi A} — Bip||?] (3.21)

+ anb||p||(2||vn — pl| + anb||p]|)
<@ = pl* + (1= B) [Phn (Thn — 208) | AR AL 2, — Appl?
+ Nim(Nin — 203) | Bid, M u — Bip|?] + cnbllpll (2]|vn — pll + ambllpl]) ,

which immediately leads to

(1= Bo) [hon 2t — 7o) || AR AR 2y — Appl|® 4+ Xin (205 — Nin) | Bi AL s, — Bip|?]
< zn = yall(lzn — 2l + llyn — pI) + andllpll (2]lvn — pll + anbl[pl)).

Since {f#,} C [e,d] C (0,1), {Nin} C [ai,bs] C (0,2m:), {rkn} C [ck,di] C (0,2u1), i € {1,2,..., N}, k €
{1,2,..., M} and {v,},{zn},{yn} are bounded sequences, from (3.17) and a;, — 0 we have

nh_)nolo |Ax ARz, — Agpl| =0 and nh_}ngo | B; Ab  u,, — Bip|| = 0 (3.22)

for all k € {1,2,...,M} and ¢ € {1,2,..., N}.
Furthermore, by Proposition (ii) and Lemma (a) we have

1A% = pl* < (I = rionAR) Ay — (I = rin Ar)ps Ajen — p)
%(llﬂk ta = pl? 4 ARz — pl? — |45 an — Ajan — 1 (AR AL 2 — Agp)lI?),
which implies that
1A% an = pl* < llan = pl® = 14N 20 — ARzl + 2l A3 wn — Ajaall| ARAY 2 — Agpll. (3.23)
By Lemma (a) and Lemma we obtain

||A¢1un - p”2 < (I - )\z,nBz)Ail_lun - (I - )\i,nBi)pa Aizun - p>

—~

< 5 (lzn = pII* + 145 un = plI* = 145 v = Apun = X (Bid u — Bip)[1?),

N

which immediately leads to

145 n = plI* < lzw = plI* = 147 un — Aunll* + 220l 45w — Apun || Bi A un — Bipl). (3.24)
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Combining (3.21]) and (3.24]) we conclude that
lyn = pI* < Nz — plI* = (L= Ba) 45 un — A |+ 2Xinl| A — A un || Bi Ay — Bipl|
+ anbl|pll(2llvn — pll + andlpl),
which yields
(1= Ba)ll 4 un = A unl® < o =yl (2 = pll + lyn — pI) + 2%l 45 un — A ||| Bidy un — Bip|
+ anbllpl|(2l[vn — Pl + anbllp]).

Since {B,} C [¢,d] C (0,1), {Xin} C [ai,bi] C (0,2n;),4 =1,2,...,N, and {up},{z,} and {y,} are bounded
sequences, we deduce from (3.17)), (3.22) and «,, — 0 that

lim Ay, — Abug|| =0, Vie{1,2,..,N}. (3.25)

Also, combining (3.3)), (3.21) and (3.23) we deduce that

lyn = pII* < llon = pl* = (1= Bl AR 20 — Ajanl® + 2k nl| AF w0 — Afanl|l| Ax AR an — Appll
+ anbllpl|(2ljvn — pll + andllpl),

which yields

(1= Bu)lA% 2n — Afzn)l? < llzn — yall(lzn — pll + llyn — pII)
+ 20| AN e — Al AR AT 20 — Arp
+ andl|pl| (2[lvn = pll + cnbllp)-

Since {8} C [¢,d] € (0,1), {ren}t C [ck, di] C (0,2pu) for k =1,2,..., M, and {v,}, {zn}, {yn} are bounded
sequences, we deduce from (3.17)), (3.22)) and «,, — 0 that

lim ||AFte, — Az, || =0, Vke{1,2,..,M}. (3.26)
n—oo

Hence from (3.25)) and ([3.26|) we obtain that as n — oo,

[0 = un|| < [ Apzn — Ajzall + Ay — Dbl + -+ A 2y — Al || = 0, (3:27)
ltn — vl < 1A%y — ALug|| + | ALy — A2 + - - - 4 [ AN "y, — AN 0y — 0. (3.28)

Thus, from (3.27) and (3.28]) we obtain
|lzn — vnll < ||Xn — unl| + |Jun —vnl] =0 asn — oo, (3.29)

which together with (3.18)), attains
It — vnll < Itn — zn|| + ||zn — vn|| = 0 as n — co. (3.30)

In addition, it is clear that ||t, — Wt,|| < |[tn — Watn|| + [|[Wnt, — Wty ||. Thus, we conclude from Remark

(3.17) and the boundedness of {¢,} that
lim ||t — Wt,|| = 0. (3.31)
n—oo

Step 4. We prove that wy(z,) C 2. Indeed, since H is reflexive and {z,} is bounded, there exists at
least a weak convergence subsequence of {z,,}. Hence it is known that wy(z,) # (. Now, take an arbitrary
W € wy(y). Then there exists a subsequence {x,,} of {x,} such that z,, — w. From (3.18)), (3.25)-(3.27)
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and (3.29) we have that u,, — w, vy, = w, t,, = w, A7 up, — w and Aﬁixni — w, where m € {1,2,..., N}

and k € {1,2,...,M}. Utilizing Lemma we deduce from t,, — w and (3.31)) that w € Fix(W) =
Mo, Fix(T},) (due to Lemma/2.13). Next, we claim that w € ﬂﬁzl I(Bon, Rim)ye; GMEP(6y,, ¢k, Ay). As

a matter of fact, repeating the same arguments as those of w € ﬂ%zl (B, Rm) N ﬂl]yzl GMEP (6, ¢, Ak)
in Step 4 of the proof of [15, Theorem 3.1], we obtain the desired assertion. Thus, w € (2, Fix(T,) N
Ny GMEP (6%, ¢, Ax) N _y (B, Rin).
Furthermore, let us define
o {Vf(v) + New, ifveC,
0, if ve&C,
where Nov = {u € H : (v — x,u) >0, V& € C}. Then, T is maximal monotone and 0 € T if and only if

v € VI(C, V f); see [29]. By standard argument we can show that w € 7710 and hence, w € VI(C, Vf) = I'.
Consequently, w € 2. This shows that wy,(z,) C £2.

Step 5. We prove that x,, — x* where {z*} = VI(£2,7S — uF).
Indeed, take an arbitrary w € wy,(x,). Then there exists a subsequence {x,, } of {zy} such that z,, — w.
Utilizing (3.16[), we obtain that for all p € 2

Zn1 — I < (lzn — pll + and|pl)® + 26200 ((vVp — uFp), i1 — p)
+ 2611(1 - 5n)<(75p - ,qu), Tn4+1 — p>7
which implies that

(uF = v8)p, 20 — p) < ((WF = S)p, 0 — Tpg1) + ((WF — vS)p, Tpi1 — p)

(lzn = pll + cndllpl)? = llzns1 — plI?
2e,(1 — 6,) (3.32)

< |[(wF = ¥S)plllzn — zny | +

n

1—0,

+ (W = pF)p, 2ns1 —p).

Since limsupn_,oof—z < o0, 5 — 0 and W — 0 (due to Step 2), from (3.32) we get ((uF —

¥S)p,w — p) < limsup((uF — vS)p,x, —p) < 0, Vp € £2. Since pF — S is (un — 7)-strongly monotone
n—oo

and (uk + 7)-Lipschitz continuous, by Minty’s Lemma [24] we know that w € VI(£2, uF' — ~vS). Noticing

{z*} = VI(2,uF — ~4S), we have w = z*. Thus, wy(x,) = {z*}; that is, x,, — z*. Finally, we prove that

im0 ||zn — 2*|| = 0. Indeed, utilizing (3.16)) with p = z*, we get

2 2
-7 * * * *
Y[l = 2*|| + anblla*[)* + 2en8nl| (vV = pF)a* ||| 41 — 2|

+2€en,(1 — 0)((vS — uF 2", xpsq — ™)
2

|2ns1 — 2> < (1 — en—

T

2
TS — 2T
zm — 2|2 + e —2 ;

<(1- .
_( €n - - 7-277

[nll(VV = pE)z* || 2ng1 — 27|

+ (1= 0n)((vS — pF)2"), 2np1 — )] + cnbl|a™ || 2]z — 27| + anbl|2™[]).

Note that Y 7, anb||lz*[|(2]|zy — z*|| + anb||z*]]) < oo, > .00, enTQ;VQ = 00, and
2T
2|

A 7z (el 0V = pE)a [z = 27 4 (1= 0n)((yS = pF)a" 1 = z")] =0.
So, applying Lemma we derive limy,,_, ||z, — z*| = 0. O

Remark 3.2. The scheme (3.9) in [12, Theorem 3.2] is extended to develop our scheme (3.1) for the SFP
(1.2) with constraints of finite many GMEPs, finite many variational inclusions and the fixed point problem
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of nonexpansive mappings {7,,}°° ;. Under the lack of the assumptions similar to those in [40, Theorem
3.2], e.g., {zp} is bounded, Fix(T) NintC # 0 and || — T'z|| > kDist(z, Fix(T)),Va € C for some k > 0, the
sequence {x,} generated by converges strongly to a point z* € (2, which is a unique solution of the
HVIP (over the fixed point set of nonexpansive mappings {7,,}°° ), that is, ((uF' —yS)z*, p—x*) > 0,Vp € (2.

Recalling the argument process of Theorem 3.1, we can also derive the following
Theorem 3.3. In Theorem [3.1], if the conditions (C1)-(C6) are replaced by the following ones (C1)-(C5):
(C1) limp—y00 6, =0, limy oo €, =0 and Y07 | €, = 00;

(C2) 220:2 l€n — €n—1| < 00 or limy, o0 5"67;1 =1;

(C3) S (N Pin — Nt | + Sn [P — 1) < 00 or

N M
lim (Z ‘)\z,n - A7Z,n—1‘ + Z |Tk,n - Tk,n—1|)/5n = 0;
=1

n—00
k=1

(04) 220:2(‘571 - 5n—1| + |ﬁn - 6n—1| + |'7n - ’Yn—l‘ + ‘)\n - >\n—1|) < o0 or

(|6n - 5n71| + |ﬁn - Bn71| + |'7n - 7n71| + |)\n - )\n71|)/6n = 0;

lim
n—oo
(C5) liminf, o0 0y > 0 and 0 < liminf, o By < limsup,,_, . (Bn + on) < 1.

Then {x,} converges strongly to a solution x* of the SFP provided ||zy+1 — Tn|| + an = o(€,), which is a
unique solution in {2 to the HVIP: ((uF —~vS)z*,p —2*) >0, Vpe 0.
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