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Abstract

This paper studies the existence and stability of weighted Nash equilibria for multiobjective popula-
tion games. By constructing a Nash’s mapping, the existence of weighted Nash equilibria is established.
Furthermore, via the generic continuity method, each weighted Nash equilibrium is shown to be stable for
most of multiobjective population games when weight combinations and payoff functions are simultaneously
perturbed. Besides, this leads to the stability of Nash equilibria for classical population games with the
perturbed payoff functions. These results play cornerstone role in the research concerning multiobjective
population games. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Multiobjective population games (MPGs) are population games with vector-valued payoffs. The clas-
sical population games [19] originate from Nash’s “mass-action” interpretation of equilibrium points in his
dissertation ([16]) and his related literatures [15, [I7]. Population games serve as a general model for study-
ing strategic interactions among large numbers of agents, hence they are widely applied to modelling many
economic, social and technological environment in which large collections of small agents make strategically
interdependent decisions, such as network congestion, cultural integration and assimilation, etc.

Recently, population games and their applications have received increasing attention from an evolution-
ary point of view, see |25, [7, [IT], [I8]. However, note that all the payoffs in the current researches still remain
single-objective. In other words, the payoffs in these researches are all real-valued. It is well-known that
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population games with vector-valued payoffs can be better applied in real world, however, such a related
study has not been reported until now. Hence, a generalization from the scalar case to multiple criteria is
one of our main tasks in this paper, it is both theoretically and practically significant for population games.

Moreover, the additive weight method and weighted solutions or equilibria are very prominent in vector
optimization and multiobjective games. Thus, the existence of weighted equilibria (or solutions) is a funda-
mental topic. Based on the existence of weighted equilibria, Wang and Yu [22], 28] proved the existence of
Pareto equilibria for multiobjective games under different conditions, respectively. Similarly, the existence
of Pareto equilibria is investigated for constrained multiobjective games by Ansari and Khan[I]. Related
literatures can be referred to [0l 12, 14} 20].

Besides, the stability of weighted Nash equilibria plays a significant role in vector optimization and
multiobjective games. Xiang [24] proved the stability of weighted solutions of vector optimization problems
with the perturbed payoff. Grounded on this result, Xiang [25] further studied the stability of efficient
solutions for vector optimization problems. Based on the stability of weighted Nash equilibria, Song and
Wang [21I] showed the stability of Pareto-Nash equilibria for multiobjective generalized games with the
perturbation of payoff functions.

Inspired by [211 24) 25], this paper aims to extend the single-objective population games to multiobjec-
tive ones, further investigate the existence and stability of weighted Nash equilibria for (MPGs), which is
fundamental to the coming future and better applications of (MPGs). These are exactly our contributions
in this paper.

In addition, it is well-known that in nonlinear science, the stability of solutions to a problem is essentially
converted into the continuity of the set of solutions, and this method has always attracted considerable
attention, see [8, 23]. And it is widely applied to the study on the stability of solutions to optimal theory;
variational inequality, game theory, general equilibrium theory, such as [9} 13|, 211 24-H27].

In order to establish the stability of weighted Nash equilibria for (MPGs), we review the continuity
concerning set-valued mapping, referred to [3] [10].

Definition 1.1. If X and Y are two Hausdorff topological spaces and T': X — 2Y is a set-valued mapping,
then

(1) T is upper semi-continuous at xo € X if for each open set U C Y with U D T'(xz¢), there exists an
open neighborhood O(zg) of g such that U D T'(z) for each x € O(zy);

(2) T is lower semi-continuous at xo € X if for each open set W C Y with W NT(zg) # 0, there exists an
open neighborhood O(zg) of zg such that W N T (x) # () for each = € O(xy);

(3) T is continuous at xp € X if T is both upper and lower semi-continuous at z¢ € X; T is continuous
on X if T is continuous at any point x € X; and

(4) T is u.s.c.o. if T is upper semi-continuous on X and T'(x) is compact for every x € X.

The generic continuity of set-valued mappings with semi-continuity as below:

Lemma 1.2 ([§]). Let X be a Baire space and Y be a metric space, if T : X — 2Y is u.s.c.o., then there is
a dense residual set QQ such that T is lower semi-continuous and then continuous on it.

The paper is organized as follows. Section [2]introduces the model of (MPGs) and the concept of weighted
Nash equilibrium for (MPGs). The existence of weighted Nash equilibria is discussed in Section The
main result concerning the stability of weighted Nash equilibria for (MPGs) is established in Section
2. Model and Weighted Nash equilibrium

Throughout this paper, for each positive integer k,

Rk = {a: (al,...,ak) GRkZa]‘ >0, jZl,...,k},

k
Tf:{a:(al,...,ak)eRi:Zajzl}.
j=1
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Let a % b be the inner product between two vectors a,b € R*.

In this paper, we consider (MPGs): let P = {1,..., P} be a society consisting of P > 1 populations
of agents. Each population is a unit mass of a large but finite number of agents with the same strategies
set and the same payoff function. For each population p € P, pure strategies set is SP = {1,...,nP}. Let
m = EpeP nP equal the total number of pure strategies in all populations.

For each p € P, the set of population states is denoted by X? = {2 = (af,...,20,) € R?" : Z:L:pl ol =
1} = A™~1 where the nonnegative scalar z € [0,1] represents the share of members playing strategy
i € SP. The set of social states is denoted by X = [[,cp X¥ = {z=(a,...,2F) € R : 2P € XP} C R™,
in which the element z = (z!,...,2") € X describes all populations’ behavior at once.

Additionally, we assume that agents in each population p € P share kP objectives whenever they play a
strategy, and denoted by GP = {1,...,kP}(kP > 2) the set of finite behavioral objectives, thus the vector-
valued payoff function to each strategy i € SP is denoted by FP = (F},...,Fh,) : X — R¥| where FZI;
represents the jth objective real-valued payoff corresponding to a strategy i € SP; FP = (F¥,..., FS,,)T :
X — R™* describes population p’s payoff functions for all strategies in SP. Now let N = Zpep nPkP,
the payoff functions F' : X — RY is a map that assigns each social state a vector of payoffs, one for each
criterion corresponding to each strategy in each population. Since the sets of populations and strategies are
generally taken as fixed, (MPGs) is identified with its payoff functions F' in the remainder of this paper.

From the above model, it is shown that the difference between (MPGs) and the classical population
games mainly lies in the dimensions of payoff functions to one strategy in each population. Precisely, agents
in each population all have at least a bi-objective payoff function to every strategy in (MPGs), while in the
classical population games, agents in a population merely have a single-objective payoff to a strategy. Thus,
(MPGs) include the classical population games as a special case where kP =1 for all p € P. Then (MPGs)
are more general than the single-objective ones, and we can imagine that the much wider applications of
(MPGs) will emerge in the near future.

For (MPG) F and for any \? € R, p € P, define

(FY)i(z) = NP« FP(z), Ve X,

it is said to be weighted payoff function at € X to a strategy ¢ € SP corresponding to the weight AP € le_p.
Further, denoted by F¥(z) = ((F¥)1(z), -, (F{)nw(z))T weighted payoff vector of population p; thus, the
weighted payoff functions of the whole society are written as Fy(z) = (Fi(z), -, F{ ().

we propose the notion of weighted Nash equilibrium of F' below.

Definition 2.1. A social state z = (z',...,Z") € X is called a weighted Nash equilibrium of F with respect
to a weight combination A = (AL, --- | AF) satisfying \? € T (p € P) if, for each p € P and i € SP,

> 0= (FY)i(x) > (FY)i(z), VieSP.
And E(\, F) denotes the set of all the weighted Nash equilibria of F' with respect to a weight combination
A
Remark 2.2.

(1) For p € P, the element /\§ of \WP € Tfﬁp is interpreted as the share distribution of members choosing
the jth objective; furthermore, the product )\?.If represents the share of members who take the jth
objective as their main evaluation criterion when they choose a strategy i € SP.

(2) In particular, if k7 = 1 for each p € P, a weighted Nash equilibrium of (MPGs) reduces to a Nash
equilibrium of the classical population games.

3. Existence

In this section, we mainly study the existence of weighted Nash equilibria. For this purpose, we firstly
establish an equivalent description on weighted Nash equilibria for (MPGs).
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Lemma 3.1. Given a weight combination X\ = (A\!,--- | \P) satisfying \P € Tfp for all p € P. A social
state T = (z',...,27) € E(\, F) if and only if for each p € P, ZP is an optimal solution of the following
optimization problem (P)y):

P)): P« FP(Z).

(Py) max y” A ()

Proof. For a given weight combination A = (A!,--- | AP) with AP € ijp (p € P), suppose that & € E(\, F),
then for each p € P and i € SP,

> 0= (FP)i(z) > (F)(z), Ve S

Then it holds that
TP [(FY)i(z)] > Z[(FY) ()], VISP

Summed with respect to i € SP on both sides of the above inequality, note that ). g, z¥ =1, hence
P« (FY)(z) > (FY)i(z), Vie SP.

For any y* = (y¥,---,yb,) € XP, multiplied both sides of the above inequality by yf and summed with
respect to [ € SP, note that Y, .¢, 4] = 1, then

% (F)(&) 2y * (F))(&), Vp e P.

Thus for each p € P, P is an optimal solution to (P}).
Conversely, for each p € P, if ZP is an optimal solution to (P)), that is,

yP o« FY(z) < 2P« FY(z), Yy’ e XP.

Since #P € XP? = A™ ™1 without loss of generality, assume that z¥ > 0 for a certain ¢ € SP, then for any
[ € SP, we set
gp:(jll”... 0 ...,ijng”...’xﬁp).

Thus g? € XP, and the above inequalities further becomes
Z[(FY)i(@) — (FY)u(@)] =2 0, Ve SP.
Since :Ef > 0, it clearly implies that
(FY)i(z) > (FY)(z), VieSP.
That is,
> 0= (FY)i(z) > (FY)i(z), VieSsP.
Due to the arbitrariness of p € P and i € SP, & € E(\, F'). The proof is complete. O

Referred to the idea of Nash’s constructive proof on the existence of equilibrium points for n-person
noncooperative games [I7], the existence of weighted Nash equilibria is established for (MPGs) below.

Theorem 3.2. If F' is continuous on X, then (MPG) F has at least one weighted Nash equilibrium for a
given weight combination X = (AL, --- | AP) with \P € Tfp for allp e P.

p ;P

Proof. For each population p € P, define a mapping fP(z) = 2¥ = (27,...,2,,) as follows:

p p

1+ 2?21 ¢Zi)($)
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where ¢f(z) = max{0, "5 NFP (x) — 7 kp L2 APFP(z)}. Clearly, 27 > 0 and Y. ;&7 = 1, thus

J=177 45 i
P = (24,...,28,) € XP and fP is a continuous mapplng from X to XP by the continuity of F' on X.
Further define
z) =[] (=)
peEP

obviously, f : X — X is continuous. In addition, since X is compact and convex, followed from Brouwer’s

fixed point theorem, there is # = (z!,---,z¥) € X such that 7 = f(z) = [L,ep f7(2), thus for all p €
P,zP = fP(Z), that is,

g BARE

1+3505 ¢f (z)

1 ..

Vi e SP.

We shall verify that such a fixed point z = (z", ') € X is exactly a weighed Nash equilibrium of
F with respect to A. For all p € P, denote IP(z) = {z € Sp zl > 0}, clearly IP(z) # 0. For each i € IP(z),
if ¢F(z) = max{0, >-F_ WFP(z) — S0 S°¥ #PNPFP(%)} > 0, then

J=17"3""13 J=1"175 7 1
kP npP
D p = DD p =
E )\]Fw z) > E E xz)\]F” z)
j=1 i=1 j=1

simultaneously multiplied by Z¥ on both sides of the above inequality, then

nP kP

"“ZA?FS @ > DY AN

=1 j=1

Notice that if ¢ ¢ IP(z), that is, ¥ = 0, then it also holds

*”ZA?FZ )= S ).

i=1 j=1
Then summing together with respect to ¢ € SP and noting that EZ L2V =1, we get
nP kP nP kP
I RLL TR RIS
i=1 j=1 i=1 j=1
which is a contradiction, hence there must exist some i € IP(Z) such that
kP nP kP
max{0, Y N FP(z) =) Y aNF(z)} =0,
j=1 i=1 j=1

thus

nP kP nP
D max{0,Y NF(z)-> Z ZINFT(2)} = 0.
i=1 j=1

i=1 j=1
Therefore, for all ¢ € SP, it holds

kP nP
PEP( PAPEP(
pIRHIC <ZZ=’EM]FU 7).
j=1 i=1 j=1
For any y* = (y},...,yb,) € XP, since

p
ZA?Ff; N E YY)

=1 j=1
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summing with respect to ¢ € SP and due to Zil y¥ =1, we further have

n? kP n? kP

P\DP P PP P 7
IIAHOED BB C)
i=1 j=1 i=1 j=1

this inequality is equivalent to
yP « FY(z) < 7P « FY(T), YyP € XP.

This shows that zP is an optimal solution to (P,). From Lemma then such an z € X is a weighted
Nash equilibrium of F' with respect to a given weight combination A. The proof is complete. O

In particular, by Remark (2), the existence result of Nash equilibrium for classical population games
(Theorem 2.1.1 of [19]) is immediately derived from Theorem

4. Stability

In this section, we investigate the stability of weighted Nash equilibria for (MPGs).

In this part, we assume that each objective is bound to be chosen as agents are generally bounded
rationality. Precisely, for a sufficiently small real constant § > 0, each objective share satisfies )\g >0 (j=
1,---,kP) for any weight vector )\p = (N[, A0, € Tfp (p € P).

Denoted by F = {c= (\,F): F = (F',--- ,FP): X — RV is continuous and X is nonempty compact,
A=(AL- AP AP e T{;",Af > 5 (6 >0,kP6 < 1)}.

For any ¢ = (\, F),¢ = ()\,F) € F, define

p EP Y
= glgz [ FP(z) — FP(z)|| + IA = Allx,
peEP

where |A — ||} = 25:1 Z;ﬁl |)\fp - 5\;“? |. Clearly, p is a metric on F and (F, p) is a complete metric space.

For any ¢ = (\, F') € F, the collection of all weighted Nash equilibria F(c) # ) from Theorem thus
E : F — 2% is a nonempty set-valued mapping. We show that E is upper-continuous and compact-valued
below.

Lemma 4.1. E: F — 2% js u.s.c.o..

Proof. Firstly, we show that for each ¢ = (A, F') € F, E(c) is compact. Since E(c) C X and X is compact,
it suffices to show that E(c) is closed for each ¢ = (\,F) € F. Let {2"} C E(c) be a sequence with
x" — x, we need to show that x € E(c). Suppose that x ¢ E(c) = E(A, F), then there is some p € P
and ¢ € SP with 2f > 0 but (F))!(z) < maxjegr(Fa)J(z). Since 2" — z, we have (2")! — ¥ and
(z™)? > 0 for sufficiently large positive integer n due to 2 > 0. As F) is continuous at z, we meanwhile
have (Fy)}(z") — (Fa)j(z) and maxjess (F))7(2") — maxiese (FA)] (). As (FA)}(z) < maxjese (F))7 (2),
then (Fy)?(2™) < maxjegr(Fy)7 (2™) for sufficiently large positive integer n. Therefore, 2 ¢ E(c), however,
this contradicts the assumption {z"} C FE(c). Hence E(c) is closed and further compact since E(c) C X
and X is compact.

Subsequently, we show that F is upper semi-continuous on J. Suppose that E is not upper-continuous
at ¢ = (A, F') € F, then there exists an open set U C X with U D E(c), and there is a sequence ¢ = (A", F'"")
satisfying ¢” = (A", F™) — ¢ = (A, F) such that there exists one sequence " € E(A", F™) for any positive
integer n, yet 2" ¢ U. Because of 2" € E(A\", F™) C X and the compactness of X, without loss of generality,
we assume that 2" — z. Following from z™ ¢ U, we obtain z ¢ U and thus x ¢ E(c) = E(A, F'), namely,
even zf > 0 for some ¢ € S? and p € P, but (F))!(z) < maxjegr (F))} ().

In fact, according to the continuity of F' on X, then there is a constant M > 0 such that \Ff;(:c)| <M,

hence Zfil |F£ ()| < MkP. As (A", F™) — (A, F), then it simultaneously holds that A — X and F" — F.
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Thus, for sufficiently small real number ¢ > 0, there is sufficiently large positive integer L such that we
simultaneously obtain ||(F™)P(z") — FP(2")| < ¢/(3kP) and ||(A™)P — NP|1 < e/(3MKP) for any n > L.
Therefore, for the above i € S? and p € P with 2 > 0,

[(FX )7 (") = (FX)7 ()] = [(A")P s ()7 (a") = N+ I ()| = IZ (A5 (F )55 ZVF@?
kP kP
<D MFEMG ") = > (NG (")
j:l j=1
kP kP
+ ’Z (FFG@E") = 3 W E (= |+|Z (" FG (@) = 3 A (@)
]—1 7=1

< I(F*)P(=") = IIZI AN+ IFP (2" IIZIA”\”

+ [(A")P = APy Z |Ff,
< kPe/(3KP) + kps/(?)kp) + MkPe/(3MEP) = e.

This shows that (F{, )" (z™) — (F))!(z) as n — .
Similarly, we have maxjegr (Fiyn)] (") — maxjese (F3)] (x) as n — oo.
On the other hand, taking into account 2™ — z and zf > 0 but (F))!(z) < maxjesr(F)\)}(z), we

then have (2™)! > 0 and (F{.)Y(z") < maxjege(FYL)7(2™) for sufficiently large positive integer n, this

shows 2" ¢ E(A",F™), which contradicts the fact " € E(A\",F") = E(c") for any positive integer n.
Consequently, F is upper semi-continuous on J. The proof is complete. O

Notice that, in general, the set of weighted Nash equilibria E(c) = E(A, F') need not be lower semi-
continuous on F. The following example shows this point.

Example 4.2. Consider a bi-objective single population game F' with two strategies: let its state space
be X = [0,1] x [0,1] and for any * € X, population payoff vector be F(x) = (Fi(z), Fo(z))T, where
Fl(:c) = (Fn(x>,F12(x)) = (1,2), FQ(.I') = (F21(33>,F22($)) (3 0)

For a given ¢ = (Ao, F') € F, where the combination \g = (27 2) € A, its weighted payoff

Fr(z) = (P (@), (Fa)a(2)) " =

clearly, the set of weighted Nash equilibria E(c) = [0, 1] x [0, 1].
However, there exists a perturbed sequence ¢ = (A", F™) € F, where the perturbed weight combination

(5? 5) )

is given as A" = (3 + =, 1 — 1), and the perturbed payoff vector is F™™(z) = (F{"(z), Fzm(x))T, concretely,
Fi*(z) = (Ff{(x), Fi3(z)) = (1+ 5.2+ %), F§*(2) = (Ff{(x), F3(2)) = B+ 5, 7%). Clearly, " =

(A", F™) — ¢ = (Ao, F') as m — oo. And the corresponding weighted payoff functions equal

(F) (@) = ((F)1 (), (F)a(2))

where (Ffa)1(2) = (4 1)1+ 1)+ (1= L)@+ 2), and (Ffh)a(e) = (3 + 2)3+ L) + 2(3 — L), Then
the resulting set of weighted Nash equilibria is E(¢™) = E(A™, F™) = {(0,1)} as (F/{?n) () > (F{m)1(x)-

Nevertheless, for a special weighted Nash equilibrium {(1,0)} € E (c , we can choose a small enough
neighborhood N(1,0); no matter how close ¢™ = (A, F™) is to ¢ = (X, F), {(0,1)} N N(1,0) = 0.
Therefore, F is not lower semi-continuous at ¢ = (Ao, F).



G. H. Yang, H. Yang, Q. Q. Song, J. Nonlinear Sci. Appl. 9 (2016), 41674176 4174

Combining the fact that E is u.s.c.o. on F with Fort’s Theorem (Lemma , the stability result
of weighted Nash equilibria is obtained under both weight combinations and perturbed payoff functions
simultaneously as follows:

Theorem 4.3. There is a dense residual set Q C F such that E : F — 2% is lower semi-continuous and
then continuous on it.

Proof. Since (F,p) is complete and F : F — 2% is u.s.c.o. from Lemma then by Fort’s Theorem
(Lemma|1.2)), there is a dense residual set Q C F such that E is lower semi-continuous and then continuous
on it. The proof is complete. O

Remark 4.4. Theorem indicates that in the sense of Baire’s category, each weighted Nash equilibrium
most of (MPG) F' is stable against the perturbation of both weight combinations and payoff functions.

Moreover, Theorem includes a special case in which only payoff functions are perturbed while weight
combinations are fixed. Let

F={F: F=(F',--- ,FP): X — R" is continuous and X is nonempty compact},
and it is equipped with the maximum norm.

Corollary 4.5. Given a weight combination X\ = (A1, | \F) with AP € TX"(p € P), each weighted Nash
equilibrium of most of (MPG) F € § is stable under perturbed payoff functions.

Furthermore, suppose that k& = 1 and AP = 1 for each p € P, let
F={F: F=(F',--- ,FP): X = R™ is continuous and X is nonempty compact},

and it is still equipped with the maximum norm.
By Corollary and Remark (2), we further obtain the stability of Nash equilibria of classical
population games below:

Corollary 4.6. Fach Nash equilibrium of most of population games F € F is stable under perturbed payoff
functions F.

In addition, notice that weighted Nash equilibria of (MPGs) are distinguished from the weighted solutions
to multiobjective optimization problems [24] even when (MPGs) contain only one population with a single
strategy. The following example shows this point.

Example 4.7. Consider a bi-objective single population game F' with only one strategy: that is, P =
{1},s' = {1},k = 2. Then its resulting state space is X = [0,1], and for any 2 € X, let population payoff
vector be F(x) = (Fy(z), Fy(x))T = (%_—i— 1,2 — x)T.

Given a weight vector A = (3, 5) € A, its associated weighted payoff is

3
1 22 2
F =—-(—+1 —(2—ux).
\w) = 5(5 + 1)+ 22— 1)
By Deﬁnition each z € (0,1] is a weighted Nash equilibrium with respect to the weight vector A = (% %)

~ 37
However, corresponding to this population game F' and X, the bi-objective optimization problem is

2
max F(z) = (Fy(x), Fo(2)” = (5 +1,2—2)";
zeX 2
furthermore, the resulting weighted optimization problem with respect to the given weight vector A = (%, %)
is

1 22 2

F =—(—+1)+-=(2-

it is easy to check that there is a unique weighted solution z = 0 to this problem. Nevertheless, it is not a
weighted Nash equilibrium of F.
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To a certain extent, Example further reveals that the existence and stability of weighted Nash
equilibria of (MPGs) are new and distinguished from [24].

5. Conclusion

In this paper, the stability of weighted Nash equilibria for (MPGs) are established. As a fundamental
topic for (MPGs), the existence of weighted Nash equilibria is first proven by constructing a Nash’s mapping.
Moreover, by the method of generic continuity, the stability of weighted Nash equilibria is obtained when
weight combinations and payoff functions are simultaneously perturbed. These results lead to the existence
and stability property of Nash equilibria of classical population games with respect to the perturbed payoff
functions. All the obtained results are essential to the future research for (MPGs), which are new and
different from the literature by means of an example (see Example .
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