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Abstract

In this paper, we prove some fixed point theorems for mappings of generalized metric space endowed
with graph. We also construct examples to support our results. (©2016 All rights reserved.
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1. Introduction

In 1964, Perov extended the classical Banach contraction principle for contraction mappings on spaces
endowed with vector-valued metrics [7]. For some contributions to this topic, we refer to [2] 3, [6].

Let X be a non-empty set and R" is the set of all m-tuples of real numbers. If a,8 € R™, a =
(a1,9,...,am)T, B = (B1,B2,.-,Bm)T and ¢ € R, then by a < B (resp., a < ) we mean o; < S3; (
resp., o; < f3;) for i € {1,2,...,m} and by a < ¢ we mean that o; < ¢ for i € {1,2,...,m}. A mapping
d: X x X = R™ is called a vector-valued metric on X if the following properties are satisfied:

(d1) d(z,y) >0 for all z,y € X; if d(x,y) = 0, then x = y;
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(ds) d(z,y) = d(y, ) for all 2,y € X;
(d3) d(x,y) < d(x,z) +d(z,y) for all z,y,z € X.

A set X equipped with a vector-valued metric d is called a generalized metric space and, it is denoted
by (X, d). The notions that are defined in the generalized metric spaces are similar to those defined in usual
metric spaces.

Throughout this paper we denote the non-empty closed subsets of X by CI(X), the set of all m x m
matrices with non-negative elements by M, (R4 ), the zero m x m matrix by 0 and the identity m x m
matrix by I, and note that A° = I.

A matrix A is said to be convergent to zero if and only if A” — 0 as n — oo (see [13]).

Theorem 1.1 ([3]). Let A € M, .m(Ry). The followings are equivalent.

(i) A is convergent towards zero;

(i) A" =0 as n — oo;

(iii) the eigenvalues of A are in the open unit disc, that is, |\| < 1, for every A € C with det(A — \I) = 0;
(

iv) the matriz I — A is nonsingular and
I-A'=T+A+ F A" +...; (1.1)

(v) A"q — 0 and gA™ — 0 as n — oo, for each g € R™.
Remark 1.2. Some examples of matrix convergent to zero are

a a

(a) any matrix A := < _—

),where a,be Ry and a + b < 1;
a b

(b) any matrix A := < 0 b

),where a,be Ry and a+ b < 1;

a b

(c) any matrix A := < 0 e ), where a,b, ¢ € Ry and max{a,c} < 1.

For other examples and considerations on matrices which converge to zero, see [§] and [12].

Theorem 1.3 ([7]). Let (X,d) be a complete generalized metric space and the mapping f: X — X with the
property that there exists a matric A € My, m(R+) such that d(f(x), f(y)) < Ad(z,y) for allz,y € X. If A
18 a matrix convergent towards zero, then

(1) Fiz(f) = {z*};

(2) the sequence of successive approzimations {x,} such that, T, = f™(xo) is convergent and it has the limit
x*, for all zg € X.

On other hand Jachymski [4], generalized the Banach contraction principle on a complete metric space
endowed with a graph. He introduced the notion of Banach G-contraction as follows:

Definition 1.4 ([4]). Let (M, d) be a metric space, let A be the diagonal of the Cartesian product M x M,
and let G be a directed graph such that the set V of its vertices coincides with M and the set E of its edges
contains loops; that is, £ O A. Assume that G has no parallel edges. A mapping f: M — M is called a
Banach G-contraction if
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(i) z,y € X ((z,y) € E = (fz, fy) € E);
(ii) there exists a, 0 < a < 1 such that, z,y € X, (x,y) € F = d(fz, fy) < ad(x,y).

Definition 1.5 ([4]). A mapping f: M — M is called G-continuous, if for each sequence {z,} in M with
xp — x and (Tp, Tpy1) € E for each n € N, we have fz, — fz.

For some other interesting extensions of Banach G-contraction we refer to [II, 5], O-11] [14].

2. Main results

Throughout this section, (X, d) is a generalized metric space and we will denote G = (V, E) as a directed
graph such that the set V' of its vertices coincides with X and the set E of its edges contains loops; that is,
E D A, where A is the diagonal of the Cartesian product X x X.

Theorem 2.1. Let (X,d) be a complete generalized metric space endowed with the graph G and let f: X —
X be an edge preserving mapping with A, B € Mp, m(Ry) such that

d(fx, fy) < Ad(x,y) + Bd(y, fz) (2.1)
for all (z,y) € E. Assume that the following conditions hold:
(i) the matriz A converges toward zero;
(ii) there ewists zog € X such that (xo, fxo) € E;

(iii) (a) f is G-continuous;
or (b) for each sequence {x,} € X such that z, — = and (xn,Tn41) € E for all n € N, we have
(xn,z) € E for alln € N.

Then f has a fixed point. Moreover, if for each x,y € Fix(f), we have (x,y) € E and A+ B converges to
zero then we have a unique fixed point.

Proof. By hypothesis (ii), we have (zg, fxg) € E. Take 1 = fxg. From (2.1)), we have

d(a?l, 1‘2) = d(f(]?o, f(l?l) < Ad(.’L‘o, .%'1) + Bd(.%'l, f{L'())
= Ad(.%'o,.%'1>. (2.2)

As f is edge preserving mapping, then (z1,z92) € E, again from , we have
d(x9,x3) = d(fx1, fxe) < Ad(x1,x2) + Bd(xe, f21)
< A%d(z0,21), (by using (2.2))).
Continuing in the same way, we get a sequence {z,} C X, such that =, = fz,_1, (zn_1,2,) € E and
d(xn, Tpt1) < A"d(xo,21), ¥V n € N.

Now for each n,m € N. By using the triangular inequality we get

n+m—1
d(@n, Tppm) < ) d(wi,zita)
i=n

n+m—1

< Y Ald(zo,m)

S An (Z A2> d(wo,ml)
=0

= A"(I - A)_ld(a?o, x1).
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Letting n — oo in the above inequality we get, d(xy, Tntm) — 0, since A is converging towards zero.
Thus, the sequence {z,} is a Cauchy sequence. As X is complete. Then there exists * € X, such that
xn — . If hypothesis (iii.a) holds. Then we have fx, — fz*, that is x,41 — fa*. Thus, fo* = 2*. If
(iii.b) holds, then we have (z,,2*) € E Vn € N. From (2.1)), we have

d(xps1, f2*) = d(fan, f2*) < Ad(xn, 2¥) + Bd(z", fz,) = Ad(zy, ") + Bd(x™, xp41).

Letting n — oo, in the above inequality, we get d(z*, fz*) = 0. This shows that z* = fz*. Further
assume that z,y € Fiz(f) and (x,y) € E, then by (2.1), we have

d(z,y) < Ad(z,y) + Bd(z,y).
That is,
(I -(A+B))d(z,y) <0.
Since the matrix I — (A + B) is nonsingular, then d(x,y) = 0. Thus, we have Fiz(f) = {z}. O

Remark 2.2. If we assume that £ = X x X and B = 0, then above theorems reduces to Theorem [1.3

Example 2.3. Let X = R? be endowed with a generalized metric defined by d(z,y) = < lil B zll > for
2 = Y2

each x = (71,22),y = (y1,y2) € R%. Define the operator

9 )
PR SR g =S T STLETY for(ra)e Xwithe <
(%_%4—1,—%—}—%—{—1) for (z,y) € X with z > 3.

If we take f(:E?y) = (fl(l‘ay)v f2($7y))a where

2x

fl(l',y) -9 =

1
3 T

wle

and

Y1 ifz <3
—2 4 Y41 ifa >3,

f2($7y) = {

then it is easy to see that

2 1
|fi(z1,22) — fi(y1,y2)] < §|£C1 -yl + §!$2 — o/,

and
slwe —yo| if zy,y1 <3

|fa(z1, 22) — fo(y1, y2)| < {

2ler — y1| + 3|z2 — y2| otherwise,

for each (71,72), (y1,y2) € X. Define the graph G = (V, E) such that V = R? and E = {((z1,22), (y1,2)) :
21, 72,y1,y2 € [0,3]} U{(2,2) : 2 € R?}. Now for each (x,y) € E, we have

_ (i@, 22) = fiyr ye)| 23 1=l ) _
d(fx,fy) = ( ‘f2(x1,$2) —fz(y1,y2)| > < ( 8 % > < ’$2_y2‘ > —Ad(a:,y)

Moreover, it is easy to see that all the other conditions of Theorem hold. Thus, f has a fixed point,
that is © = fo = (fiz, for), where z = (1.5,1.5).

Theorem 2.4. Let X be a non-empty set endowed with the graph G and two generalized metrics d, p. Let
f:(X,p) = (X,p) be an edge preserving mapping with A, B € My, (R4 such that

p(fz, fy) < Ap(z,y) + Bp(y, fz) ¥V (z,y) € E. (2.3)

Assume that the following conditions hold:
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(i) the matriz A converges towards zero;

(ii

(iii

)
) there exists xg € X such that (xo, fxo) € E;

) f:(X,d) = (X,d) is a G-contraction;

(iv) there ezists C € My, m(Ry) such that d(fz, fy) < Cp(x,y), whenever, there exists a path between x
and y;

(v) (X,d) is complete generalized metric space.

Then f has a fixed point. Moreover, if for each z,y € Fix(f), we have (x,y) € E and A+ B converges to
zero then we have a unique fixed point.

Proof. By hypothesis (ii), we have (xg, fxg) € E. Take 1 = fzg. From , we have,
p(x1,x2) = p(fro, fr1) < Ap(wo, 1) + Bp(w1, fo)
= Ap(xo, 71).
As f is edge preserving, then (z1,z2) € E. Again from (2.3)), we have
p(w2,3) = p(fr1, fre) < Ap(x1,22) + Bp(22, f21)
= A%p(z0,11).
Continuing in the same way we get a sequence {x,} in X such that x, = fx,—1, (xn—1,2,) € E, and
P(.%'n, xn—l—l) S Anp($07$1) Vn € N.

Now we will show that {x,} is a Cauchy sequence in (X, p). By using the triangular inequality, we have

n+m—1
p(wmxn-&-m)g Z p($i7$i+1)

i=n
n+m—1

Z A'p(xo,71)
(ZA ) xo,xl

— AM(I = A) (a0, a1).

IN

IN

Since A converges towards zero. Thus {z,} is a Cauchy sequence in (X, p). By the construction of
sequence, for each n, m € N, we have a path between x,, and x,,1,,,. Now, by using hypothesis (iv), we have

d(xn—i-ly xn—i—m—‘rl) = d(fl’n, fxn—&—m)
S CP(»’Un, xn—i—m)
< C[A™(I — A)~ p(xo, z1)]-
This shows that {z,} is also a Cauchy in (X,d). As (X,d) is complete, there exists z* € X, such that

xn, — x*. By hypothesis (iii) we get lim, o0 d(fxp, f2*) = 0. As x41 = fx, for each n € N. Thus, z* is a
fixed point of f. Further assume that x,y € Fiz(f) and (x,y) € E, then by (2.3), we have

p(z,y) < Ap(z,y) + Bp(y, z).

That is,
(I = (A+ B))p(z,y) <O0.

Since, the matrix I — (A + B) is nonsingular, then p(z,y) = 0. Thus, we have Fix(f) = {z}. O
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Example 2.5. Let X = (0,00) be endowed with generalized metrics p and d defined by

;

— 1
o=yl + if x or y or both x, y € (0,1)
|z —y[+1
_( |z =yl (o
p(fl),y)— ( \m—y\ and d(.’E,y)— 0 le—yG(O,l)
v =l otherwise
[z =yl

for each z,y € X. Define the operator

12
f X=X, fx:x—z .

Define the graph G = (V, E) such that V = X and F = {(z,y) : x,y > 1} U{(2,2) : z € X}. It is easy
to see that f satisfies (2.3)) with
0 00
=(81) ==(00)

and all the other conditions of Theorem [2.4 hold. Thus, f has a fixed point.

(@R

Theorem 2.6. Let (X, d) be a complete generalized metric space endowed with the graph G and let F': X —
ClU(X) be a multi-valued mapping with A, B € My, m(R4), such that for each (z,y) € E and u € Fx, there
exists v € Fy satisfying

d(u,v) < Ad(z,y) + Bd(y, w). (2.4)
Assume that the following conditions hold:

(i) the matriz A converges towards zero;

(ii) there exist xo € X and x1 € Fxg such that (zg,z1) € E;
(iii) for each u € Fx and v € Fy with d(u,v) < Ad(z,y) we have (u,v) € E whenever (z,y) € E;
(

iv) for each sequence {z,} in X such that x, — x and (xp,xny1) € E for all n € N, we have (z,,z) € E
for all n € N.

Then F has a fixed point.

Proof. By hypothesis (ii), we have xp € X and x; € Fxo with (zg,x1) € E. From (2.4)), for (zo,z1) € E,
we have x9 € Fxq such that

d($1, xg) < Ad(.’xo, .Tl) + Bd(ml, .Zl)
= Ad(.To, l‘l). (25)

By hypothesis (iii) and (2.5]), we have (x1,z2) € E. Again from ({2.4)), for (z1,z2) € E and z9 € Fx1, we
have z3 € Fxy such that

d(z2, x3) < Ad(z1,22) + Bd(x2,x2)
< AQd(xo,xl), ( by using (2.5).

Continuing in the same way, we get a sequence {x,} in X such that x,, € Fx,_1, (zp_1,2,) € FE and

d(xn, Tpt1) < A"d(xo,21), ¥V n € N.
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For each n, m € N. By using the triangular inequality we get,

n+m—1
d<$n7xn+m) < Z d(xiawi—l-l)

n+m—1

Z Ald(zg, x1)
(Z AZ> l’o,l‘l

= An(I — A) ld(fL’o,.’El).

IN

IN

Since the matrix A converges towards 0. Thus the sequence {z,} is a Cauchy sequence in X. As X is
complete. Then there exists * € X, such that z,, — z*. By hypothesis (iv) we have (z,,x*) € E, for each
n € N. From (2.4), for (z,,2*) € F and z,,41 € Fx, we have w* € Fz* such that

d(xpy1,w") < Ad(zp, x*) + Bd(z*, Tpt1).

Letting n — oo in the above inequality, we get d(z*,w*) = 0, that is, #* = w*. Thus z* € Fz*. O

Example 2.7. Let X = R? be endowed with a generalized metric defined by d(z,y) = < {il B ‘zl{ ) for
2 — Y2

each x = (x1,22),y = (y1,%2) € R?. Define the operator

0,0), (2, 22)} & >0
F:R? 5 CIR?), F(x1,2) = {(0,0), (&, 22)} for a1, a9 > |
{(0,0), (x1 + 1,22 + 1)} otherwise.

Define the graph G = (V, E) such that V = R? and E = {((x1, z2), (y1,%2)) : ¥1,%2,y1,¥2 > 0} U{(z, 2) :
z € R%}. Tt is easy to see that F satisfies (2.4)) with

1
z 0 0 0
_( 3 _
a=(61) #=(o0)
and all the other conditions of Theorem [2.6] hold. Thus, F has a fixed point.

Theorem 2.8. Let X be a non-empty set endowed with the graph G and two generalized metrics d, p. Let
F: X — Cl(X) be a multi-valued mapping with A, B € My, m(Ry), such that for each (z,y) € E andu € Fx
there exists v € Fy satisfying

p(u,v) < Ap(z,y) + Bp(y, u). (2.6)

Assume that the following conditions hold:
(i) the matriz A converges towards zero;
(i) there exist xo € X and x1 € Fxqy such that (xo,x1) € E;

)
)
(iii) for each w € Fx and v € Fy with p(u,v) < Ap(z,y) we have (u,v) € E whenever (z,y) € E;
(iv) (X,d) is complete generalized metric space;

)

(v) there ezists C € My, m(Ry) such that d(z,y) < Cp(x,y), whenever, there exists a path between x and
Y

(vi) for each sequence {z,} in X such that x, — = and (zpn, Tny1) € E for eachn € N, we have (z,,z) € E
for all n € N.
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Then F has a fixed point.
Proof. By hypothesis (ii), we have zg € X and z; € Fxg such that (xg,21) € E. From (2.6)), for (xg,21) € E

and z1 € Fxq, we have x9 € F'xy such that
p(r1,22) < Ap(wo, 1) + Bp(w1,21)
= Ap(zo, 1)
By hypothesis (iii) and above inequality, we have (x1,z2) € E. Again from (2.6)) for (z1,22) € E, and
x9 € Fxq, we have x3 € Fxg such that
p(xe, x3) < Ap(x1,22) + Bp(22,72)
< A%p(xo, 11).

Continuing in the same way, we get a sequence {x,} € X such that =, € Fz,_1, (x,-1,2,) € F and
(T, Tnt1) < A"p(xg, z1) for each n € N.

Now, we will show that {z,} is a Cauchy sequence in (X, p). Let n,m € N, then by using the triangular
inequality we get

n+m—1
P(Tns Tngm) < D p(i, Tig1)

i=n
n+m—1

> Alp(wo, 1)

A" (Z Ai) p(wo, 1)
i=0

— A"(I = A) plao, ).

IN

IA

Since the matrix A converges towards zero. Thus {z,} is a Cauchy sequence in (X, p). Clearly, for each
m,n € N there exists a path between z,, and x,{,,. By using the hypothesis (v) we get,

d(Tn, Tntm) < Cp(Tn, Tnym)
< ClA YT — A peg, o)), ( by using (D).

Thus, {z,} is also a Cauchy sequence in (X, d). As (X,d) is complete, there exists z* € X, such that
xn — x*. By hypothesis (vi) we have (z,,2*) € E for each n € N. From (2.4), for (z,,2*) € E and
Tpy1 € Fa, we have w* € Fx* such that

Pms1,07) < Ap(an, 2°) + Bp(a®, Zns1).
Letting n — oo in the above inequality we get p(z*,w*) = 0. This implies that z* € Fz*. O

Example 2.9. Let X = (0,00) be endowed with generalized metrics p and d defined by

;

— 1
o =yl + if x or y or both x, y € (0,1)
|z —yl+1
_ [ lz—yl )oYy o
o) = ( T ) anddtey) = (0] itx=ye o)
[z =yl otherwise
|z =yl
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for each z,y € X. Define the operator

{"”5, +4} forx > 1

(X) (z) {1 n<| } otherwise.

Define the graph G = (V, E) such that V = X and F = {(z,y) : x,y > 1} U{(2,2) : z € X}. It is easy
to see that F' satisfies (2.6)) with
0 00
=(8 1) #=(o0)

and all the other conditions of Theorem [2.8| hold. Thus, F has a fixed point.

O Wi

Conclusion

Perov [7] generalized the notion of a metric space by introducing the notion of a vector valued metric
space, he called such a space a generalized metric space. He extended the Banach contraction principle for
mappings defined on generalized metric spaces. On the other hand, Jachymski [4] generalized the Banach
contraction principle by assuming that the contraction condition holds for all the pair of points that form
the edges of the graph G (as defined in the Definition [1.4)). In this paper, we combine the above two
generalizations to give a new generalization of Banach contraction principle. As a result, our theorems
contain the results of Perov and Jachymski as special cases.
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