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In this paper, we establish coincidence fixed point and common fixed point theorems for two mappings
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1. Introduction

The Banach contraction principle which shows that every contractive mapping has a unique fixed point
in a complete metric space has been extended in many directions ([IHI6 18-22]). One of the branches
of this theory is devoted to the study of common fixed points. In 1966, Jungck [12] initially investigated
common fixed points for commuting mappings in metric spaces. The concept of commuting mappings has
been weakened in various directions and in several ways over the years. One such notion which is weaker
than commuting is the concept of compatibility introduced by Jungck [13]. Subsequently, several authors
have obtained coincidence and common fixed point results for mappings, utilizing this concept and its
generalizations, see [I}, 4] [7, 1T, [14), T9] and references therein.

On the other hand, there are a lot of fixed and common fixed point results in different types of spaces.
For example, cone metric spaces [10], fuzzy metric spaces [2], uniform spaces [21], noncommutative Banach
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spaces [22], and so on. In 2007, Huang and Zhang [10] introduced cone metric spaces which generalized
metric spaces, and obtained various fixed point theorems for contractive mappings. The existence of a
common fixed point on cone metric spaces was investigated recently in [l [6] 11l [14]. Very recently, Ma et
al. in [I6] introduced a concept of C*-algebra-valued metric spaces and presented some fixed point results
for mappings under contractive or expansive conditions in these spaces.

In this paper, we will continue to study common fixed points in the frame of C*-algebra-valued metric
spaces. More precisely, we prove some common fixed point theorems for two mappings under a different
contractive conditions. The presented theorems extend and improve some recent results given in [16].
In addition, we establish the existence and uniqueness theorem of a common solution for some integral
equations.

Throughout this paper, the letter A will denote a unital C*-algebra. Set Ay, = {a € A: a=a*}. We
call an element a € A a positive element, denote it by 04 =< a, if a = a* and o(a) C [0,400), where 04 is
the zero element in A and o(a) is the spectrum of a. There is a natural partial ordering on A, given by
a < b if and only if 04 < b — a. From now on, A; and A’ will denote the set {a € A: 04 < a} and the set
{a € A: ab = ba, Vb € A}, respectively.

Let us recall the following definitions and results which will be needed in what follows. For more details,
one can see [16].

Definition 1.1. Let X be a nonempty set. Suppose that the mapping d: X x X — A is defined with the
following properties:

(1) 04 < d(z,y) for all x and y in X;

(2) d(z,y) = 04 if and only if z = y;

(3) d(z,y) = d(y,z) for all x and y in X;

(4) d(z,y) < d(z,2z) +d(z,y) for all x, y and z in X.

Then d is said to be a C*-algebra-valued metric on X, and (X, A, d) is said to be a C*-algebra-valued metric
space.

Definition 1.2. Suppose that (X, A, d) is a C*-algebra-valued metric space. Let {x,}5°; be a sequence in

X and z € X. If d(xp, ) M4 04 (n — 00), then it is said that {z,} converges to z, and we denote it by

li_)rn xy = . If for any p € N, d(zp4p, ) M 04 (n — 00), then {x,} is called a Cauchy sequence in X.
n oo

If every Cauchy sequence is convergent in X, then (X, A4, d) is called a complete C*-algebra-valued metric
space.

It is obvious that any Banach space must be a complete C*-algebra-valued metric space. Moreover,
C*-algebra-valued metric spaces generalize normed linear spaces and metric spaces.

Definition 1.3. Let Y be a subset of X. If (Y, A, d) is a complete C*-algebra-valued metric space, then we
say that Y is complete in X.

Example 1.4. Let X = R and A = M>(C), the set of bounded linear operators on a Hilbert space C2.

. _ | ==yl 0
Define d: X x X — A by d(x,y) = 0 Ko — |
complete C*-algebra-valued metric space. If we choose Y = [0,1] C X, we can show Y is complete in X. If
Y = (—00,0) U (0,+00), then Y is not complete in X. Indeed, taking {z,} C Y such that z, = %, we get

, where k£ > 0 is a constant. Then, (X, A4,d) is a

1 .
d(x,,0) = [ 8 2 ] Hi‘;OA, which means z, - 0¢ Y (n — c0).

Lemma 1.5.
(1) If {bp}>2; C A and li_}In by, = 04, then for any a € A, li_>m a*bp,a=104.
(2) Ifa,b € Ay and c € A, then a < b deduces ca < cb, where A, = Ay NA’.
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(3) Let {x,}5°, be a sequence in X. If {x,} converges to x and y, respectively, then x =y. That is, the
limit of a convergent sequence in a C*-algebra-valued metric space is unique.

Proof.
(1) By the following relation ||a*b,a — 04| < ||a||?||bn|l, we can get the desired result.

(2) a < bimplies b — a € A, and then there is d € A, such that b — a = d*. Again, ¢ € A/, then ¢ = €?
for some e € A . Note that

cb—ca=c(b—a) = e*d® = eded = (ed)*ed € Ay,
which shows ca < ¢b.
(3) Using the triangle inequality, we get

d(x,y) 2 d(@n, 2) + d(2n,y),

which, together with lim z, =z and lim z, =y, deduces d(z,y) Il 04 (n — o0). Hence d(z,y) =

n—o0 n—oo

04, and then =z = y.

Remark 1.6. In Lemma (2), the element ¢ € A, is necessary. For example, let a = [ g i’ ] , b=

1 1 1 1
[1 G}andC—[l 1].Onecanshovvthat

(i) a,b € Ap, with a < bsince b —a = { _12 _52} c A,
(i) ce Ay but c ¢ A'.
-1 3

(iii) Since ¢b — ca = [ 1 3

] , we know that ¢b —ca ¢ Ay.

The following definition extends the concept of compatible mappings of Jungck [13], from metric spaces
to C*-algebra-valued metric spaces.

Definition 1.7. The two mappings 7" and S on a C*-algebra-valued metric space (X,.A4,d) is said to
be compatible, if for arbitrary sequence {z,}5°; C X, such that lim Tz, = lim Sz, = ¢t € X, then

n—oo n—oo

d(TSxzy, STx,) g 04 (n — 00).
Definition 1.8. Let 7" and S be two mappings of the set X.

(1) If = T = Sz for some = € X, then x is called a common fixed point of T" and S.

(2) If z = Tx = Sz for some z € X, then z is called a coincidence point of 7" and S, and z is called a
point of coincidence of T" and S.

(3) If T and S commute at all of their coincidence points, that is, TSz = STz for all z € {x € X: Tx =
Sz}, then T and S are called weakly compatible.

In metric spaces if the mappings 7" and S are compatible, then they are weakly compatible, while the
converse is not true [I3]. The same holds for the C*-algebra-valued metric spaces.

Lemma 1.9. If the mappings T and S on the C*-algebra-valued metric space (X, A,d) are compatible, then
they are weakly compatible.



Q. L. Xin, L. N. Jiang, Z. H. Ma, J. Nonlinear Sci. Appl. 9 (2016), 46174627 4620

Proof. Let Tx = Sz for some x € X. It suffices to show that T'Sx = STxz. Putting x,, = x for every n € N,
lI-1l.4

we have li_>m Tz, = 1i_>rn Sz, and then, since T" and S are compatible, we have d(T'Sz, STz,) — 04
(n — 00), that is, ||d(T'Sxy, STxy)|| — 0 (n — o0). Hence d(T'Sz,STz) = 04, which means TSz =
STzx. -

The converse does not hold. For example, let X = [0,4] and A = M>(C). Define d: X x X — A by

d(z,y) = [ 6 yl k\a:o— y }, where k > 0 is a constant. Then (X, A, d) is a C*-algebra-valued metric
space. Set
3—z z€l0,3], 2z x € (1,2,
o 0.5 (1,2]
3 z € (3,4], z  xel0,1]U(2,4].

Firstly, we can compute that the set of their coincidence points is singleton set {3}, and then we have T’
and S commute at this point. Hence, T and S are weakly compatible. However, we can show they are
not compatible. In order to do this, we construct a sequence {x,} C X such that x,, = 1+ % € X for
n € N with n > 2. In this case, we have Tz, =3 — (1+ 1) =2—1 and Sz, =2(1+2) =2+ 2. Then
lim Tz, = lim Sx, = 2. In fact, we have

n—oo n—oo

AT, 2) —d2— 22y = [ o O ] Hag, (o0

" n’ 0 k%
and )
_ 2 o2 0o ]

d(Szp,2) =d(2+ —,2) = 5 | =204 (n— ).

But
B 2 I 2, [1-2 0 IMa [ 10
d(Tan,STrrn)—d(T(?Jrn),S(2—n))—d(3,4—n)—[ 0 ku_g,}% 0kl

which means that d(T'Sx,, STan) W 0 4.

The following lemma can be seen in [IJ.
Lemma 1.10. Let T and S be weakly compatible mappings of a set X. If T and S have a unique point of
coincidence, then it is the unique common fized point of T and S.
2. Main results

In this section, we give some common fixed point theorems for two mappings satisfying various contractive
conditions in complete C*-algebra-valued metric spaces.

Theorem 2.1. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that two mappings
T,5: X — X satisfy
d(Tz,Sy) < a*d(z,y)a for any z,y € X, (2.1)

where a € A with ||al]| < 1. Then T and S have a unique common fized point in X .

Proof. Let xp € X and construct a sequence {z,} >, € X by the way: zo,41 = T2op, Tont2 = STopt1.

From (2.1), we get

d(zan+2, Tant1) =d(Sxon+1, TT2n)
=a*d(xon41, Ton)a
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<(a*)?d(xan, Ton_1)a>

:j(af)2n+1d(x17x0)a2n+l’

where we use the property: if b,c € Ay, then b < ¢ implies a*ba < a*ca (Theorem 2.2.5 in [17]).
Similarly,

d(xon41,x2n) = d(T'x2pn, STon-1)
= a*d(zon, Ton—1)a

< (a*)*d(x1, z0)a®".
Now, we can obtain for any n € N
d(Tpi1,Tn) = (a®)"d(x1, 20)a",
then for any p € N, the triangle inequality tells that

ATptp, Tn) 2d(Tnp, Tnip-1) + ATntp-1, Tntp-2) + - + d(Tnt1, Tn)

n+p—1
= Y (a)rd(a, x)a
k=n
n+p—1
= Z (bak)*ba®
k=n
n+p—1
<3 e
k=n
n+p—1
< > lba* P14
k=n
n+p—1
<JblP1a Y fla®? = 04 (n = o0),

k=n

where 1 4 is the unit element in A and d(x1, o) = b? for some b € A, , this can be done since d(x1,z9) € Ay
(Theorem 2.2.1 in [I7]).

From Definition we get that {x,}°2 is a Cauchy sequence in X. The completion of X implies that
there exists x € X such that lim z,, = x.

Now, using the triangle in%glizlity and ,
d(z,Sz) 2 d(z, x2n+1) + d(T2n41, ST)
= d(z,zon+1) + d(Txap, Sx)
2 d(z,xon+1) + a*d(zop, T)a.

Taking n — oo, the right hand side of the above inequality approaches 04 (Lemma (1)), and then
Sx = z. Again, noting that

04 2d(Tz,z) =d(Tz,Sz) < a*d(z,z)a =04,
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we have d(T'z,x) = 04, which means Tx = z.
In the following we will show the uniqueness of common fixed points in X. For this purpose, assume
that there is another point y € X such that Ty = Sy = y. From ([2.1]), we know

d(z,y) = d(Tz,Sy) X a*d(x,y)a,
which together with ||a|| < 1 yields that
0 < [ld(z,y)| < llalllld(z, y)l| < lld(z, y)]-

Thus, ||d(z,y)| = 0 and d(x,y) = 04, which gives y = x. Hence, T and S have a unique common fixed
point in X. ]

If one checks the proof of Theorem one can easily obtain the following result.

Corollary 2.2. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that the mappings
T,5: X — X satisfy
[d(Tz, Sy)|| < llalllld(z,y)|| for any 2,y € X,

where a € A with ||al| < 1. Then, T and S have a unique common fized point in X.

Corollary 2.3. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that the mapping
T: X — X satisfies
d(T"z, T"y) < a*d(x,y)a for any x,y € X,

where a € A with ||a|]| < 1, and m and n are fized positive integers. Then T has a unique fized point in X.

Proof. By setting T =T"™ and S = T" in (2.1), we know 7" and T" has a common unique fixed point x
from Theorem [2.1l Notice that

T"(Tz)=TT"z) =Tz and T"(Tz)=T(T"z)="Tz,

which show T’z is also a common fixed point of 77 and T™. By the uniqueness of common fixed points for
T™ and T", we obtain that Tx = x. Again, since the fixed point of T" is also the fixed point of 7™ and 1™,
the fixed point of T is unique. O

Remark 2.4. In Theorem if S =T, (2.1) becomes
d(Tz,Ty) < a*d(z,y)a for any z,y € X, (2.2)
where a € A with |ja|| < 1. In this case, we have the following corollary, which can also be found in [16].

Corollary 2.5. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that the mapping
T: X — X satisfies (2.2), then T has a unique fized point in X .

Theorem 2.6. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that two mappings
T,5: X — X satisfy
d(Txz,Ty) < a*d(Sz, Sy)a for any x,y € X, (2.3)

where a € A with ||a|| < 1. If R(T) is contained in R(S) and R(S) is complete in X, then T and S have a
unique point of coincidence in X. Furthermore, if T and S are weakly compatible, T and S have a unique
common fixed point in X.

Proof. Let g € X. Choose 1 € X such that Sx1 = Tz, which can be done since R(T') C R(S). Let z9 € X
such that Szo = Tz;. Repeating the process, we get a sequence {z,}7>; in X satisfying Sz, = Tx,_;.
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Then from (2.3)),

d(Sxpi1,Sxn) =d(Txy, Txpn_1)
=a*d(Szy, Stn-_1)a

=<(a*)"d(Sx1, Sxp)a",
which shows that {Sz, }7° ; is a Cauchy sequence in R(S). Since R(S) is complete in X, there exists ¢ € X
such that lim Sz, = Sq.
n—oo

d(Szp,Tq) = d(Txp—1,Tq) = a*d(Szn-1,5q)a.

From lim Sz, = Sq and Lemmall.5((1), we get a*d(Sxy,—1,S¢)a — 04 as n — oo, and then lim Sz, = Tq.

n—oo n—0o0

It follows from Lemma (3) that T'q = Sq. If there is a point w in X such that Tw = Sw, equation (2.3
shows

d(Sq,Sw) = d(Tq,Tw) =< a*d(Sq, Sw)a.

The same reasoning that in Theorem tells us that Sq¢ = Sw. Hence, T and S have a unique point of
coincidence in X. It follows from Lemma that T and S have a unique common fixed point in X. O

Example 2.7. In Theorem the condition that “R(S) is complete in X” is essential. For example, Let
X = R and A = M,(C). Define d: X x X — A by d(z,y) = [ |x8y| k‘xo_ ¥
constant. Then (X, A, d) is a complete C*-algebra-valued metric space. Define two mappings 7" and S by

the following way
k
Sx x #0, kx x #0,
Tx = { 2 7 and Sz = { #

, where k£ > 0 is a

One can verify that

V2
where a = (2) \(/)i € Aand |ja] = g € (0,1). And, R(T) C R(S). But R(S) is not complete in X.

We can compute that T" and S do not have a point of coincidence in X.

Theorem 2.8. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that two mappings
T,5: X — X satisfy
d(Tz,Ty) < ad(Tx,Sz) + ad(Ty, Sy) for any z,y € X, (2.4)

where a € A, with |la|| < 3. If R(T) is contained in R(S) and R(S) is complete in X, then T and S have
a unique coincidence point in X. Furthermore, if T and S are weakly compatible, T and S have a unique
common fixed point in X.

Proof. Similar to Theorem construct a sequence {x,}2>, in X such that Sz, = Tz,—;. Then from
(2.4),
d(Szpi1,Sxy) =d(Txy, Txn—1)
=ad(Txy, Szy) + ad(Txp—1,STHn_1)
=ad(Szpi1,Sxy) + ad(Szy, STp_1),
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which implies that
(1a4 —a)d(Szpt1,Szy) 2 ad(Sxp, STp_1).

oo
Since [la]| < 3, then 14 — a is invertible, and can be expressed as (14 —a)~! = 3 a", which together with
n=0
a € A/ can yields (14 —a)~' € A/.. By Lemma (2), we know
d(Sxpi1,Sxy) <X bd(Sxy, STH_1),
where b = (14 — a)"ta € A’, with ||b]| < 1. Now, by induction and Lemma (2), we can get

d(Sxp41,Sxy) 2 0"d(Sx1, Sxp).

For n > m,
d(Sxp, Sxy) 2d(STp, Stp_1) + d(STp_1,STn—2) - d(STm+1, STm)

<OV 4+ W™ d(ST, Sao)

<0 4 0| d (ST, Swo)|[ 14

<ol 1ol 4 -+ DI ™ D (S, Szo)][ 14

|[o]]™
= Hd(Sml,SxO)HlA.
1—[|b]]

Hence {Sz,}5°, is a Cauchy sequence in R(S). The completion of R(S) implies there is ¢ € X such that
li_>m Sz, = 9q.

Again, by ([2.4]), we have
d(Szy,Tq) =d(Txp-1,Tq)

=ad(Txp—1,S%,-1) + ad(Tq, Sq)

=ad(Txp—1,Tq) + ad(Szp-1,Tq) + ad(Sxn, Tq) + ad(Szy, Sq)

=<2ad(Szy,Tq) + ad(Sxn—1,Tq) + ad(Szy, Sq),
which shows that

(14 —2a)d(Szp,Tq) < ad(Sxp—1,Tq) + ad(Sxy,, Sq).
Since ||a|| < %, then 14 — 2a is invertible, which together with a € A, can yields (14 —2a)~! € A’,. By
Lemma (2), we know

d(Sz,, Tq) = (14 —2a) ad(Szn_1,Tq) + (14 — 2a) tad(Sz,, Sq),

and then, lim Sz, = Tq. The uniqueness of a limit in C*-algebra-valued metric spaces tells us that T'q = Sq

n—r00
(Lemmal[L.5](3)). Hence T" and S have a coincidence point in X. In the following we will show the uniqueness
of coincidence points. To do this, we assume that there is p € X such that Tp = Sp. Using ([2.4), we obtain

d(Sp, Sq) = d(Tp,Tq) < ad(Tp, Sp) + ad(Tq, Sq),

which shows that ||d(Sp, Sq)|| = 0, and then Sp = Sq. It follows from Lemma that T' and S have a
unique common fixed point in X. O

Theorem 2.9. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that two mappings
T,5: X — X satisfy
d(Tz,Ty) = ad(Tz, Sy) + ad(Sz,Ty) for any z,y € X, (2.5)

where a € A, with ||la|| < . If R(T) is contained in R(S) and R(S) is complete in X, then T and S have
a unique point of coincidence in X. Furthermore, if T and S are weakly compatible, T and S have a unique
common fixed point in X.
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Proof. Similar to Theorem construct a sequence {x,}2° in X such that Sz, = Tz,_;. Then from

23).

d(Sxni1,Sxy) =d(Txy, Txn—1)
=ad(Txy, Stp—1) + ad(Sxp, Txp—1)
=ad(STp+1,STn—1) + ad(Sxy, Sxy)
=ad(Sxpt1,S%n) + ad(Sxy, Stp_1),

which implies that
d(Sxtpi1,Sxy) = bd(Sxy, STH_1),

where b = (14 — a)"'a € A, with ||b]| < 1. According to the same argument in Theorem we know T’
and S have a coincidence point T'q in X. In the following we will show the uniqueness of coincidence points.
To do this, we assume that there is p € X such that Tp = Sp. Using (2.5)), we obtain

d(Sp, Sq) = d(Tp,Tq) = ad(Tp, Sq) + ad(Sp, Tq) = 2ad(Sp, Sq),

which together with [|2al| < 1 yields that ||d(Sp, Sq)|| = 0, and then Sp = Sq. It follows from Lemma [L.10]
that T and S have a unique common fixed point in X. O

In Theorem we choose S = idy, then R(S) = X, and T is weakly compatible with S. Moreover, we
have the following consequence, which can also be seen in [16].

Corollary 2.10. Let (X,.A,d) be a complete C*-algebra-valued metric space. Suppose that the mapping
T: X — X satisfies
d(Tz,Ty) < ad(Tz,y) + ad(Ty,x) for any z,y € X,

where a € Al with ||a|| < 3, then T have a unique point in X.

Fixed point theorems for operators in metric spaces are widely investigated and have found various
applications in differential and integral equations [3, @]. As an application, let us consider the following
system of integral equations

x(t) :/EKl(t,s,x(s))ds +g(t), teE,
x(t) :/EKg(t,s,x(s))ds +g(t), tekE,
where E is a Lebesgue measurable set and m(E) < oo.
Theorem 2.11. Assume that the following hypotheses hold
(1) Ki: EXEXxR—=R, K9: Ex E xR — R are integrable, and g € L*°(E);
(2) there exist k € (0,1) and a continuous function ¢: E x E — RT such that
|K1(t, s,u) — Ka(t,s,v)] < kep(t, s)|u — v
fort,s € E and u,v € R;
(3) sup [ o(t,s)ds < 1.
tek

Then, the integral equations (2.6) have a unique common solution in L>=°(E).
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Proof. Let X = L*®(E) be the set of essentially bounded measurable functions on E and B(L?*(E)) b
the set of bounded linear operators on a Hilbert space L*(E). Consider d: X x X — B(L*(E)) deﬁned
by d(f,g) = Ms_g, where M;_, is the multiplication operator on L*(E). Then (X, B(L*(E)),d) is a
complete C*-algebra-valued metric space.

Define T, 5: X — X by

T(x(t)) :/EKl(t, s,z(s))ds +g(t), teE,
S(x () :/EKg(t, s, 2(s))ds + g(t), t€E.
Notice that

|d(Tz, Sy)|| —‘Sl|1p (Mpz—sy)0, ©)
QO =

Z/ /Kltsa: ) — Ka(t, 5, y(s))ds|o(t) a0 dt

llell=1

< sup /E /E K (2, 5,2(5)) — Ko(t, 5, ()| dseo () p{0) dt

llell=1

< sup k /E L o(t,$)|x(s) — y(s)|dso(t)p(D)dt

loll=1
< s b / / (1, 5)ds| () Pdt |2 — ylloc
pll=1

<ksup/ (t,s)ds sup / lo(®)2dt||lz — ylloo
teE JE llell=1

<klld(z, y)|l

Thus, it is verified that the mappings T and S satisfy all the conditions of Corollary and then 7" and
S have a unique common fixed point, which is equivalent to that the integral equations (2.6 have a unique
common solution in L?(E). O
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