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Abstract

We prove an extension of Furuta inequality with nonnegative powers for multi-operator. Then we show
its application to Pedersen-Takesaki type operator equation. (©)2016 All rights reserved.
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1. Introduction

A capital letter, such as T', stands for a bounded linear operator on a Hilbert space 5. T > 0 and
T > 0 mean that T is positive and T is strictly positive, respectively.

As an extension of Lowner-Heinz inequality (A > B > 0 ensures A® > B? for any « € [0,1]), T. Furuta
in 1987 obtained the following famous inequality, which is called Furuta inequality.

Theorem 1.1 (2], Furuta inequality). If A > B > 0, then for each r > 0,
(B5APB3)1 > (B3 BPB3)s (1.1)

and

Q=
—~
—_
V)
~

(A5APAE)s > (A5 BPAS)
hold for p >0 and ¢ > 1 with (1 4+1r)qg > p+r.

In 1995, T. Furuta proved a grand form of Theorem [I.I} which is called grand Furuta inequality as
follows.
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Theorem 1.2 ([3], grand Furuta inequality). If A > B > 0 with A > 0, then fort € [0,1] and p > 1,

1—t+r

Al > {A%(A FBPAT) A%}(’"”S” (1.3)

holds for s > 1 and r > t.
In 2008, T. Furuta proved an extension of grand Furuta inequality as follows.

Theorem 1.3 ([4], extension of grand Furuta inequality). If A > B > 0 with A > 0, then fort € [0,1] and
D1, D2, - - -y Pon > 1, the following inequality

1—t+r

P2n o2n]
A3 } (1.4)

holds for r > t, where ¢[2n] = {... [{[(p1 — t)p2 + tlps — t}ps +tlps — - -~ — t}pon + 1.

Furthermore, C. Yang and Y. Wang proved an extension of grand Fututa inequality for multi-operator,
which is called Further extension of grand Furuta inequality.

P4
Al > {AS AT A% [A 3 {A% (AJBplAJ)”Aé}pBAJ] A5 AT

Theorem 1.4 ([12], Further extension of grand Furuta inequality). If Agp41 > Aoy > Aoy > -+ > Ag >
A9 > A1 > 0 with Ay > 0, t1,ta, ..., th—1,tn € [0,1], p1,D2, ..., P2n—1,P2n > 1, then the following operator
inequality

t

Al tnt+r > A% A_%n A nz_l . ?2 _%2 71 - zlAmA_%)m
2n+1 = 2n+1 2n 2n—1 1 2
A,

1.5)

tiNps _t2qps t2 tn—1~pop—1  _tnqpan T P P e (
A7 } "4 2} YAZ AT 1} o 2] i A§n+1} i

holds for r > t,,, where 1[2n] = {--- [{[(p1 — t1)p2 + t1]ps — ta}ps + ta]ps — -+ — Ly }pon + tn.

The powers of grand Furuta inequality, extension of grand Furuta inequality, further extension of grand
Furuta inequality includes negative powers. Recently, T. Furuta obtained an extension of Furuta inequality
with nonnegative powers as follows.

Theorem 1.5 ([5]). If A> B >0, ri,ra, -+, > 0, then

Altritratedra > {A%” {AT"? (AT”T*Q . [AF (AT B AT AR
I+ri+rot+-+rn (16)

T — Pn—1 Tn— Pn T
AT2) Azl} A?”} ]

14r1 . 1+ritrot-4rn_1
p1t+r1’ »Pn = ¢[n—1]

plk] = {[( o [(p1 +7r1)p2 +12p3 + - - )Pk—Q + Tk—ﬂplc—l + Tk—l}Pk + 7k

There are many applications of the above-mentioned operator inequalities. See [7, 8,9, 10} 11] for details.
In this paper, we shall prove an extension of Furuta inequality with nonnegative powers for multi-
operator. Then we show its application to Pedersen-Takesaki type operator equation.

holds, where p1 > 1,ps > , and

2. Main Result

In this section, we shall show the main result.

Theorem 2.1. If An > An—l > 2> A2 > A1 > O, tl,tQ,' s >tn—1 > 0, then

1+t
tn—1 tn—2 tyn— IHtp—1

it > fa (a2 (A7 (A7 am AF Y AF ] A 22)”"‘1A;”51} o (2.1)

n—1 n—1

hOldstTpl > 17p2 > éapd > %7 y Pn—1 > ﬁ! where ﬁl :pl+t1; Bk‘ = Bk—lpk:+tk:) k= 1)27' T ,’I’l—]..
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t t
Proof. If n = 2, Theorem is that A > A7 > 0 ensures A%H > (A22 AV A2)p+t for p > 1 and ¢ > 0, which
is just Furuta inequality.
If the theorem holds for n = k, then we have

o1, the2 oot 4 t bhoo\ pp_y el y LER=1
A11c+tk71 > {Ak ? (Akf1 o [Ag (A7 AT AR )p2A32 ]p3 A ) ) 1Ak ’ } e (2.2)
For 0 < 75— +t - < 1, applying Léwner-Heinz inequality to (2.2)), we have
th—1 tp—2 ty tk—2\ pp_1 k=1 21—
Ay > {Ak2 (A 2 [A7 (AzAP1A2)p2A2] : Akfl) A }ﬁ’“- (2.3)

te—1 th—2 to t t t tg_2 tp_1 1

k=2 2 N s 2 — Zk—1
TLet A = Ak+1a B = {Ak 2 (Ak—zl [Agz (A22 A‘TIAQQ )pQASQ ]ps...Ak_Ql )Pk 1Ak; 3 }5]@—1' Notice that
A= Apy1 > A > B, ppfr—1 > 1, tp > 0. By Furuta inequality, we have

1+t

AL+t > (A 5 pPkBr— 1A 2 )m (2.4)
Equation ([2.4]) is just
te—1 ty =1 ypr lk 122’“
Ai‘f’tk > {Ak2+1{Ak 2, [A 2 (A 2 AplA 2 )pQA 2 ] Ak 2 } Ak2+1} . (2.5)
Equation ([2.5) means that theorem holds for n = k + 1. O
Corollary 2.2 ([13]). If A3 > Ay > A1 >0, t1,t2 > 0, then
2t ty ta 1+to
Azl,ft? > [A7 (A, £ ATV AZ P2 AR | ertieti (2.6)

holds for p1 > 1,p2 >

1
pi+t1’
Remark 2.3. Corollary is a known result which is proved in [I3] by the method of operator monotonic
function.

3. Application

In this section, we shall show the main result’s application to Pedersen-Takesaki type operator equation.
In order to prove the result, we list a lemma first.

Lemma 3.1 ([I], Douglas Theorem). The following statements are equivalent.
(I) BB* < N2AA*, that is, | B*z|| < \||A*z|| for some A >0 and all x € J;
(IT) There ezists C' such that B = AC.
Moreover, ||C||?> = inf{u: BB* < uAA*}.
Next, we shall show the application.

Theorem 3.2. If there is a nonnegative integer k such that (k+ 1)(1 4+ tp—1) = Bn—1, t1,t2, -+ ,th—1 >0,
b1 > 17p2 > éap3 > é) y Pn—1 > I@TI_2; where ﬁl = D1 +t17 ﬁk = /Bk:—lpk‘ +tk;7 k= 1727"' y TV — 17 then
there exists a unique X, X > 0 with | X|| <1 satisfies the following equation,

tn— 3] t t tp—2

(Aﬁ (A (aF apadyrad)r oz )

1 1 1 " 1 (3'1)
= AZ (XA X AR = AZX (AT X)RAZ,

where A, > Ap_1>-->A9> A1 >0
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Proof. Applying Douglas Theorem to Theorem [2.1] there exists a unique operator S, such that ||S]| < 1 and

tn—1 th—2 tg  tp ty to tn2\ pp_1 In—1y =i~ Ittn—1 Tttn—1
L (A5 A7 (AF A Ay ad 1P a2) " AT VT 4 s — s, L (32)
Let X = 5S5*, then X is unique, || X|| <1, and X satisfies
tn—1 tp—2 ty 1 » ty Do ty 3 tn—2 Pn—1 tp—1 I+tn—1 It+tn_1 ka1
AT (A2 [AF (A7 AP AZ)PAZTP A )T AT (A0 XAg )
T4ty T4t
—A, P (xALyixa, 2 (33)
1+ty_1 I+tn_1
=A, 7 X(ALtrx)kA, 2
14+t 1
Deleting A,, > from both sides of above equation, then we can obtain (3.1)). O

Remark 3.3. If n = 2, Theorem is just the main result in [6].
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