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Abstract

The purpose of this paper is to present the concept of contraction mapping in a locally convex topological
vector spaces and to prove the generalized contraction mapping principle in such spaces. The neighborhood-
type error estimate formula was also established. The results of this paper improve and extend Banach
contraction mapping principle in new idea. (€)2016 All rights reserved.
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1. Introduction and Preliminaries

Banach contraction mapping principle is one of the important tool (or method) in nonlinear analysis
and other mathematical field. Weak contractions are generalizations of Banach contraction mappings which
have been studied by several authors. Let (X, d) be a metric space and ¢ : [0, +00) — [0, +00) be a function.
We say that T': X — X is a ¢-contraction if

d(Tz,Ty) < ¢(d(z,y)), Vax,yecX.

In 1968, Browder [3] proved that if ¢ is non-decreasing and right continuous and (X,d) is complete, then

T has a unique fixed point z* and lim T"zy = z* for any given zy € X. Subsequently, this result was
n—oo
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extended in 1969 by Boyd and Wong [2] by weakening the hypothesis on ¢, in the sense that it is sufficient
to assume that ¢ is right upper semi-continuous. For a comprehensive study of relations between several
such contraction type conditions, see [4} 8, [, [15].

In 1973, Geraghty [4] introduced the Geraghty-contraction and obtained the fixed point theorem. Let
(X, d) be a metric space. A mapping T': X — X is said to be a Geraghty-contraction if there exists g € I’
such that for any z,y € X

d(Tz, Ty) < B (d(z,y))d(z,y),

where the class I" denotes those functions £ : [0, +00) — [0, +00) satisfying the following condition: 5(t,) —
1=1t,—0.

On the other hand, in 2015, Su and Yao [I7] proved the following generalized contraction mapping
principle.

Theorem 1.1. Let (X,d) be a complete metric space. Let T : X — X be a mapping such that

Y(d(Tz, Ty)) < ¢(d(z,y)), V 2,y € X, (1.1)

where ¥, ¢ : [0, +00) — [0, +00) are two functions satisfying the conditions:

(1). ¢(a) < p(b) = a <b;
). {wan) < 9(bn)

=e=0.
ap —> &, by — ¢

Then, T has a unique fized point and, for any given xg € X, the iterative sequence T"xy converges to this
fixed point.

Definition 1.2. Let (X, d) be a metric space, T : X — X be a N-variables mapping, an element p € X
is called a multivariate fixed point (or a fixed point of order N, see [16]) of T if

p=T(,p,...,p).

Recently [16], Yongfu Su, A. Petrusel and Jen-Chih Yao proved a multivariate fixed point theorem for
the N-variables contraction mappings which further generalizes Banach Contraction Principle.

In particular, the study of the fixed points for weak contractions and generalized contractions was
extended to partially ordered metric spaces in [I, BH7, T1HI4, 18]. Among them, some results involve
altering distance functions. Such functions were introduced by Khan et al. in [10], where some fixed point
theorems are presented.

The purpose of this paper is to present the concept of contraction mapping in a locally convex topological
vector spaces and to prove the generalized contraction mapping principle in such spaces. The results of this
paper improve Banach contraction mapping principle.

2. Contraction mapping principle in locally convex spaces
Let us recall some concepts and results on the topological vector spaces.

Definition 2.1. A Hausdorff topology 7 on a real vector space X over R is said to be a vector space
topology for X if addition and scalar-multiplication are continuous, that is, the mappings

(r,y)—»x+y from X xX into X

and
(,z) = ax  from RxX into X

are continuous, where X x X and R x X are equipped with the respective product topologies. X itself, or
more precisely (X, 7) is then called a topological vector space.
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Remark 2.2. Continuity of addition means: For every neighborhood W of xg—+ 1y there exist neighborhood U
of g and V of yg such that U +V C W. Continuity of scalar-multiplication means: For every neighborhood
W of agzg there exist a > 0 and a neighborhood U of x( such that

aUCW, ¥V |Ja—ap <.

Definition 2.3. A topological vector space (X, 7) is said to be locally convex, if there exists a basis of
neighborhood of zero 2 such that every U € (1 is convex set.

Conclusion 2.4. Let (X, 7) be a locally convex topological vector space. For any convex neighborhood of
zero U € (), there exists a balanced convex neighborhood of zero V' such that V C U.

Proof. For any convex neighborhood of zero U € (), there exists a balanced neighborhood of zero W such
that W C U. Let
A=) ot
|a|=1
then A and A° are convex. Since W is balanced, we have
W=aW C aU, VYl|a|l=1,

which implies
WcA Wc A

Hence A° is a neighborhood of zero. Next, we show A” is balanced. In fact that, for any |A| < 1, we have

M= (Y AU = () [MaUcC () aU = 4,

laf=1 laf=1 laf=1

which implies A is balanced, so is A%. Let V = A°, we have V is a balanced convex neighborhood of zero
such that V' C U. This completes the proof. O

From Conclusion [2.4] we can get the following result.

Conclusion 2.5. Let (X, 7) be a locally convex topological vector space. Then for (X, 7), there exists a
basis of balanced convex neighborhood of zero ). Furthermore, each U € ) is absorbing, balanced and
CONVeX.

Definition 2.6. Let (X, 7) be a locally convex topological vector space with a basis of balanced convex
neighborhood of zero ).

(1). A mapping T': X — X is said to be contractive, if there exists a constant h € (0, 1) such that for any
UeQandany z,y € X
x—y e€tU implies Tx—Ty € htU

for any t > 0.

(2). A mapping T : X — X is said to be (¢, ¢)- contractive, if there exist two functions ¢ : [0, +00) —
[0, +00), ¢:[0,400) — [0,400) such that for any U € Q and any z,y € X

r—y € o(t)U implies Tx—Ty e p(t)U
for any t > 0.

Definition 2.7. Let (X, 7) be a topological vector space with a basis of balanced convex neighborhood of
zero ), a net net {x)}rer C X is said to be Cauchy, if for any U € €, there exists a A\g € I such that

Txy — Yx GU, VAI)AZE)\O-

The topological vector space (X, 7) is said to be complete, if every Cauchy net is convergent.
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The following results are well-known in the theory of topological vector space.

Conclusion 2.8. Let (X, 7) be a locally convex topological vector space with a basis of balanced convex
neighborhood of zero 2. For any U € 2, the Minkowski functional of U is defined by

My(z) =inf{t >0:2€tU}, VzelX

Then the following hold:

). My(z) >0, for any z € X, and = = 0 implies My (z) = 0;

. My(Az) = |A|My(z) for any x € X, \ € R;

My(z +y) < My(x) + My(y) for any z,y € X;

net {x)}rer € X convergent to xg € X if and only if limye; My (z) — x9) = 0;

N

A~ N N/~
=~ W
o — — —

. net {z)}rer C X is a Cauchy net if and only if for any U € 2

lim My(xy, —xy,) =0.
b My (2, = 2x,)

Remark 2.9. In fact, for any U € Q, the Minkowski functional M (-) is a semi-norm on the X.

Theorem 2.10 (Generalized contraction mapping principle). Let (X, 7) be a complete locally convex topo-
logical vector space with a basis of balanced convex neighborhood of zero Q. Let T : X — X be a (v, ¢)-
contractive mapping satisfying the following conditions:

(1). 9(t), d(t) are continuous and strictly increasing;
(2). ¥(0) = ¢(0) and (t) < ¢(t) for allt > 0.
Then T has a unique fived point and for any given xo € X, the iterative sequence Ty converges to this
fized point.
Proof. Since T is a (1, ¢)-contractive mapping, we have, for any U € €, that

YN (My(Tx — Ty)) = ! (inf{t >0: Tz — Ty € tU})
= (inf{y(t) > 0: Tx — Ty € b(t)U})
=L ((inf{t > 0: Tz — Ty € Y(t)U}))
=inf{t>0:Tz—Ty € Y(t)U}
<inf{t>0:z—ye€¢t)U}

-4t > 022y 4i00)) >y
(o6 int{o(t) > 0: 2 —y € S(HU}))
¢ Hinf {¢(t) > 0: 2 —y € 4(1)U})
=¢ (inf{t>0:2—yctU})
=07 (My(z—vy)), VauyeX
For any given g € X, we define an iterative sequence as follows
x1=Txo, xo =Tx1,...,Xpnt1=Txp,.... (2.2)

Then, for each integer n > 1, from ([2.1]) and (2.2)) we get
7 (My (@nt1 = 20)) = ¢~ (My(Tan = Trp-1)) < ¢~ (My (2 — 20-1)) (2.3)
Using the condition (2) we have, ¢ ~1(t) > ¢~1(¢), therefore

MU(xn—i-l - xn) < MU(xn - xn—l)
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for all n > 1. Hence the sequence My (zn4+1 — @) is non-increasing and, consequently, there exists r > 0
such that
My (xps1 — zp) — 1,

as n — co. By using the condition (2) and (2.1)) we know r = 0.
In what follows, we show that {x,} is a Cauchy sequence. Suppose that {z,} is not a Cauchy sequence.
Then, there exists a V' € 2 such that

lim My (2, —x,) =0
m,n—00

does not holds. Therefore, there exists ¢ > 0 for which we can find subsequences {zy,}, {zm,} with
ng > my > k such that
My (xp, — xm,) >¢€ (2.4)

for all £ > 1. Further, corresponding to mj we can choose ny in such a way that it is the smallest integer
with ng > my, and satisfying (2.4). Then

My (xp,—1 — xm,) < €. (2.5)
From (2.4) and (2.5)), we have
e < My (xn, — Tmy,) < My (@n, — Tnp—1) + My (2n,—1 — Tmy,) < My (2, — Tny—1) + €.
Letting k — oo, we get
klggo My (xp, — xm,) =¢. (2.6)
By using the triangular inequality we have
MV(xnk - xmk) S MV(xnk - xnk—l) + MV(mnk—l - l'mk—l) + MV(xmk—l - xmk)
My (#n;—1 = Tmy—1) < My (@ny -1 = @ny,) + My (20, — Zmy) + My (m, — Ty —1)-

Letting k — oo in the above two inequalities and applying (2.6)), we have

kli{rolo MV(xnk—l - xmk_l) = ¢&.

Since
T/J(Mv(fﬁnk - xmk)) < QS(MV(xnk*l - ‘rmkfl))'

By using the condition (2) we know ¢ = 0, this is a contradiction. This shows that {z,} is a Cauchy sequence
and, since (X, 7) is a complete locally convex topological vector space, there exists z € X such that x,, — z

as n — 0o. From and we have
6 (M (@ — T2)) < 6~ (M (@n-1 — 2)).
By using the condition (1) we get
My(zn, —Tz) < My(xp+1 — 2),
so that My (z, —Tz) — 0, as n — +o00. Therefore
My(z —Tz) < My(zyp, — 2) + My (z, — Tz) — 0,

as n — 4o00. This implies My (z — Tz) = 0. From the arbitrariness of U € Q, we know that, z — Tz = 0.
Hence z is a fixed point of T'. Next we prove the uniqueness of the fixed point. Assume there exist two fixed
point z and w. Then from (2.1)) we have that

psi™H (My(z,w)) = ¢~ (My(Tz,Tw)) < ¢~ (My(z,w)),

by using the condition (2) we know My (z,w) = 0, from the arbitrariness of U € 2, we know that, z = w.
This completes the proof. O
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Corollary 2.11 (Contraction mapping principle and the error estimate formula). Let (X, 7) be a complete
locally convex topological vector space with a basis of balanced convex neighborhood of zero 2. LetT : X — X
be a contractive mapping. Then

(1). T has a unique fized point x* and for any given xo € X, the iterative sequence T"xo converges to this
fizxed point;
(2). the following error estimate formula holds: for any U € Q, if take sufficiently large n such that

:clfxoelh_fnhU, then x, —x* € U.

Proof. By using Theorem [2.10} we know that, for any initial element zyp € X, the iterative sequence x, =
T™xg converges to a unique fixed point x*. We also have, for any U € (2, that

My (zn = Tngm) < My (@n — Tpt1) + My (@ns1 — Tns2) + -+ Mu(Tngm—1 — Tngm)
< (b + A B My (T — o)
_w e

1 h MU(Txo—.%'o), Vnz 1, m > 1.

Let m — oo, from above inequality, we get that

n

My (x, —2*) < 1 hMU(Txo —1x9), Vn>1 (2.7)

Next, we write the following equivalent inequalities with (2.7]):

(1 —=h)My(z, — %) < h"My(Txo — x9), VYV n>1.

=

(1—=h)inf{t >0: 2z, —2* €tU} <h"inf{t >0:Txg —x9 €tU}, Vn>1.
=

inf{(1—h)t>0:2z,—2" €tU} <inf{h"t >0:Txg—2z9 €tU}, Vn>1.
=

t t
inf{t>0::cn—:n*EEU}Sinf{t>0:Txo—xoeh—nU}, Vn>1.

& (since U is is absorbing, balanced and convex)

t t
{t>0:xn—x*EEU}D{t>O:Tm0—x0€h—nU}, Von>1. (2.8)

From the (2.8), we know that

t t
—U = z,—2"€ —U (2.9)

T$0—$0€hn -

forn > 1 and t > 0. Let ¢ be replaced by (1 — h)t in the (2.9)), we get that

1—nh
Txo — xo € WtU = z, —a" €tlU. (2.10)
Let t = 1 in the (2.10)), we get the following conclusion

o U= z,—-2"€¢U

Txyg—xg €

for n > 1. This completes the proof. O
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