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Abstract

The main objective of this paper is to provide thirteen (presumably) new summation formulas for
the series 4F3 of unit argument expressed in terms of Gamma functions. As special cases of our main
results, we also present twenty four summation formulas for the terminating 4F3(1), whose further special
cases are derived to give thirty two known summation formulas for the terminating 3F»(1). The results
presented here are established with the help of a general result recorded in the book of Prudnikov et al.
and the generalization of Watson’s summation theorem obtained earlier by Lavoie et al.. (©2016 All rights
reserved.
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1. Introduction and Preliminaries

Throughout this paper, let C, N and Z; be the sets of complex numbers, positive and non-positive
integers, respectively, and Ny := NU{0}. The natural generalization of the Gauss’s hypergeometric function
o F is called the generalized hypergeometric series ,Fy, (p, ¢ € Np) defined by (see [1], [8, p. 73] and [9, pp.
71-75)):

qu

o1, 0 | (@) a2

= pFy(at, ..., ap; Bi, ..., By 2),
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where (), is the Pochhammer symbol defined (for A € C) by (see [9, p. 2 and p. 5]):

g (n=0)
<)‘)”'_{/\(A+1)...(/\+n—1) (n € N)
_TQ+m)

oy ez

and I'(\) is the familiar Gamma function. Here an empty product is interpreted as 1, and we assume (for
simplicity) that the variable z, the numerator parameters oy, ..., oy, and the denominator parameters g,
.., By take on complex values, provided that no zeros appear in the denominator of (1.1f), that is,

For more details of ,F}, including its convergence, its various special and limiting cases, and its further
diverse generalizations, among an extensive literature, one may refer to [, [3, 8-10].

It is worthy of note that whenever the generalized hypergeometric function ,Fj, (including 2F}) with its
specified argument (for example, unit argument) can be summed to be expressed in terms of the Gamma
functions, the result may be very important from both theoretical and applicable points of view. Here, the
classical summation theorems for the hypergeometric series o F; such as those of Gauss and Gauss second,
Kummer, and Bailey; Watson’s, Dixon’s, Whipple’s and Saalschiitz’s summation theorems for the series 3F5
and others play important roles in theory and application. During 1992-1996, in a series of works [4H6],
Lavoie et al. have generalized the above mentioned classical summation theorems for 3F5 of Watson, Dixon,
and Whipple and presented a large number of special and limiting cases of their results. Those results have
also been obtained and verified with the help of computer programs (for example, Mathematica).

In our present investigation, we recall the following classical Watson’s summation theorem (see, e.g., [9,
p. 351)):

(1.2)

a’ b’ 71} F(
r

3F2|:1( ) )F(C_'_%)F(%a‘i‘%b"—%)r(c——a__b+ )
sla+b+1), 2 a

provided R(2¢ —a —b) > —
Lavoie et al. [4] established a generalization of (1.2]), which contains twenty five identities closely related
to (|1.2)), recorded in the following single form:

a, b7 ) o - oa+b+i—2
3F2{%(a+b+i+ 1), 20—1—],1} = A2

LGatsbtgit ) Tlet

/2] +35) T ( —Ya+b+litjl—j—1)
T (3) T(a) T (b)
F'(fa+1(1—(-1))) (Lo

(1.3)
X{Bj,ir(c_%a_f_%-f—[j/ﬂ—%( ) ( _(_1)i))
(=

l\?ll—l

)
I'(c—31b+1+1i/2)
U (la+1+(=0H) T Lo+ }
DI (1= (=1))) T (c—3b+[(+1)/2])

TG (c—3a+[(G+1)/2] +

for i, j = 0, 1, 2. Here, [z] denotes the greatest integer less than or equal to z and |z| is the absolute
value of x. The coefficients A;;, B;; and C;; are given in the tables below.
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Table 1: Table for Aj;;

N 2 |t [0 [-t] -2 |
9 1 1 1 1 1
2(c—1)(a—b—1)(a—b+1) (c—1)(a—b) 2(c=1) | ¢=1 | 2(c-1)
1 1
-1 (e b-1)(a—brD) ab 1 1 1
1 1
0 4(a—b—1)(a—b+1) a—b 1 2 1
1 1
1 4(a—b—1)(a—b+1) 2(a—b) 1 2 2
9 1 1 1 2 2
8(c+1)(a—b—1)(a—b+1) | 2(c+1)(a—b) | 2(c+1) | c+1 c+1
Table 2: Table for B;;

i o2 | v o [ -t [ -2
—2 B_22 c—b—1 | B_ap B_2 1 B_2_2
-1 a—b+1 1 1 2c—a-+b—2 871772

0 Bo.2 1 1 1 Bo,—2
1 Bi.2 2c—a+b 1 1 at+b—1
2 82’2 82’1 8270 c—b+1 827_2

Here

B_oo:=cla+b—1)—(a+1)(b+1)+2;
B_op:=(c—a—-1)(c=b—1)+ (c—1)(c—2);

B 1:=2(c—1)(c—-2)—(a—0b)(c—b—1);

B_g_2:=2(c—1)(c—2){(2c—1)(a+b—-1)—a(a+1)—bb+ 1)+ 2}

—(a=b=—1(a—=b+1){(c=1)(2¢c—a—b—3) + ab};

Bayo:=2c(c+1){(2c+1)(a+b—-1)—ala—1)—-bb—-1)}

—(a=b—1)(a—b+1){(c+1)(2c—a—b+1)+ab};
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By 9:=2c—1)(a+b-1)—(a—b)*+1
Bos2 = a(2c — a) + b(2c — b) — 2¢ + 1;
Bo,—2 := a(2c — a) + b(2c — b) — 2¢ + 1;
By :=2c(c+1)—(a—Db)(c—b+1);
Bog:i=(c—a+1)(c—b+1)+c(c+1);
By _o:=cla+b—1)—(a—1)(b—1).

Table 3: Table for C; ;

AN 2 |+ Jo] -t [ -2
-2 —4 —(c—a—-1) | 4 C_21 C_o_2
-1 || —(4c—a—-b-3) -1 1 |2¢c+a—-b-2 C_1,—2
0 -8 -1 0 1 8
1 Cip —(2c+a—-0b) | -1 1 de—a—b+1
2 Con Ca 4| c-a+1 4

Here
Co-1:=2(c—1)(c—2)+ (a—b)(c—a—1);
Co2:=4(2c—a+b—-3)(2c+a—b-3);
Cq 9:=82—2(c—1)(a+b+7)—(a—0b)>—T;
Ci2:=—8c2+2c(a+b—1)+ (a—b)*—
Cop:=—4(2c+a—b+1)(2c—a+b+1);
Con:=—2¢(c+1)—(a—b)(c—a+1).

It is noted that the special case of (1.3]) when i = j = 0 yields the classical Watson’s summation theorem
2.

We outline the contents of this paper. In Section [2], we obtain thirteen new summation formulas for the
series
a, b, ¢, d+1;

F: . .
P da+btit), 204, dy

for i, j = 0, £1, £2, £3. The results are derived with the help of a general formula given in [7, p. 439,
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Entry 14] with p =4 and ¢ = 3:

a, b, c, d—i—l,l]: F[ a, b, c; }
Ha+b+i+1), 2+, d; 2| Ya+b+itl), 20+,
2abc
T e b it DEety)
><3F2|:1 CL—!-.l, b+17 C.+1; :|
sla+b+i+3),2c+7+1;

4F3

(1.4)

for i, j =0, £1, £2, ... and the generalized Watson’s summation theorem .

In Section [3] we present twenty four (presumably) new summation formulas for terminating 4F3 which
are certain to have not been recorded in the existing literature.

In Section {4f we recall thirty two formulas for terminating 3F» which are derived here in a different

method from that in Lavoie et al. [4].

2. Summation formulas for 4F3(1)

Here we establish thirteen (presumably) new summations formulas for 4F3(1) asserted in the following
theorem.

Theorem 2.1. Fach of the following summation formulas holds true:

I. R(2c—a—-b)>1andde C\Z;)

a, b, ¢, d+1;
B b, 2cd1] (”

d(20—a—b—1>

IO T D PPl fofor))
R R e e I T
2Tt YT at e Prletator})
T ¥ ¥ (1) N o v o) R

2. R2c—a—-b)>—-1andde C\Z;)

a, b, ¢, d+1; I'(3) I (c+
s(a+b+1),2c+1,d; F(§a—|— T

I’(%a—l—%b—{—%) F(c—la 1b—l—l)
B+ DT sar DTl tov )

+<%j—1> (2.2)
r F(c+3)T(3a+3b+3) T (c—3a—3b+ )
(

2a)T(30) D(c—2a+1) T (c—2b+1)

7

3. M2c—a—b)>—-1anddec C\Z;)

2 a, b, c, d+1;1
P Sa+b 1), 2042, 4

:((c—a+1)(c—b+1)+c(c+1)_ abc )
2(c+1) 2d(c + 1)
L)t (Gat bt d) (e ja—3b+) 2
I'(Ja+3) T (30+3)T(c—2a+3)T (c—Lib+3)
L2 )T T+ T Gat P+ Te—Ja—lp+d)
dic+1)  T(Ga)T(30)T(c—La+1)T(c—Lb+1)
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4. R(2c—a—>b) >2andd e C\Zy)

a
aF3 |

b, ¢, d+1;
%(a—l—b), 2¢, d;

!

- (1 * d(czlff p iﬁé))

L(3) T(e+3) T (za+3b) T'(c—ja—35b)

X
L N A T VR e O RN
iy b(2c+a—0b) '
d(2c—a—b—2)
T DT e ) T e o)
TG T+ D e T e T3]
5. (R(2c—a—>b) >0 andd e C\Zy)
a, b, ¢, d+1; 1 2bc
1 %(a—i—b),Qc—l—l,d;l}_2c—a<26_a_b+ d)
P(3) T(e+3) T (za+3b) T(e—3a—3h)
O A e T N
+t (2e—a—bt 2 |
2c—p \7° 1 d
DT+ T (et ) T da- )
F(za+3) T(30) T(e—za+3) T (e—3b)
6. (R(2c—a—b)>0anddec C\Z;)
| @ b, ¢, d+1; ~ 2(d—10)
453 %(a+b+2),20,d; ~d(a—b)
T Tt )T (Gt 1) Do da- )
F(%a)F(%b-i—%)F c—3a F(c éb-l—%) (2.6)
+2(a—d) '
d(a — b)
XF(%)Fc+%)F(%a+%b+l)F(c—%a—%b)
L DI T e dar DIE- 1)
7. R(2c—a—>b)>0andde C\Zy)
n a, b, ¢ d+1; ] _2(2c—atb- %)
a3 sla+b+2),2c+1,d; | (2c—a)(a—0D)
D) Dt )T (Gt 1p1) e da— 1)
O e T (s T R
)
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8. (R(2c—a—>b)>0andde C\Zy)

el e b a1 ] o TE T+ DT Gat ) T (e da— k)
sa+b+2),2c+2, d; Prla) TS0+ T (c—ta+1)T(c—L1o+3) 2.8
_pm LG T(etd) T (za+50+1) T(e—ja—3h)
PTGar DTG T (=gt )T +1)
where

H0) . 26+ D)~ (a—b)(c—bt1) - G
1,2 - —

(c+1)(a—0) ’
and
) 2¢(c+ 1) + (a — b)(c — a+ 1) — 22e=atbi2)
1,2 (c+1)(a—10) ’
9. R(2c—a—>b)>3 andd e C\Zy)
2 a, b, c, d+1;
3 Ya+b+1), 201, d;
_ b, F(%)F(C 3) P(za+30+3) T (c—5a—3b—3) 2.9
“TIT (ga+3) T (3b+3) F(e—ga—3) T (c—3b—3) '
@ P(3)T(c—35)T(5a+3b+3) T (c—za—35b—73)
+ Dy 1 1 1 1 )
I (z3a) T (3b) T (c— g3a) T (c— 30)
where .
DY, =2 (2¢ a—b—3)+%,
and 1 b—1 1
D(()?)l :*(2C a—b—3)—|—(c_a_ )(C_ — )+C(C— )

r3r 1 I(c—ia—3b-1)
=i, 2 2 2.10
TR () T (5 D) T e ba) T (e Jo- 5) (240
p® L) T(e—3) T(za+3b+1) T(c—ga—5b+1)
P T(zat ) T(3h) Pe—ga—g) Te—gb)
where - N
2c—a—b—2— 2=
Dg,l)fl:: a—0b d )
and ra(e—b_1)
Dfll——2c_a_b_2_ 3
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11. R(2c—a—0b)>1 andde C\Z;)

a, b, ¢, d+1;

l( b—1), 2 +1,d; |

4F3

P(DT (et )T (bat 304 ) Te— Jatp— 1) o
P T s DT DT (e das DT (e b+ ) '
p@ L) T(e+y) M(zatsb—g) Lle—ga—35b—53)
T FGa T Te- bt )T (e 71
where ) ol
W) (9p g —b— anc
D7271.—2(20 a—1b 1)+d(a+b—1)’
and )
D(_Z%J :21(40— a—b+1)(2c—a—b—-1)
2
+EC{(LH—1)(2c—a+1)—|—(b+1)(2c—b+1)—20—1};
12. R(2c—a—-b) >4 andde C\Z;)
B[ o boe drli] g F(E)F(e—3) M(za+sh) Le—50—5b-2)
e -1 | TP T G T ) TE L) TE- B D
(2.12)
Lp@ L) T(e—3) I(zat3b) Lle—ya—5b-2)
T T (za+g) T(EH) T(e—ga—3) T(c—3b)
where
(1) (2c—a+b—2)2c—a—b—4)
D—l,—lz
+b[20(c—1)+(a—b)(c—a—1)]
2d ’
and
2) (2c+a—b—2)(2c—a—b—4)
DY 1= 1
+2c(c—1)—(a—b)(c—b—1)‘
2d ’
13. R(2c—a—0b)>—-2andde C\Zy)
@ boe drl ] (e-bt1+)
3 La+b), 2042, d; ct1
L) T (et 3T (ot 30) T (e o b4 )
F(%a)F(%b—k%)F(c—%a%—l)F(C—fb—i- 2) (2.13)

(c—a+1+%)
c+1
" I‘(%) F(c—i—%) I‘(%a—l—%b) F(C—%a—lb—l— )
I‘(%a—l—%) F(%b) I (c— %a+%) F(c—fb—l- )
Proof. The proofs of the summation formulas — are quite straightforward. For , first taking
i=0and j=0in gives the following formula:

b, ¢, d+1; _ a, b, c;
1F5 1(a—|—b+1) 2¢, d; ]_BFQ[é(a—I-b-i-l),Qc;l]

i ab a+1, b+1, c+1;
dla+b+1)*" | Ya+b+3),241;

(2.14)
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Now, the first 3 F5 on the right-hand side of can be evaluated with the help of and the second
3F5 on the right-hand side of can be evaluated with the aid of a formula obtained from in which
a, b and c are replaced by a+ 1, b+ 1 and ¢+ 1, respectively, and ¢ = 1 and j = —1 in the resulting identity
are chosen. Then, after a little simplification, it is easy to see that the right-hand side of is equal to
that of . This completes the proof of .

The other formulas — can be verified by using a similar argument of the proof of . So the

details of their proofs are omitted.
O]

3. Terminating summation formulas

Setting b = —2n (n € Ny) and replacing a by a + 2n (n € Ny) or setting b = —2n — 1 (n € Ny) and
replacing a by a+2n+1 (n € Np) in —, we find that one of the two terms of the right-hand sides
of the resulting summation formulas will vanish. Then we obtain twenty four (presumably) new terminating
summation formulas for 4F3(1), which are recorded in the following theorem.

Theorem 3.1. Fach of the following summation formulas holds true:

1. (neNgandde C\Zy)

g [ 2 akon e d+1s ] () 2l
453 %(a—f—l)7 2¢, d; N d(2c—a—1)
(), (ba—c+}) o
% \2/)n 24— CT35)n.
(2a+3), (c+3),
2. (neNyandde C\ Zy)
. [—2n—1,a—|—2n+1, c,d+1;1] 1(3), ga—c+3), (3.2)
4 =77 ’ )
’ ba+1), 2 d d(3at1), (et 1),
3. (neNyandde C\ Zy)
4F3[—2n,a—|—2n, c, d+1; :|:(%)n (%a_c+%)n, (3.3)
sla+1), 2c+1, d; (za+3), (c+3), '
4. (neNyp andde C\Z)
4 Ha+1), 2¢+1, d; d2c+1) (3a+3) (c+3), '
5. (neNg andd € C\ Z;)
4F3[—2n,a+2n, C,d+1; :|_ ~ (%)n (%CL—C—%)” (35)
sa+1), 2¢+2, d; (c+1)(2c—a+1) (3a+3), (c+3)
where 9 9
a::(c—a—2n—|—1)(c+2n—|—1)—|—c(c+l)+nc(ad_'_n);
6. (n €Ny andde C\ Zy)
453 Ha+1), 2c+2, d; d(c+1) (%a—i—%)n (c—i—%)n7 '
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7. (neNy andd e C\ Zy)
473 %a 2¢, d; d(2¢c —a —2) (%a)n (C-{-%)n ’
8. (neNyandde C\ Zy)
2 —2n—1, a+2n+1, c,d—l—l;l . (a+2n+1)(2c—a—4n—2)
48 ta, 2¢, d; | a+2 d(2c —a—2) .
@), (o-ct), .
(30), (e+3),
9. (neNy andd e C\ Zy)
g [ et e dv 1y ] Qe—a— ) (5), Ga—ctl), (3.9)
48 sa, 2c+1, d; (2¢ —a —2n) (%a)n (c+%)n ’ '
10. (ne Ng andd € C\ Z)
I —2n—1, a+2n+1, cd+1,1 _ a—2c+2n+1+% (%)n(%a—c—i—l)n (3.10)
478 ta, 2¢+1, d ~ (2c—a—4dn—-1)(a+2n) (3a) (c+3),
11. (neNg andd € C\ Zy)
2 [—271, a+2n, c, d+1; 1} _ (d +2n) (%)n (%a_c—i_l)n. (3.11)
s Ha+2), 2 d dla+4n) (3a), (c+3), '
12. (neNg andd € C\ Z)
3 L1, — 1
a8 2(a+2) 2¢, d; d(a+4n+2) (%a—i—l)n (c+3)’ '
13. (neNg andde C\Z;)
b [ —2nat2n, e d+1s ] _ a(2c—a—dnt 2y (1) (la—c+1) (3.13)
473 3(a+2), 2¢+1, d; (2¢ —a—2n)(a + 4n) (%a) (c+%)n ’ .
14. (neNg andd e C\ Z;)
e "—1lat2n+1 ¢ d+1;] _ (2c+a+4n+2—2%(a+2n+1))
478 La+2), 2¢+1, d; (2c+2n+1)(a + 4n + 2)
2 N (3.14)
(5), Ga—c+1),
* L Iy
(za+1), (c+3),
15. (neNg andd € C\ Z )
2n (l+27’L C, d+1,1 _ /8 (%)n (%Q—C)n (315)
(2¢—a)(c+ D(a+4n) (Ja), (c+3), |

4F3[ Ha+2), 2¢+2, d;

where
(20(c+ 1)—(a+4n)(c+2n+1) + dc(20+a+4n+2)> ;
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16. (n€ Ng andd € C\ Z)
r —2n—1,a+2n+1, ¢, d+1; _ ¥
e $a+2), 2¢+2, d; | (a—2¢)(c+1)(a+4n+2) (3.16)
(3), (3a=¢), '
(3a+1), (c+3),
where c
v = g(a+2n+1)(20—4n—a)—2c(c+1)—(a+4n+2)(c—a—2n);
17. (neNg andd € C\ Z;)
p| —2moat2n e d+1; 1 () dn(a+2n) (3), (3a—c+3),. (3.17)
a3 Ha+1), 2¢-1, d; - d2c—a-3)) (ta+1) (c—1)° ’
18. (neNg andd e C\ Z)
F |:_2n_1aa+2n+17 C;d+l;1:| g (%)n (%aich%)n (318)
4 = .
3 a+1), 2¢—1, d; d(2c—1)(2c—a—=3) (za+3), (c+3),
where
d:=d(a—2c+3)—2{c(c—1)+ (c+2n)(c—a—2n—2)};
19. (neNg andd € C\ Z)
_ . dnfc—a—2n—1 D (lg—c+1
5(@+2), 2¢-1, d; a+4n d(2¢ —a—2) (3a), (c—3
20. (ne€ Ny andd e C\ Zy)
I —2n—1,a+2n+1, ¢, d+1; ] = 2c—a—2—2(c+2n)(a+2n+1)
s Ha+2), 2¢—1, d; | (2c—1)(a+4n+2)
3 1 9 (3.20)
" (3), (3a—c+2),
(3a+3), (c+3),
21. (neNg andde C\Zy)
=2, a+2n, e, d+1; ] (3), Ge—c+t2),
L TN .
where
1 2n{d(2c —a+4) +4c(c—1)+2(a+4n)(c—a—2n—1)}
T d(2¢ —a—4)(2¢c —a — 4n — 2) ’
22. (ne Ny andd e C\ Zy)
I —2n—1, a+2n+1, c,d—i—l;1 _ €
478 ta, 2¢—1, d; | ad(2c—1+2n)(2c —a — 4)
(3.22)

(D), (a-er),
(ot 1), (e D),

where
e:=d2c+a+4n)(2c —a—4)

+2(a+2n+1){2c(c—1) — (a+4n+2)(c+2n)};
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23. (ne Ny andd e C\ Zy)

4l'3 ; .
3a, 2c+2 d; (c+1) (%a)n (c+%)n
24. (neNg andde C\Zy)
—2n—1,a+2n+1, ¢, d+1; C(c—a-2n+g(a+2n+1))
4F3 1 2 1
3a, 2¢+2, d; alc+1)
(3.24)

(3), (Ga=o9),

X .
(za+1), (e+3),

4. Special cases

Here we consider further special cases of the results in Section [3] which are known identities and, for
completeness, recorded in the following theorem.

Theorem 4.1. Fach of the following summation formulas holds true:

1. (d=2c—1in (3.1) and B3.2); n € Ny)

—2n, a+2n, c; (%) (%G_C+%)
F 1| =22/ n 41
’ 2[§(a+1)7 2¢—1; } (za+3), (c=3), 4y
and
F2[2n1,a+2n+1, c;l]:_ 1 (%)n (%a_c—i_%)n (4.2)
3 Ha+1), 2¢—1; 2¢c—1 (3a+1d) (c+3)’ '

2. (d=2%(a—1) in (1) and (32); n € Ny)

—2n, a+2n, c; 4n(a + 2n) ) (3), Ga—c+3)
F: 1]=11- n n 4.3
m ] = (e e e e @9
" (1), (o -c+1)
—2n—-1, a+2n+1, c; 2 5), ga—c+3),
E 1| =- 4.4
’ 2[ 3(a—1), 2c; } (a=1) (za+3), (c+3) (4.4)
3. (d=2cin (3.3) and (3.4); n € No)
_2n7 CL+2TL, c; (%) (%CL—C—F%)
F: 1] = n 4.
’ 2[ a(a+1), 2 } (3a+3), (c+3), -
and
—2n—1, a+2n+1, c;
3F2[ a1, 20, 1] 0. (4.6)
4. (d=3(a—1) in B3) and (34); n € Ny)
—2n, a+2n, c; (%) (la*0+%)
F - n 47
and . .
—2n—-1, a+2n+1, c; (a—4c—1) (%)n (§a—c—|—§)n
VD) 1 = T S (4.8)
ala—1), 2c+1; (@=1)2c+1) (5a+3), (c+3),
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5. (d=2c+1 in (3.5) and (3.6); n € Ny)

—2n, a+2n, c; 1}

3% [ %(a+1), 2c+1;

and
2n—1, a+2n+1, c; 1]

3F2[ a+1), 2c+1;

6. (d:%(a—l) in (3.5) and (3.6]); n € Ny)

_ 1 (3), Ga—c+3),
(2c+1) (4 ’

—2n, a+2n, c; on(a+2n) \ (3), Ga—c—3),
T S e T 3
zla—1), 2c+2; (c+@—1)) Ga+td) (c+2),
and 1 1
)2 [—271—1704—271—1-1,0; }: (a—2c—1) (%)n (ia—c—i-ﬁ)n
2 gla—1), 2c+2; (a=1D(c+1) la+1), (c+3)

7. (d=2c—11in (3.7) and (3.8); n € Ny)

3 1% [ %a, 2¢—1;

and
—2n—1,a+2n+1, c; 1]

3F2[ %a, 2¢—1;

8. (d=2cin (3.9) and (3.10)); n € Ny)

_ . 4
2n,a—i—2n,c?1]:<1+ n

a—2c+2

), (za—c+2),
a+1) (c+3),

_ _a+2c+4dn (%
T a(2e—1) (4

[ ~2n, a+2n, ¢; ] (3), Ga—c+1),
3F2 1 2 L = 1 1 )
20: 2¢; (3a),, (c+3),
and
[—2n—1,a+2n—|—1,c; ] (%) (%a—c—i—l)
313 1 . =771 1
sa, 2c; a (§a+1)n (c+ §)n

9. (d=2c—11in (3.11) and (3.12); n € Ny)

3Fy [

—2n, a+2n, c;
F(a+2), 2c—1;

and

), (ha-c+2),

2 —2n—1,a+2n—|—1,c;1 _
352 %(a—|—2), 2c—1; |
10. (d =2c¢ in (3.13) and (3.14); n € Ny)
o —2n, a+ 2n, c;
352 %(a+2), 2¢;

and
—2n—-1, a+2n+1, c;

sty [ %(a+2), 2¢;

(2c—a—2) (%n 2
a+4n+2)(2c—1) (1

at1), (c+3),

]_( 1 (i)n (%a—c—l—l)n.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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11. (d=1ain and (3.14); n € Ny)

—2n, a+ 2n, c; (%) (%a—c)
F: "1 L I 4.21
SRR e s T e
and 5 .
2 |:—27”L—1, a+2n+1, 0;1:| _ a—2c (i)n (fa’_c—i_l)n (422)
a2 la, 2c+1; a(2c+1) (3a+1) (c+3) '
12. (d=2c+1 in (3.15) and (3.16); n € Ny)
F _2n7 a+2n7 C; _ (20_0’_4'”) (%)n (5&70) (4 23)
352 $(a+2), 2¢+1; | (2¢—a)(a+4n) (%an( ) ’
and 5 )
3F2[—2n—1,a+2n+176; ]: (at2e+4n+2) (5), Ga—ct1), (4.24)
%(a+2), 2c+1; (2c+1)(a+4n + 2) (%a—{_l)n (C-I-%)n .

13. (d=2c—2in and (3.18); n € Ny)
2n(a+2n) Y\ (3), Ga—c+3),
> T h (4.25)
2

—2n, a+ 2n, c;
"1 1
} < T e D@—2c+3)

La+1), 2¢—2;

3Fy [
2

and
1, a+2n+1, c;

~2n — : 1 (3), Ga—c+3)
3F2[ 2(a+1)’ o o, 1} %” n, (4.26)

(d=%(a—1) in @I7) and (BI8); n € Ny)

14.
—2n, a+2n, c; 8n(a + 2n) > (1) (Ga—c+3)
F 1{=1{1 L L 4.27
3 2[%(@—1), 2¢c—1; } ( +(oz—l)(a—2c—i—3) (%a+%)n (c—%)n’ ( )
and
n —2n—1, a+2n+1, ¢yl (a+4c—1)(2c—a—3)—8n(a—|—2n+2)
02 %(a—l), 2 —1; (a—1)(2¢c—1)(a—2¢+3) .
NORCETN '
(3a+3), (¢+3),
15. (d=2c—21in ) and (3:20); n € No)
1
— . _ = —_ 2
3F2[1 2n, a—|—2n_,cj ]_ a(c+2n—1) (2)? (3a c—li- ), | (4.20)
2(a+2)7 2c 27 (C_l)(a+4'n) (§a) (C—Q)n
and )
—2n—1, a+2n+1, c; 1] _ (e—a—-2n-2) (3), (Ga—c+2), (4:30)
S Darinr? ory), =D,

3F2[ %(a—l—2), 2c — 2;

16. (d=2c—21in and (3:22); n € Ny)
1 1
_ B (lg—c+2
2n(a +2c+4n 2)> (3), Ga—c+2), (4.31)

—2n, a+ 2n, c;
F: "1 1+ ,
[ s = (T ) e e,

2
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and
-1, a+2m+1, ¢ (3), (za—c+2)
F ) ) 71 — n n 4.
o o 2e-2: | T ), G D -
where

(a+¢)(2c—a—4)—2n(3a —2c+ 4n + 6)
a(c—1)(a—2c+4)

Remark 4.2. The results (4.1)-(4.32)) are recorded in [4], which are derived here in a different manner. The
result (2.2) is also given in [2]. The identities (3.3) and (3.4) are recorded in [2].
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