Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 4780-4797

Research Article

Nonlincar Scicnces

-(aenyy Journal of Nonlinear Science and Applications
= el

Print: ISSN 2008-1898 Online: ISSN 2008-1901

General convolution identities for Apostol-Bernoulli,
Euler and Genocchi polynomials

Yuan He®*, Taekyun KimP

?Faculty of Science, Kunming University of Science and Technology, 650500 Kunming, Yunnan, P. R. China.
bDepartment of Mathematics, Kwangwoon University, Seoul 139-701, S. Korea.

Communicated by S. H. Rim

Abstract

We perform a further investigation for the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi poly-
nomials. By making use of the generating function methods and summation transform techniques, we es-
tablish some general convolution identities for the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials. These results are the corresponding extensions of some known formulas including the general
convolution identities discovered by Dilcher and Vignat [K. Dilcher, C. Vignat, J. Math. Anal. Appl., 435
(2016), 1478-1498] on the classical Bernoulli and Euler polynomials. (©2016 All rights reserved.
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1. Introduction

The classical Bernoulli polynomials By, (z), the classical Euler polynomials F, (x) and the classical Genoc-
chi polynomials G, (x) are usually defined by the following generating functions:

te&?t oo tn
S =Y B (1 <2m)
n=0
26:1:25 0 tn
gl ZOEn(fB)n! (It| <m),
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and

2t o "
g1 = ;Gn(l’)n, (t] < ).

The rational numbers By, the integers F, and the rational numbers G,, given by
1
B, = B,(0), E,=2"E, <2> and G, = G,(0)

are called the classical Bernoulli numbers, the classical Euler numbers and the classical Genocchi numbers,
respectively.

As is well-known, the classical Bernoulli, Euler and Genocchi polynomials and numbers play important
roles in many different areas of mathematics such as number theory, combinatorics, special functions and
mathematical analysis. Numerous interesting properties for them can be found in many books and papers;
see, for example, [2, B, 11} 13|, 22, 23, B7]. The inspiration of the present paper stems from the general
convolution identities for the classical Bernoulli and Euler polynomials recently discovered by Dilcher and
Vignat [14] using identities for difference operators, techniques of symbolic computation and tools from the
probability theory. We establish some general convolution identities for the Apostol-Bernoulli, Apostol-
Euler and Apostol-Genocchi polynomials by making use of the generating function methods and summation
transform techniques. These results are the corresponding extensions of some known formulas including the
general convolution identities on the classical Bernoulli and Euler polynomials due to Dilcher and Vignat
[14] and the convolution identities for the classical Genocchi polynomials due to Agoh [4].

We now turn to the Apostol-Bernoulli polynomials B, (x; A), the Apostol-Euler polynomials &, (x; \) and
the Apostol-Genocchi polynomials G, (x; A), which are usually defined by means of the following generating
functions (see, e.g., [25] 27H29]):

xt o g
— :ZBn(JU;)\)m (|t +log | < 27), (1.1)
)\et—i—l Zs x; )\ (|t +log \| < 7), (1.2)
and
t"
Aet +1 Zgn (20— (It +log Al < ). (1.3)

In particular, B, (), £,(N) and G, (\) given by
Bn(A) = B,(0;A), &En(N) =2"E, <;, )\> and  Gp(A) = Gp(0; )

are called the Apostol-Bernoulli numbers, the Apostol-Euler numbers and the Apostol-Genocchi numbers,
respectively. Clearly, By, (x; \), &, (z; A) and Gy (x; \) reduce to By(x), En(z) and G, (z) when A = 1. It is
worth mentioning that the Apostol-Bernoulli polynomials were firstly introduced by Apostol [6] (see also
Srivastava [36] for a systematic study) in order to evaluate the value of the Hurwitz-Lerch zeta function.
For some nice methods and results on these polynomials and numbers, one is referred to [7, 8, 26l 32} B33].

This paper is organized as follows. In the second section, we state some notation, recall the elementary
and beautiful idea stemming from Euler to discover his famous pentagonal number theorem, and give some
general convolution identities for the Apostol-Bernoulli polynomials. In the third section, we present some
general convolution identities for the Apostol-Euler polynomials. The fourth section is contributed to the
statement of some general convolution identities for the Apostol-Genocchi polynomials.

2. Convolution identities for Apostol-Bernoulli polynomials

For convenience, in the following we adopt the common notation described in the standard books [12] [3§].
The rising factorial (a) is defined for complex number a and non-negative integer k by
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(a)p=1 and (a)g=ala+1)---(a+k—-1) (k>1).

The binomial coefficients (Z) is defined for complex number ¢ and non-negative integer k by

<a>:1 . <a>:a(a—l)(a—Q)---(a—k+l) (k> 1)

0 k k! -
The multinomial coefficient (m ” Tk) is defined for positive integer k and non-negative integers n,r1, ..., 7%
by
n B n!
ye.oyrky)  orileeerl
We also write, for a subset J C {1,...,k} and complex numbers a1, ...,ax, |J| as the cardinality of J,
ay = HG’T and J={1,....k}\ J,
reJ

and denote by [t{1 . -ti’“]f(tl, ..., tr) the coefficients of t{l . -ti’“ in f(t1,...,tx) for positive integer k and
non-negative integers ji, ..., jr. Obviously,

tjl t]k . .
S et = Gt ) 2.1)
Ji: Jk!
We now recall Euler’s elementary and beautiful idea in the discovery of his famous pentagonal number
theorem: for infinite number of complex numbers z1, z2, x3,- - -, (see, e.g., [5, 9] 10])
(1 + .’L'l)(l + 1'2)(1 + .’133) cee = (1 + :L'l) + .%'2(1 + xl) + [133(1 + 1'1)(1 + 1132) =+ (22)

We shall make use of the finite form of (2.2]) to establish some general convolution identities for the
Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials. Clearly, the finite form of (2.2) can
be written as

(I+z1)1+x2)(l4z3) - (1+ax,) =1 +z1) +x2(l +21) + 23(1 + 21)(1 + x2) (2.3)
+ a1 +z) 1 +22) - (14+25-1), (n>1).

We replace z, by x, — 1 for 1 <r < n in (2.3) to obtain

n

T Ty — 1 :Z(:pr—l)$1-~-xr,1, (2.4)

r=1

where the product 1 - - - x,_1 is considered to be equal to 1 when r = 1. If we take z, = \.e/" for 1 <r <n
and substitute k& for n in (2.4)), then for positive integer k,

k r—1
A Ae T 1 =y e — 1) T e (2.5)
r=1 1=1

It follows from ([2.5)) that

k 4 k
t;eviti Arefr —1 t;eviti
R — A
: Nieti — 1 Zl AL ettt — H o /\ etl -1

tremr(t1+~~+tk) r—1 tie(ﬂﬁi—wﬁ-l) ik tie(wi—ﬂﬁr)ti
pu— A’
Z . t14+t H g poti ot ?
- A1 e 1 Pl ;e 1 tet] i€ 1

which means for non-negative integer n and complex numbers a, ..., ax,
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—aq —ay, t;emiti
t
BRI R [0 =)
JitFjp=n+1 r=1 i=1
Jise-sJk620
k
—aq —ay, (t1+ - +tp)e or(t1++ik)
- T () GH e e 26
Jite+jp=n+l
J1yJk 20
_ k R,
o H t e $z l'r+1) tie(zz‘ $r)tz .
Nelti —1 Aeli — 1
i=r+1
It is easily seen that for complex number a and non-negative integer k,
—a —a —a
k+1 =(-a—k d = (—1)Fk!- : 2.7
<+><k+1) o-n(7) ma @e= i) (2.7
It follows from ({1.1)) and ( . that
—ai —Qf t{l tik i k tie‘riti
2 <j1>"'<jk)[ﬂ'ﬂm](z”nxe%—l)
14 tie=n+1 ’ ’ r=1 =1""
Jiye5Jk20
_ tjl t]k t: x;t;
- ¥ zhw1<wJH<mﬂ mﬂK et 28)
j1+ +jr=nr=1 J + =1 ‘]1 Jk: =1 €t =
J1y--Jk =0 iF#r
(D" (n+a1+ - +ax) n
- - > (@), - (ar)j,
: Jide et je=n Jis-- s Jk
J1y-56 20
X le (331; )\1) s Bjk (a:k; )\k)
On the other hand, since for positive integer k£ and non-negative integer N (see, e.g., [12] 38]),
N N 15 Ik
(it = > l L (2.9)
T l=N 1yeeesylk
1,5l >0
so by (1.1) and (2.9) we have
l
(t1+---+ tk)ex(t1+ +g) e tlll tkk
= By(whi ) Y R (2.10)
. tit+ e Z ’ | |
A1 Apett kE—1 Neo =N 1! I
1,50 >0
It follows from (1.1)), (2.1)), (2.6) and (2.10) that
> GGl (et
‘ . . T
iitegeent1 N1 Je ) Lt k! o et =1
J1seJe 20
—a1 —ag\ . .
= Z ( _ )( . >(]1!"']k!)
htetip=nt1 N Il Jk
JiyesJk20
By, ... - gt (T AL A
XZ Z I+ Al 1 +(Gr—1) 1+ +lk( ry A1 k) (2'11)

Ll b gl G — D) Doy e - 1]

r=1 l1,.,lr—1,
brg1yele >0
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k
_ r+ 1 A) B-,,l,(x,-—wr'/\i)
| | )\ .]7. l — T | | Ji—bi )
- (i = Ii)! i—r+1 (Ji = l)!

—a —ag ) ‘ '
j1+...+zj;_n+1 < J ) o < > Z Z JrBi, (T3 A1

)
r=11l1++lp=n
J1yeJk =0 Iyl 20
ji k
! )\ r 1 >\ Ty)\l
><H< ) Bl — Ty + )111_1<Z>Bl( —x )

Notice that for non-negative integers n, k and complex number a

—a —a—1 n\ [a a\{a—k
- _ = 2.12
()= (D) e (0) -GG e
which together with the famous Chu-Vandermonde convolution showed in [17] yields for non-negative integers
li,...)lpwithlyj +---+lp=n

E _a”r‘ |k[ _ai j’L i —a,L' _ar
j,r- ( ' > < .' ) ( ‘> - _ar ( ) <
Jit++j=n+1 Jr i=1 Ji lz H l Z
J1yensJie20

— 1) ﬂ <_ai — lz>

| ) : gr—1 ) Ji — i
i=1 4 jp=n+1 i=1

i#T i#r ! jh---fﬁe?o e (2.13)
k .
—a;\ [(—(ar+ - +ap)—1—(n—1,)
aH(Z)( n— (o 1) |

i#£r

If we apply (2.7) and (2.13) to ( - ) then

3 (‘“1) <‘“k>[“* F(els)
J Jk /) Lit! AL,
Jit+je=n+l i=

eti — 1
Jise-sJk 20

k
(_1)n+1 n '
= e > (@ b B s ) (214)
r=1 li4-+lp=n
1,0 >0
r—1 k
< JT Nt Bwi =2+ 10) T (@i B (i = ).
=1

i=r+1
Thus, by equations ([2.8]) and (2.14]), we get the following result
Theorem 2.1. Let aq,

ag be complex numbers with k being a positive integer. Then, for non-negative
mteger n,

n (al)jl" ( )]k
+¥ n(jn---,jk) (ar + - By (z150) -+

W) “Bj, (T3 Ak)
.717 7]k>0
k n a
- Blr(xr;)\l"'/\k)
Z:: 1+Z+;k =n <l1""’lk) (@1 4+ ak)ny1-,
11, ME>0
k
xHa, NiBy (@i — 2+ LX) [ (@i B (@i — 203 M),
=1

i=r+1
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It follows that we show some special cases of Theorem Since the Apostol-Bernoulli polynomials
satisfy the difference equation (see, e.g., [28]):

ABo(x + 1;\) — By(x; \) = na ! (n>0), (2.15)
so from ([2.15]) we have
r—1
[T B (@i =z + 150) = Y (@B (i — s o) [ [ (@)l — 20)5 " (2.16)
i=1 JC{1,..r—1} i€J icT
Thus, by applying (2.16) to Theorem and then taking z;1 = -+ = x = z, we get the general
convolution identity for the Apostol-Bernoulli polynomials as follows.
Corollary 2.2. Let ay,...,ar be compler numbers with k being a positive integer. Then, for non-negative
integer n,

n (al)jl" ( )jk .
Z (jl,...,j,) Bj (x; A1) - - By, (3 M)

pIR——— (a1 4+ ar)n
J1ye5J6 20

k n+1l—r (air+1)ll T (aik)lk—r
DI S V| )i

loyliy oy lk— a _
ottt g1y N0l B + ag)nt1-1
loJly,eilg—r20

X Blo (:E; Ay )\k)Bll ()‘ir+1) e Blk_r ()‘lk)a
where ipi1,... i € J.

In particular, if we take \;y = --- = A\ = 1 in Corollary we get the following general convolution
identity for the classical Bernoulli polynomials.

Corollary 2.3. Let ay,...,ar be complex numbers with k being a positive integer. Then, for non-negative
mteger n,

n (al)'l'“(ak)‘k . ... B: (2
> <j1,...,jk>(alj--..—i-akj)nBJl(w) B (@)

J1+ +Jk n
J1seJk >0

k nt1—r N (@) (@),
2 e DS ( D

lo, I, ooy L a _
—r lo+Hl1 4 Al p=nt1— 0,01, s Uk + k)n—l—l lo
losl1,esle—r>0

x By, (z)By, -+ By, _,,
where ipi1,...,ix € J.

The case aq,...,a; being positive real numbers in Corollary is due to Dilcher and Vignat [14]
Theorem 2], and leads to the corresponding higher-order convolution identity for the classical Bernoulli

polynomials due to Agoh and Dilcher [4, Theorem 1] when a; = --- = a; = 1. In the same way, if we take
a; = ---=ap =1 in Corollary 2.2] we obtain the higher-order convolution identity for the Apostol-Bernoulli

polynomials as follows.

Corollary 2.4. Let k be a positive integer. Then, for non-negative integer n,

(n+k) Bji (z; A1) - -+ By, (@3 Ax)
Jit-tjg=n
.]17 a.]k >0
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k
- Z Z Z (nl—z k> Blo (:E; YRR >‘/€)Bll (>\ir+1) e 'Blk—r ()‘ik)a

r=1 |J|=r o+l 4+l _r=n+1-7
lo,l1,slig—r>0

where ipy1, ..., i € J.

Remark 2.5. Note that the corresponding higher-order convolution identity for the Apostol-Bernoulli poly-
nomials stated in [I8, Theorem 3.1] is only complete on condition that Ay = --- = A\x. The case k = 2 in
Corollary can be easily used to give for positive integer n (see, e.g., [14]),

& " /n+2 n+ 2
(n+2) kzo By(z)By_i(z) = 2 kzo (k N 2) BiBp_i(x) + ( 5 )Bn_l(:c), (2.17)

and for positive integer n > 2,

n—1 n
ZkZl W = ; <Z> w + an_l(:c) + H,—1By(x), (2.18)

where H, is the n-th Harmonic numbers. And the case x = 0 in and gives the famous
identities of Matiyasevich [30] and Miki [31] for the classical Bernoulli numbers, respectively. For some
equivalent versions and different proofs of (2.17)) and (2.18)), one is referred to [1, 15, 16} 21, 24} [34]. For
more applications of Corollary see [14] for details.

3. Convolution identities for Apostol-Euler polynomials

We next apply (2.4) to establish some general convolution identities for the Apostol-Euler polynomials.
By taking x, = —\.e!" for 1 < r < n and substituting k for n in (2.4]), we get for positive integer k,

k r—1
(1P el T - 1= () (el 1) T e (3.1)
r=1 i=1
It follows from (3.1)) that
2eiti i(—l)r A€l +1 ﬁ)\-eti o gemits
e} Neti +1 N ! (—1)k)\1 ce )\ket1+"'+tk -1 Pty ' Pty Neti +1
B n B N 3.2
B i( 1)r Qewr(t1+---+tk) 71:[1 )\'2e($¢*$r+1)ti k Qe(xi*xr)ti ( )
N ot (—1)k>\1 <o )\ket1+"'+tk -1 i ' /\ieti +1 Pirg] /\ieti +1°

We discuss (3.2]) on two cases. We firstly consider the case k being an even integer. In this case, we get
for non-negative integer n and complex numbers aq, ..., ag,

> () () (eI

. »

jtetgp=ntl N Il PR
jl’ 7]k >0

k r(t1+Htx)
—aq —ay, St tg)etrh k
_9 e U 1 3.3
j1+~--+zjz;n+1 < J > ( Jk > <rz=;( ) Aps Apel Bt — 1 52
jly 2Jk20

ge(@i—wr+)ti K o (wi—a)ti
X .
H )\ietl +1 )\ieti +1 )
i=r+41
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jk
Yo

i yh 7] in both sides of the above identity, in view of ( and ( . the
left hand side of (| can be written as

Z G- Gl (e i)

gt gl et +1
J1s--Jk =0

J1
If we make the operatlon [t

—a; t]l t]k 2e:CZtl

- Y Yeen( PO Gl ()
g1t +]k nr=1 Jrt Ji Ji: Ji! e+
J15edle20 17'5’”

(=)™ nt+ag+ -

+ ag) n
= i > <j ; >(a1)j1 - (ak) gy,
' ditetgg=n Mk

J1y-Jk >0
X gj1 (xl; )‘1) e '5jk (xk§ )\k)a

and in light of (1.2) and (2.10]), the right hand side of (3.3 . can be written as

L2 GGl S e es)

Jise-sJk 20

5 G- (g, B e

k (3.5)
- r=1 L+ l=n+1
JlsenJk>

1, x>0
k
XH(%)M;I —z,+ 1A ] (z)gl( — 2 \).

i=r+1

It is easy to see from (2.12) and the famous Chu-Vandermonde convolution stated in [I7] that for non-
negative integers l1,...,lp withly +--- 4+l =n+1,

jlf---Jrzj;:nH <_Jfr> lel <_j?2) (‘Z) = ﬁ (‘%) ( (@ +-+a) —(n+1-1)

. 3.6
paley l; n+1—(n+1—lr) > (3.6)
J1s-,Jk 20 1T i

Hence, applying (2.7) and . to ({ gives

_ _ t]l t]k k 2e zit;
2 ( 'al>'”( ak)[ ' KZ“H )
J1 Jk J1!
Jit+je=n+l i=1

r=1 Azet +1
J15--Jk =0
_qynt1 F nt1
:2(<n+)1),2(_1)7” Z <l ; >(a1+..-+ak+n+1—l7~)lr (3.7)
Cr=1 L+ +lp=n+1 1y---50tk
ll >0
k
XBl x?‘a)\l H)\ al Sl

-z, + 1;N\) H (ai), &, (i — 23 ).
i=r+1
Thus, by equations (3.4]) and , we obtain the following result
Theorem 3.1. Let ayq,

ar, be compler numbers with k being an even positive integer
negative integer n,

3 (jl, n ,jk> (a1)jy - -~ (ar)j,

g]l(x )‘1) gjk(xk;/\k)
Py (@1 + -+ ap)n

Then, for non-

J1yeJk >0
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k
2 n+1 B; (xTS)\l"'/\k)
= _1 T T
n+1 7«221( ) 2 ( ) (a1 + -+ a)nt1-1,

el L, ...l
l1,-50 >0
r—1 k
< [[(a)i g, (i — 2+ 100) ] (@i)i &, (@i — s M),
=1 i=r+1

It follows that we give some special cases of Theorem Since the Apostol-Euler polynomials satisfy
the difference equation (see, e.g., [25])

An(x 4+ 1;0) + Ep(z;A) = 22" (n>0), (3.8)
so from (3.8) we have
r—1
TT{-(a)Nicn (@i — e+ 500 = > (@& @i — 2 M) [ [{-2(ai), (2 — 2)"}. (3.9)
i=1 JC{1,...,r—1}i€J ic]
Thus, applying (3.9) to Theorem and then taking z; = --- = x; = = gives the general convolution

identity for the Apostol-Euler polynomials as follows.

Corollary 3.2. Let ay,...,ar be compler numbers with k being an even positive integer. Then, for non-
negative integer n,

S (") e g )0

Jitetir=n (a1 4+ ag)n

JiseJie 20
k
S22 LD R NN e e
n -+ r=1 | J]=r lot+l 4t n=nt1 0501y «veylh—r (al +---+ ak‘)n—i—l—lo

oy, sli— >0

X By, (23 A1 Ag) &L (0; )\ir+1) &y, (0; /\ik)7

where ipi1,... i, € J.

If we take Ay = --- = A\ = 1 in Corollary we get the following general convolution identity for the
classical Euler polynomials.

Corollary 3.3. Let a1,...,ar be complexr numbers with k being an even positive integer. Then, for non-
negative integer n,

n (al)j1"'(ak)jk () B (x
Z <9177jk> (a1—|—~~+ak)nEjl( ) E]k( )

Jitge=n
JiyeJk20
k

SRR Ty x0T el

n -+ 1 — |J‘:r lo+la gy =nt1 l(), ll, ey lk*?“ (al + -+ ak’)n+1flo
lo,l1,sli— >0
X Biy(2)Ei, (0) - - By, (0),
where ip11,...,ix € J.
If we take a; = --- = ax = 1 in Corollary we get the following higher-order convolution identity for

the Apostol-Euler polynomials.
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Corollary 3.4. Let k be an even positive integer. Then, for non-negative integer n,

(n+k) Z Ejp (@3 A1) -+ Ejy (23 Ak)

Jitetdg=n
Jise-sJke 20
b n+k
- Z Z (=2)" Z < l )Blo (@5 Ar -+ Ag) &, (05 )\ir+1) 8 (03 20,),
=1 |J|=r Lo+l p=nt1 0
loyl1yeeslig—r»>0
where ip41,...,ix € J.

We next consider the case k being an odd positive integer in (3.2)). In this case, it is easily seen that for

non-negative integer n and complex numbers aq,...,ak,
k t
' ' Aieti +1
Jittgin h Tk ) \iy Aiet
jlv 7Jk: >0

k
_ _ 9@ (t1++ty)
- Z ( ~al> ( ~ak> <Z(_1)T1)\ ...e)\ etttk 1 1 (3.10)
jitetjp=n N 1 Tk /N3 Lok
Jise 7jk>0

9¢e(@i—zr+1)t; k 9¢e(®i—zr)ti
X H A ¢ ¢ . .
Aieti +1 1 Aieti +1

=1 =7

Notice that from and . we have

2 :p(t1+---+tk oo tlll té;k
= A e 3.11
A e Agetitette 4] Z (3 A1 )z +; N L ! (3:-11)
1117~~~J:Z_0
J ok
By making the operation [EL ‘e L,] in both sides of (3.10] -, in view of ([1.2]) and ( -, we obtain
—aq — QL
> ( i > < , )gjl(xl;h)'“gjk(wk;/\k)
Jittjk=n 1 Tk
.]1’ 7.]k>0
—a —a b
- T (M) ()Tt B aeiaeew
hittgg=n N I Ik /3 ot lp=n
J1yeeJie 20 I, >0
J : J
xH(’)Aa —e+ LA ] (;)&( — 2 \),
1

i=r+1
which together with (2.7) and (3.6|) yields the following result.

Theorem 3.5. Let aq,...,a be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,

n (a1)j, - (ar)j, o
Z (j1,...,jk> Ep (w13 A1) -+ &y (s An)

i+ =n (a1+ -+ ag )
.]17 ’.]k>0
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k
_ & (mr')\l---/\k)
— —1)" 1 n > Iy ’
;( ) Z <l1,...,lk (a1+--'+ak)n_lr

l1++Hlg=n
l1,.. x>0
r—1 k
X N (as)i A&, (x5 — @0 + 15 ) H (@i), &, (i — 05 ).
=1 i=r+1
If we apply (3.9) to Theorem and then take x1 = -+ = x; = x, we get another general convolution

identity for the Apostol-Euler polynomials as follows.

Corollary 3.6. Let aq,...,ax be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,

Z B ( .7,1,,jk> ((jllﬁl.'....iasg';c?ﬁ(:c;>\1)...Ejk(m;)\k)

j1ttip=n J1,
J1y5J6 20
SDIDIC DY (l o > (T e
r—1 ‘J|=T Lo+t p=n 0y ULy yll—p (al + cee ak)n—lo
loyl1 s lkg—r >0
X (@3 A1 A& (05 Niy iy ) - -+ &1, (05 Aiy )
where ipi1,... i, € J.
The case A\ = -+ = A\ = 1 in Corollary [3.0] gives the following general convolution identity for the

classical Euler polynomials.

Corollary 3.7. Let aq,...,a; be complex numbers with k being an odd positive integer. Then, for mon-
negative integer n,

n (al)'l"'(ak)‘k ' B
Z: (jl,...,jk>(ali...ﬂk;nEn(x) Ej, (x)

gD 3P U DU RPN & v ere- s
r=1|J|=r lo+li++lk_r=n lo, b, o Up—r (al +ee Tt a’k)n—lo
lo,l1, s lkg—r>0

where ipi1,... i € J.

The case az,...,a; being positive real numbers in the above Corollaries and are due to Dilcher
and Vignat [14, Theorem 4], which gives the corresponding higher-order convolution identity for the classical

Euler polynomials due to Agoh and Dilcher [4, Theorems 2 and 3] when a; = -+ = a; = 1, respectively.
In particular, the case k = 2 in Corollaries and [3.7] will give some similar convolution identities for the
classical Euler polynomials to (2.17) and (2.18]) (see [14] for details). If we take a; = -+ = ar = 1 in

Corollary we obtain the following higher-order convolution identity for the Apostol-Euler polynomials.

Corollary 3.8. Let k be an odd positive integer. Then, for non-negative integer n,

Z c“:j (a:;)\l) gjk(.’L‘, )\k)
Jit+jk=n
Ty Jk 20
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k
n+k-—1
- Z > < >5lo($;>\1"'Ak)&l(o;)\im) & (05 0,),
r=1J|

lo
|=r lo+li++lg_r=n
losl1,eesli—r >0

where ipi1,... i € J.

Remark 3.9. Note that the corresponding two higher-order convolution identities for the Apostol-Euler
polynomials stated in [I8, Theorem 3.2] are only complete on condition that A\ = --- = A.

4. Convolution identities for Apostol-Genocchi polynomials

We finally apply (3.2) to establish some general convolution identities for the Apostol-Genocchi polyno-
mials. By substituting 2¢; for 2 in the left hand side of (3.2)), we discover

k k r—1 k
ot eTiti ot etr(tittty) ot e(@i—zr+1)t; ot . e(Ti—zr)t;
[T = e R
N e Ay Apehttrtte — 1 - ieti +1 et Aieti +1
which means for even positive integer k, non-negative integer n and complex numbers a, ..., ag,

S () (M) (e H )

y pli

i tip= n+1<‘71 il
J1yeeJk >0

k
—ay —ay, (t 4 - - - 4ty )emr(it+)
=2 ) el —-1)"t 4.2
j1+---§:n+l ( 7 > < Ik ) (;( ) " AL - Attt — 1 ( )
j1, Jk20

Qt e (zi—zr+1)t;

k
ot e(Ti—zr)ti
H A I =)
et 1 Aeti +1
r—+1

J1 Jk
By making the operation [% e 3’“7] in both sides of ., in similar considerations to and -,

we discover the following result.

Theorem 4.1. Let ay,...,a; be complex numbers with k being an even positive integer. Then, for non-
negative integer n,

n (al)jl" (ar)jy .
Z <]1’7]k> Gir(z13 A1) -+ Gy (i M)

Jittip=n (a1 + -+ ax)n
JiseJk 20

k
E E: n a

:2 _lr T B T;A .'.)\
T’Zl( ) <l17"‘7lk‘> ((11 =+ .- lr<x 1 k)

i+ +l=n -+ ak)nJrlfl,«
l1,..4l>0
r—1 k
x [T@)i\iGu (i =2+ 1:00) T (@) G (i = 5 X0).

Il
—

% i=r+1

It follows that we discuss some special cases of Theorem Since the Apostol-Genocchi polynomials
satisfy the difference equation (see, e.g., [26])

AGn(x + 15 0) + Go(2;0) = 2n2™ 1 (n > 0), (4.3)
so from (4.3) we have
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r—1

[T{—(auxiGu (@i =z + 1500y = Y [(@)nG (@i — i M) [ [{—2(aa)iliws — )"} (4.4)
i=1 JCA1,...,r—1}ieJ icJ

Thus, applying (4.4) to Theorem and then taking r; = --- = x; = = gives the general convolution

identity of the Apostol-Genocchi polynomials, as follows.

Corollary 4.2. Let ay,...,ar be compler numbers with k being an even positive integer. Then, for non-
negative integer n,

Z (jl, n 7]k> ((;Lllﬁl...‘.‘j_asl)j)i Gj, (x5 A1) -+ Gj, (w5 Ag)

R
J1yek 20
k
S Yty () (a0 (ai)y
— ) Ce
el (n+1—r)! It 1y lol1, . lk—r) (a1 + -+ ar)ng1-1o
lo,l1, s lg—r>0
x By, (w3 A1+ )\k)gll ()‘ir+1) T glk—r ()‘ik)7
where ipi1,... i € J.
It is obvious that the case A\; = --- = Ay = 1 in Corollary [.2] gives the following general convolution

identity for the classical Genocchi polynomials.

Corollary 4.3. Let ay,...,ar be compler numbers with k being an even positive integer. Then, for non-
negative integer n,

n (al)d"'(ak‘)'k . G (x
Z <j17_“7jk> (al—lj----—l-akJ)nG]l(x) Gy (z)

it tig=n
J1505Jk 20

k
r=11J|

X Biy ()G, -~ Gy s

_ T& n+1l-r (air+l)l1...(aik)lk,7‘
T( 2) (n+1—r)! Z < >(

- loli e o ) lar o T At
s U T PRE R o e e D PR B
l07ll ----- lk—T‘ZO

where ipi1,... i € J.

If we take a; = --- = a; = 1 in Corollary we get the following higher-order convolution identity for
the Apostol-Genocchi polynomials.

Corollary 4.4. Let ay,...,ar be compler numbers with k being an even positive integer. Then, for non-
negative integer n,

(k) S Gilwh) Gy ()

Jittje=n
jly'“:jkzo
b n+k
=2 2 2 > ( l >6z0<x; A MG (i) G, ().
r=1|J=r lotlytAlp_p=ntl—r > O

oyl —r >0

where ipi1,... i € J.
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In particular, the case Ay = --- = A = 1 in Corollary gives the higher-order convolution identity for
the classical Genocchi polynomials as follows,

wit Y Gweae=-XOcr Y (C)mme . 6

]1+ +]k n r=1 lo+ly -+l —p=n+1-71
1o Jk > >0 l(),ll,...,lk_rzo

where n, k are positive integers with k& being an even integer. If we take k = 2 in (4.5)), in view of Gg = 0
and G; = 1 (see, e.g., [27]), we get the convolution identity for the classical Genocchi polynomials due to
Agoh [1} 20], namely

n—2

i 4 n+2
;Gk(x)Gn_k(a:) + ;::o ( N >Bk(m)Gn_k =0 (n>2).

If we take k& = 2 in Corollary by applying the methods described in [I4] to yield (2.18), we obtain
another convolution identity for the classical Genocchi polynomials due to Agoh [I 20], namely

Loz () o2

k=1

We next consider the case k being an odd positive integer in (4.1). Obviously, in this case, for non-
negative integer n and complex numbers aq, ..., ag,

> ()= ()
ittig=n N 1 Ji ) \izy Aiet 1
J1yeJ6 20

- 2 () ) e (46)
i m AL AgetitTte 41

Jit-+je=n r=1
.]17 7]k: >0
IA.e xz xr—&-l)ti k 2t (xi—a?r)ti
X H Ai i H i ' .
)\ eti +1 )\ietl +1

i=r+1

Since Go(z; A) = 0 (see, e.g., [27]), so by (2.9) we have

9zt +tk) B Z OGN (T A1 M) Z i | tﬁﬂk wn
AL Apefrttte 41 N +1 iy L' '
lll,m,lk-kgo

J1 Ik
By making the operation [t% e L,] in both sides of (4.6} ., in view of ([1.3]) and (4.7 ., we get

J1 Jk+

S () (oens st

Jit+- +Jk n

J1,--Jx >0
= X (‘.“1)--.(‘.“’“)&—1)“% > glr(mr;?j'wk) (4.8)

diegg=n > 1 r=1 Lt =n
Jlseees Jk=>0 l1,..,lx >0

xH(‘”)Agl a1 ) ﬁ < )gl( — 20 N).

i=r+1
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It is easily seen from (2.13) that for non-negative integers ly,...,lx with iy + -+l = n,

S GG - G ) e

J15eJk 20 F#r #r

Thus, by applying (4.9)) to (4.8)), in light of (2.7]), we obtain the following result.

Theorem 4.5. Let aq,...,a; be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,

! (@), - (@) g 21\ -G (0
Z (j177jk> gjl( 17A1) g]k( k7)‘k)

e (14 +ap)

J15--Jk =0
k n a
B Z(_l)r_l Z <l1 lk) (a1 + -~ - G, (€ Ar -+ M)
— e,

li++Hlg=n -t ak)n‘H*lT
l1,.. x>0
r—1 k
x [T(a)i NG (i — e + 150) T (00),G (i — i M),
i=1 i=r+1
If we apply (4.4) to Theorem and then take z1 = .-+ = 2, = x, we get the general convolution

identity for the Apostol-Genocchi polynomials, as follows.

Corollary 4.6. Let aq,...,a; be complex numbers with k being an odd positive integer. Then, for non-
negative integer n,

Z (jl n jk> (a1)j, - (ar)j, G, (z: M) - G, (3 A

P (a1 + -+ ap)n

Jise-sJk >0
k
-y Y (_2)“1& 3 ( n4+1—r > (@i )ty - (@i )iy
N - ' “ e
r=1|J|=r (n +1 7"). lot Iy ol =1 —r lo, ll, R R (al + + ak)n+1—l0
loyl1yeeslig—»>0

X glo (l‘; Apcce )\k)gll ()‘ir+1) T glk_r(/\ik)7

where ipi1,... i € J.

It is clear that the case A\ = --- = Ay = 1 in Corollary gives the general convolution identity for the
classical Genocchi polynomials, as follows.

Corollary 4.7. Let aq,...,a; be complex numbers with k being an odd positive integer. Then, for mon-
negative integer n,

n (al)'l...(ak)‘k ) G (x
Z (jb“.’j’) (al—ij----+akj)nGjl(x) Gjp.(2)

it tje=n

jl:m:ijO
k
= Z (_2)7“—1 n!-ay Z ( n+l-—r ) (air+1)ll T (aik)lkfr
(n+1-r) oy 4ol b 1—r loyly, o lk—y) (a1 + -+ ap)ng1-1
loyl1seeslig—r»2>0

where tpi1,...,0 € J.
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If we take a; = --- = ax = 1 in Corollary we get the following higher-order convolution identity for
the Apostol-Genocchi polynomials.

Corollary 4.8. Let k be an odd positive integer. Then, for non-negative integer n,

(n+k) Y GulwA) - Gi(asa)

Jittig=n
Jise-Jk 20
k n—+k
= Z Z (_2)7‘71 Z < l >glo (ZU, )\1 T )\k)gll ()\ir+1) U glkfr ()\Zk)J
r=1|J=r lo+i -+l p=nt1—r > 0
loyl1yeeslig—r»>0
where ipi1,... i € J.

The above Corollaries [£.4] and [4.§] imply the corresponding higher-order convolution identities for the
Apostol-Genocchi polynomials described in [19, Theorem 2.3] are only complete on condition that A\; =
-+ = A. In particular, if we take A\; = --- = Ay = 1 in Corollary [{.8] we get the following higher-order
convolution identity for the classical Genocchi polynomials:

(n+k) Z Gjl(x) - Gy (@)
Jittik=n
I35k 20

- kl et X ("o a,

r= lO+ll+“'+lk7'r:n+1*7‘
loy1yeeslig—r>0

(4.10)

where n, k are positive integers with & being an odd integer. And the case k = 3 in (4.10|) gives for positive
integer n > 2,

e TED D G CXRHE

.~ +o5
Jit+Jj2+7i3=n Jit+Jj2+ji3=n J3

n—1
6 n+3 4 n+3
G anf - G’n— ’
+n+3}§)( k > #(@) G- n+3( 5 ) 2()

which is very analogous to the convolution identity on the classical Bernoulli and Euler polynomials presented
in [4, Corollaries 1 and 3]. In fact, by using the methods showed in [I4], one can derive the similar convolution
identity for the classical Genocchi polynomials to Corollary 9 stated in [I4]. The details are left as an exercise
for the interested readers. It is also informed that the results presented in [35, Corollary 2.3, (2.19)] are
only complete on condition that ap = ay = - -+ = a,—_1, which implies the result stated in [35, (2.20)] is only
complete when ag = aq.
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