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Abstract

We extend and generalize the best proximity results for Suzuki type a*-1)-proximal single valued map-
pings given by Hussain et al.. Some novel best proximity results and coupled best proximity results are
presented for Suzuki type a™-t¢-proximal multivalued mappings satisfying generalized conditions of exis-
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1. Introduction and preliminaries

Some problems of fixed points of either single-valued or multivalued mappings involving a-admissible
have become a hotspot research since Samet et al. [I8] introduced the notion of a-admissible in 2012,
for example, following Samet’s definition, Latif et al. [II] defined the concept of («,1))-Meir-Keeler self
mappings. Redjel et al. [I7] introduced a concept of («,)-Meir-Keeler-Khan mappings, also, the class of
(a, 1)-Meir-Keeler-Khan multivalued mappings has been defined recently [23]. Hussain et al. [7] introduced
the concept of proximal a"-admissible.

Let (X, d) be a metric space and A, B C X, the following notations will be used in the sequel:

dist(A, B) = inf{d(z,y) : x € A,y € B}, D(z,B) =inf{d(x,y) : y € B},
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Ap ={a € A:d(a,b) = dist(A, B) for some b€ B},
By ={b € B:d(a,b) = dist(A, B) for some a € A}.

For any two nonempty sets A and B in a metric space (X, d), the point a € A is called a best proximity
point of the mapping 7' : A — B if d(a,Ta) = d(A, B). The existence and convergence of best proximity
points is an interesting topic of optimization theory which recently attracted the attention of many authors
since Fan [6] established a best approximation theorem in 1969. Afterward, many authors [2H5] 8, O, 12,
13l 16, 19, 201 22, 24] devote themselves to investigate the best proximity points of mappings in a variety
of settings. For example, Hussain et al. [7] introduced new Suzuki type contractions and proved new best
proximity results for these contractions in the setting of a metric space. Sintunavarat and Kumam [21]
introduced the concept of coupled best proximity point and proved the coupled best proximity theorem
for involving cyclic contractions. Recently, Nantadilok [I4] established the coupled best proximity point
theorems for multivalued mappings via the a-admissible notion and 1 function.

Inspired and motivated by Hussain et al. [7], Sintunavarat et al. [21], and Nantadilok [14], in Section
2}, we introduce the new type of one-variable and two-variable multivalued mappings based on Suzuki type
contractive condition. Via the admissible mappings, the notions of (a*,)-proximal multivalued mapping
for one-variable and two-variable are presented. The coupled best proximity point results for two-variable
(at,1))-proximal multivalued mappings with continuity or regularity and the best proximity point results for
one-variable (a™,1)-proximal multivalued mappings with continuity or regularity in the setting of complete
metric spaces are established, respectively. These results extend and generalize the main results of Hussain
et al., Nantadilok in the literatures [7], (14, 2], 22]. We also provide an example to show the generality and
effectiveness of our results.

As the preliminaries, we review some definitions (see [7], 10} [11], [15] and references therein).

Definition 1.1 ([7]). Let T be a self-mapping on a nonempty set X and a : X x X — [—00,4+00) be a
mapping. The mapping T is said to be proximal a™-admissible if the following condition holds:

a(z,y) =0
d(uy, Txq1) = dist(A, B = a(uy,u2) >0
dist(A, B

d(ug, Tzo) = g
for all x1, zo,u1,us € A.

Let © be the family of (¢)-comparison functions, a (c¢)-comparison function 1 be a nondecreasing self-
mapping on [0,00) such that iw" < oo for each t > 0, 9" is the n-th iteration of . It is clear that
P(t) < tfor all t > 0 and w(O)n::10 (see [10} I1]).

Definition 1.2 ([7]). Let (X,d) be a metric space. T : A — B is called a Suzuki type ati-proximal
mapping if there exist two functions ¢ € Q and a : X x X — [—00, +00) such that for all z,y € A, we have

S0 (2, Ta) < d(a, T) = a(e,y) +d(T2, Ty) < G(M(z,)), (11)
where
d*(z,Tx) = d(z,Tx) — dist(A, B),
and

d(z, Tx) + d(y, Ty)
2

— dist(A, B),

d(x,Ty) +d(y, Tr)
2

M (z,y) = max {d(x, y), — dist (A, B)}.

Definition 1.3 ([I5]). For nonempty subsets A, B of a metric space (X, d) with Ay # (), we say the pair
(A, B) satisfies
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(a) the P-property if
d($1, yl) - dlSt(A7 B)7
d(x9,y2) = dist(A, B),

for all 21,29 € Ap and y1,y2 € By;

} = d(z1,22) = d(y1, y2)

(b) the weak P-property if for any x1,z9 € Ay and y1,y2 € By,

d(mla yl) = dlSt(A7 B)v

d(z2,y2) = dist(A, B), } = d(z1,22) < d(y1,y2)-

Hussian et al. [7] established an existence theorem for the best proximity points of Suzuki type o™ 1)-
proximal mappings with continuity assumption or regularity on the mappings.

Theorem 1.4 ([7]). Suppose A and B are nonempty closed subsets of a metric space (X, d) with Ay # (.
Let T : A — B satisfies (1.1)) together with the following assertions:

(i) T(Ap) C By and (A, B) satisfies the weak P-property;
(ii) T is prozimal o -admissible;
(iii) there exist xg,x1 € Ao such that

d(z,Tz) = dist(A, B) and a(xg,z1) > 0;

(iv) T is continuous; or

(v) A is a-regular, that is, if {x,} is a sequence in A such that o(zy,Tp+1) > 0 and x, — © € A as
n — 00, then a(xy,,x) >0 for alln € N.

Then there exists x* € Ao such that d(z*,Tz*) = dist(A, B).

2. Coupled best proximity points and best proximity points for Suzuki type at-1-proximal
mappings

In the sequel, N denotes the set of all nonnegative integers, Bpp(7T') denotes the set of best proximity
points of 7', CBpp(T') denotes the set of coupled best proximity points of 7', and CL(X) denotes the family
of nonempty closed subsets of X.

For any A, B € CL(X), let the mapping H (-,-) be the generalized Hausdorff distance with respect to d
defined by
max { sup dist(x, B), sup dist(y, A)}, if it exists,

€A yeB
00, otherwise.

H(A,B) =

Before stating the results, we need to present some definitions.

Definition 2.1 ([I,[I4]). An element 2* € A is said to be the best proximity point of a multivalued non-self
mapping T : A — 2B8\{(} if D(z*, T2*) = dist(A, B).

Definition 2.2. Let (X, d) be a metric space and A, B € CL(X). A multivalued mapping T : A — 2B\ {0}
is called prozimal o -admissible if there exists a mapping a : A x A — [—o00,+00) such that for any
T1, T2, UL, U2 € A and Y1 € TxlayQ € TI'Q,

a(xy, o) >0,

d(u1,y1) = dist(A, B
d(ug,ys) = dist(A, B

= a(u,uz) >0

);
)7
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Definition 2.3. Let (X, d) be a metric space and A, B € CL(X). A multivalued mapping 7' : A — CL(B)
is called a one-variable Suzuki type o™ -p-prozimal multivalued mapping if there exist two functions ¢ €
and a : X x X — [—00,+00) such that for all z,y € A,

1
FD" (@ T2) < d(z,y) = a(z,y) + H(Tz,Ty) < $(M(z,y)),
where
D*(z,Tx) = D(x,Tz) — dist(A, B),
and
D(z,Tz) + D(y,Ty)
2

D(z,Ty) + D(y, Tx)

— dist(A4, B) 5

M (z,y) = max {d(m, Y), — dist(A, B)}
Definition 2.4. Let (X,d) be a metric space and A,B € CL(X). A mapping T : A x A — 2B\{0}
is called prozimal o -admissible if there exists a mapping a : A x A — [—00,400) such that for any
$17$27w1,w27w,17w/27?/17y2 S A and ul € T(xl,yl),UQ S T(x27y2)7 V1 € T(y17x1)7v2 S T(927372)7

a(ry,z2) >0,
d(wy,u;) = dist(A, B), = a(wi,wy) >0,
d(wa,uz) = dist(A, B),
and
a(y1,y2) > 0,
d(w,v1) = dist(A, B), » = a(w),w)) > 0.
d(wh,ve) = dist(A, B),
Definition 2.5 ([I4]). Let (X,d) be a complete metric space and A, B € CL(X). An element (z*,y*) €
(A x A) is said to be the coupled best proximity point of a multivalued mapping 7' : A x A — CL(B) if
D(x*,T(z*,y*)) = dist(A, B) and D(y*, T(y*,z*)) = dist(A4, B).
Next, we introduce the class of Suzuki type a™-1)-proximal multivalued mappings and then study the
existence of coupled best proximity points for such mappings via the a™-admissibility.

Definition 2.6. Let (X,d) be a metric space and A,B € CL(X). A mapping T : A x A — CL(B) is
called a two-variable Suzuki type o -1p-proximal multivalued mapping if there exist two functions ¢ € Q and
a: X x X = [—00,+00) such that for all z,y,2',y' € A,

1D*($’ T(x, SU/)) <d(z,y),

FD @ T, 2)) <d(@,y)), § = a(w,y) + H(T(x,'), T(y,y)) < ¥(M(z,y,2',¢)),  (21)
d(z,y) =d(z',y') =0, or
d(z,y) > 0,d(2',y") > 0,

where
D*(x,T(z,2")) = D(x,T(z,2")) — dist(4, B), (2.2)
and
M(z,y,2',y') = max {d(x, ), D(z,T(z,27)) _2‘_ D, T(y.9)) dist(A, B),
D T(0 ) DT gy,
5 , .

Remark 2.7. Tt is worth noting in Definition [2.6] that if

alz,y) + H(T(x,2'), T(y,y")) < (M(z,y,2",y"))

holds, then from the symmetries of z and 2/, y and ¥/, obviously,



X. Xu, X. Fan, H. Liu, J. Nonlinear Sci. Appl. 9 (2016), 4754-4771 4758

a(@',y) + H(T(2',2), T(y', y)) < oM (2", o, 2,y))
is true.

Lemma 2.8 ([14]). Let B be nonempty closed subsets of a metric space (X,d). Then, for each x € X with
D(z,B) >0 and q > 1, there ezists an element b € B such that

d(z,b) < ¢D(z, B).

First, we state an existence theorem for the coupled best proximity points of two-variable Suzuki type
at-1)- proximal multivalued mappings.

Theorem 2.9. Let (X,d) be a complete metric space and A, B € CL(X) with Ay # 0, ¥ € Q is strictly
increasing and T : A x A — CL(X) is a two-variable Suzuki type o)~ prozrimal multivalued mapping.
Suppose that the following conditions hold:

(i) T(z,y) C By for (x,y) € Ao X Ag and (A, B) satisfies the weak P-property;
(i) T is ot -prozimal admissible;
(iii) there exist elements (xg,yo), (x1,y1) € (Ao X Ag) and u1 € T(xo,yo0),v1 € T (yo, o) such that
d(x1,u1) = dist(4, B), a(zg,z1) > 0,
d(y1,v1) = dist(4, B), a(yo, y1) = 0;
(iv) of D(z,T(z,y)) =0 or D(y,T(y,x)) =0 for any x,y € Ay, then D(x,T(x,y)) = D(y,T(y,x)) = 0;
(v) T is continuous, or

(vi) if {zn}22, is a sequence in A such that o(zp, Tp41) > 0 and x, — =* € A as n — oo, then a(xy,,z*) >

0 for all n € N.
Then there exists (x*,y*) € (Ag x Ag) such that
D(x*, T(z*,y")) = D(y*, T(y", 2")) = dist(4, B).

Proof. By condition (iii), there exist elements (xo, y0), (z1,y1) € (Ao x Ag) and u1 € T'(x0,y0),v1 € T (Yo, x0)
such that

d(z1,u1) = dist(A, B), a(zg, z1)
d(y1,v1) = dist(4, B), a(yo, y1)

We consider the following four cases:

(a) uy € T(x1,y1),v1 ¢ T'(y1,21);
(

>0,
- 2.3
> 0. (2.3)

b) w1 & T(x1,y1),v1 € T(y1,71);
(c) up € T(x1,11),v1 € T(y1,21);
(d) w1 ¢ T(z1,91),01 ¢ T(y1,21).
Case (a): Since u; € Ap,T(z1,y1) € By, then
0= D(uy,T(z1,y1)) > dist(Ag, Bo) > dist(A, B) > 0,

hence,
D(ul,T(ajl,yl)) = diSt(A, B) =0.
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From ([2.3), we get
d($1a Ul) - 05 d(ylyvl) == 07

that is, 1 = u1,y1 = v1, hence, applying (iv), we have

D(x1, T(x1,91)) = D(u1, T(z1,51)) = dist(4, B) = 0,
D(yl,T(y1,$1)) = D(’Ul,T(yl,;Ul)) = diSt(A,B) =0.

On the other hand, since vy ¢ T'(y1,x1) and T'(y1,x1) € CL(B), therefore

D(y1, T (y1,71)) = D(v1,T(y1,21)) > 0,

which contradicts to D(y1,T(y1,21)) = 0, thus, Case (a) is not true.
Similarly, Case (b) is not true, too.

Case (c¢): When u; € T'(z1,y1),v1 € T(y1,21), as proved above, we can get that

D(z1,T(x1,y1)) = D(u1, T(z1,91)) = dist(4, B) = 0,
D(y1, T(z1,91)) = D(v1, T (y1,21)) = dist(A, B) = 0,

which imply that (z1,y1) is the coupled best proximity point. So we only consider the following case.
Case (d): Let u; ¢ T(x1,y1),v1 ¢ T'(y1,x1). Because T(z1,y1) and T(y1,x1) are closed in B, therefore
D(uy,T(x1,y1)) > 0, D(v1,T(y1,21)) > 0.
Since u1 € T'(x0,y0),v1 € T(yo, o), it is obvious that
0 < D(u, T(z1,y1)) < H(T(20,y0), T(x1,91)), (2.4)

and
0 < D(v1,T(y1,21)) < H(T(y0,0), T (y1,21))- (2.5)

Applying Lemma we obtain that for go > 1, > 1, there exist up € T(z1,y1),v2 € T(y1,21) such
that
0 < d(uy,uz) < qoD(uy, T(z1,y1)), 0 < d(v1,v2) < goD(v1,T(y1,21)). (2.6)

On the other hand, as ug € T(x1,y1) C Bo,v2 € T(y1,21) C By, there exist x93 # x1,y2 # y1 € Ay, for
otherwise (x1,y1) is the coupled best proximity point, such that

d(x2,u2) = d(y2,v2) = dist(A, B). (2.7)

Since T is an a-proximal admissible, us € T(x1,y1),v2 € T(y1,71) and a(zg, 1) > 0, a(yo,y1) > 0,
and using (2.3), we obtain «(z1,22) > 0 and a(y1,y2) > 0, that is,

d(zo,us) = dist(A, B), a(x1,x2) > 0, 2.8)
d(ya,v2) = dist(A, B), a(y1,y2) > 0. '
Because (A, B) satisfies the weak P-property and in combination with (2.3)), , we have
d(z1,72) < d(ui,uz),  d(yr,y2) < d(vi,v2). (2.9)

From , , , and , we derive

d(ur,u2) < qoD(u1, T(z1,y1)) < qoH(T(x0,%0), T(x1,y1)),
d(v1,v2) < guD(v1, T (y1,21)) < ¢oH (T (yo, o), T(y1, 1))-



4760

X. Xu, X. Fan, H. Liu, J. Nonlinear Sci. Appl. 9 (2016), 4754-4771

Likewise, assume that ug ¢ T'(x2,y2),v2 ¢ T(y2, z2); for otherwise, condition (iv) is not true or (z2,y2)
is the coupled best proximity point. Because T'(x2,y2) and T'(y2, z2) are closed in B, therefore
D(uz,T(%2,52)) >0,  D(v2,T(y2,v2)) > 0.

(2.10)

Thus, by ug € (z1,91),v2 € (y1,71), we have
0 < D(ug, T(x2,y2)) < H(T(x1,y1), T (x2,y2)),

0 < D(v2, T(y2,22)) < H(T(y1, 21), T(y2, v2))-
Applying Lemma we obtain that for ¢; > 1,¢] > 1 and there exist ug € T(x2,y2),v3 € T(y2,22)
(2.11)

such that
0 < d(ug,u3) < g1D(ug, T(z2,y2)), 0 < d(ve,vs) < ¢4 D(va, T (y2, x2)).
On the other hand, as ug € T(z2,y2) C Bo,vs € T(y2,x2) C By, there exist x3 # x2,ys # y2 € Ag. For

otherwise (x2,y2) is the coupled best proximity point, such that
d(xg, U3) = d(yg, Ug) = diSt(A, B)

Again, since T is an at-proximal admissible, uz € T(z2,y2),v3 € T(y2,72) and a(z1,z2) > 0 and
(2.12)

a(y1,y2) > 0, we obtain a(z2,z3) > 0 and a(y2,y3) > 0, that is,
d(xs3,us) = dist(A, B),a(x2, x3)

d(y3a U3) = dlSt(Av B)va(y27 y3)
Because (A, B) satisfies the weak P-property and in combination with (2.8]), (2.12), we have
(2.13)

>0,
> 0.

d(z2,x3) < d(ug,us3), d(y2,y3) < d(va,v3).

From (2.10)), (2.11), and (2.13), we have
d(z2,23) < d(uz,u3) < q1.D(uz, T(22,y2)) < quH(T(x1,y1), T(22,92)),
d(y2ay3) S d(/027lv3) < qu(U%T(Q%l‘Z)) S QQH(T(?JL»’UI),T(Q%»’Q))

for all n € N\{0}. Inductively, we can obtain sequences {z,}22 o, {yn}52 s € Ao and {u,}72 4, {vn}o2, € By
satisfying D(uan($nayn)) > 0, D(UnaT(ynafEn)) >0, upt1 € T(xnayn) and v,41 € T(ynaxn)a forn € N

such that
d(xn+1’ un+1) = diSt(A7 B)a Oé(:l?n, $n+1) > 07 (2 14)
d(ynJrla Un+1) = diSt(A, B), a(yna yn+1) >0 .
for all n € N, and
d(ﬂfna xn—&-l) < d(una un-‘,—l)’
d(yn7 yn+1) < d(vna Un-i—l)
for all n € N, and
(Um un+1) < anlD(Um T(In, yn)) < anlH(T(xnflv yn—1)7 T(In, yn))a (2 15)

d(Tp, Tnt1) < d
< d(vm Un—i—l) < qa_lD(Um T(yna SUn)) < qa_lH(T(yn—la SUn—l), T(yna SUn))

d(yna Z/n—i—l)
for all n € N\{0}. Since z,, € Ao, T(xp-1,Yn—1) € By and Ay C A, By C B, from the definition of D and

D2, T(n—1,yn_1)) > dist(Ag, By) > dist(A, B),

(2.14]), we have
D (yn; T(yn—1,n-1)) = dist(Ag, Bo) = dist(4, B)

dist(A4, B) = d(xp, u,) >
diSt(A’ B) = d(yna 'Un) >
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for all n € N\{0}, hence,

d(i’n, Un) = D(l’n, T(l’n,b ?Jn*l)) = dlSt(Aa B)?

. 2.16
d(yna Un) = D(ym T(ynfla l‘nfl)) = dlSt(A, B) ( )
for all n € N\{0}. In addition, we deduce that
1 1 .
§D (mnflaT(linflaynfl)) = 5 [D(fxnflaT(mnflaynfl)) - dlSt(Aa B)]
1
S 5 [d(ﬂjn_l, I’n) + D($n7 T(Cﬂn_]_, yn—l)) - dlSt(Av B)] (217)
1
== id(xn—laxn)
S d('xnflal‘n)a
and
1 1 .
§D (ynfla T(ynfla :L‘nfl)) = 5 [D(ynfly T(ynfla xnfl)) - dlSt(Aa B)]
1
<*dn77n DnaT n—1l,+n— _th7B
1
==d n—1,Yn
5A(Yn—1,n)
< d(ynflayn)

for all n € N\{0}. If for some ng € N, d(xny—1,%n,) = 0 and d(yny—1,Yn,) = 0, then xn,_1 = zp,,
Yno—1 = Yny, thus, from (2.16]), we obtain

D(xnovT($no> yno)) = D(xnoa T('an*l’ yn()*l)) = diSt(A7 B)v
D(yno ) T(yno ) l‘no)) = D(yno, T(ynofly xnofl)) = diSt(A, B)»

that is, (%, Yn,) is a coupled best proximity point. So, we can suppose that
d(fnflal'n) >0, d(ynflayn) >0

for all n € N\{0}. Since T': A x A — CL(X) is a two-variable Suzuki type a'-i-proximal multivalued
mapping, then inequalities (2.17)), (2.18) imply that
H(T(xn-1,Yn-1), T(@n,Yn)) < (@n-1,2n) + H(T(Xn-1,Yn-1), T(Tn, Yn))

< @D(M(-fnfly LnsYn—1, yn))>
(2.19)
H(T(yn—la wn—l)a T(yna xn)) < a(yn—la yn) + H(T(yn—h xn—l)v T(yn7 xn))

S 1/}(M<Z/n—1> Yny Tn—1, l'n))
In combination with inequalities (2.15) and (2.19), we obtain that for ¢,—1 > 1,¢/,_; > 1,
0< d($n> xn+1) < d(una Un+1) < anlD(una T(wm yn)) < anlw(M(-fnfly TnsYn—1, yn))’

0< d(:’-/ny yn—l—l) < d(Un; 'Un—l—l) < q;_lD(’Una T(yn7 xn)) < QZ_1¢(M(yn—17 Yn, Tn—1, wn))
for all n € N\{0}. We check

D(xnfla T(l'nfly ynfl)) + D($n7 T(:Ena yn))
2

M(ﬂjn—la Tn,s Yn—1, yn) = max {d(xn—l) xn)a
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_ dist(4, B), D(xan(l'n—layn—l))Q'i_ D(zn—1, T(zn, yn)) dist (A, B)}
< max {d(an 1, 2,). % [d(@n—1,2n) + D(an, T(wn-1,9n-1))]
+ %[d(ajn, Tn41) + D(@ni1, T(Tn, yn))] — dist(4, B), (2.20)
% [dist(A, B) + d(en-1,20) + d(@n, Tns1) + Dlanyn, T(n,un))] - dist(A, B) |
< max {d(zo 1,22, % [A(n1,n) + d(&n, 2ns1)] % [drn1, @) + d(n, 20 11)] }

< max {d(xnfl’ xn)a d(.Tn, xn+1)}
for all n € N\{0}. Similarly, we get

M (Y1, Yns Tn—1, n) < max {d(Yn—1,Yn), d(Yn, Yn+1) }- (2.21)

Assume that
max {d(xn—ly xn)u d($na 5Un+1)} = d(l’n, $n—&-l)v
max {d(yn—la yn)¢ d(yn7 yn+1)} = d(yna yn+1),

since 9(t) < t for ¢ > 0, then from (2.15)), (2.19)), (2.20)), and (2.21), we deduce that for ¢,—1 > 1,¢/,_; > 1,

0< d(xnaanrl) < d(unvunJrl) < anlw(d(:ﬂnvwn+l)) < anld(wnal'nJrl)a
0< d(yna yn+1) S d(vn7vn+l) < qa—lw(d(yn7yn+l)) < qz—ld(yna yn—l—l)v

which is a contradiction. Thus

max {d(xn—ly xn)u d($na xn-{—l)} = d(-rn—l’ ﬂfn),

max {d(yn—la Yn)s d(Yn, yn+1)} = d(Yn—1,Yn) (2:22)
for all n € N\{0}, hence,
0< d(xnaxn—l-l) < d(unyun—i-l) < Qn—1¢(d($n—17xn)) < Qn—ld(xn—laxn)a (2 23)
0< d(yna yn+l) S d(vn7vn+l) < qg_1¢(d(yn—17yn)) < ‘L/@_1d(?/n—hyn) '
for all n € N\{0}. Since v is strictly increasing, we have
0 < P(d(n, Tnt1)) < Y(d(un, un+1)) < Y(@n-19(d(Tn-1,71))),
and
0 < Y(d(Yn,s Yn+1)) < (d(vn, vn+1)) < (g7 1¥%(d(Yn—1,Yn)))
for all n € N\{0}, thus,
@Z)(anl?ﬁ(d(l‘nflafbn))) -1 "Z)(qril_l?ﬁ(d(ynflayn))) > 1
¢(d($n7xn+l)) ’ ¢(d(yna yn+l)) .
Set
4 = w(Qn—lw(d(l'n—laxn))) q/ _ 1/)(%71%&(65(%—1,%)))
" Y(d(zn, Tnt1)) n Y(d(Yns Yn+1))
then
an(d(xn’ In—l—l)) = ¢(Qn—1¢(d(l‘n—1v :Cn))), (2‘24)

G (d(Yns Ynt1)) = (019 (d(Yn-1,9n)))
for all n € N\{0}. Iterating (2.24]) and combining (2.23)), we get
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(Unt1, Uunt2) < P"(qotp(d(wo, 21))),
(Unt1, Uny2) < V" (qob(d(yo, y1)))

for all n € N. Now, we prove that {x,}5° is a Cauchy sequence. Regarding the properties of the function
1, for any € > 0 there exists n(€) such that

d(xn—i—l s xn+2)

d
d(yn-‘rh yn-‘rQ) d

IN A

n—1

D M (qov(d(zo, 21))) < .

k>n(e)
Let n > m > n(e). Applying the triangle inequality repeatedly, we get

n—1
d(Tm, Tn) < Z d(wg, Tp11)
k=m
n—1
<Y (o (d(wo, 71)))
k=m

n—1

< Z V¥ (qorp(d(zo, 1))
k>=n(e)
< €.

Hence, we deduce that {z,,}72 is a Cauchy sequence in the complete metric space (X, d). Similarly, we
can also deduce that {y,}5%, {un}o2,, and {v,} 2, are Cauchy sequence in (X, d). Since A and B are

closed subsets of complete metric space (X,d), thus, there exists (z*,y*) € A x A such that =y 4 2% as
k — oo and yy 4 y* as k — oo. Likewise, there exists (u*,v*) € A x A such that ug 4w as k — oo and

U, i> v* as k — oo.
If (v) holds, then from ({2.16]), noting that u,, € T(zy—1,2y) and v, € T(yp—1,Yyn), for n € N\{0}, it is
easy to derive that

d(z*,u*) = D(z*, T(z*,y*)) = d(y*,v*) = D(y*, T (y*, 2*)) = dist(A, B).

If (vi) holds, then a(x,,2z*) > 0 and we conclude that

| . * 1 . *

or
1 * * 1 * *
§D (@nt1, T(Tps1, Yng1)) < d(@pgr1, x), §D Wnt1, T (Y1, Tng1)) < d(Yni1,y") (2.26)

hold for all n € N. In fact, assume that

1 * * 1 * *
§D (xnaT(xn)yn)) > d(iUn,l' )7 §D (ynaT(ynvxn)) > d(?/n,y )7

and

1, N 1
§D (1, T(Tnt1, Yny1)) > d(@py1, ), §D*(yn+17T(yn+17wn+1)) > d(Ynt1,Y")s

are true for some n € N, then by using (2.2]), (2.16) and (2.22)), we derive the following contradictive
inequalities

d(xna xn—l—l) < d(xrw JZ'*) + d(wn-I—ly 32'*)

[D* (20, T (0, yn)) + D" (@nt1, T(Tn+1, Ynt1))]
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1 .
= 5 [_D(.’En, T('r’fh yn)) + D($n+1, T($n+1, yn+1)) - 2d1$t(A7 B)]
1
=3 [d(mn, Tn11) + D(@ni1, T(Tn, yn)) + d(@nt1, Tni2)
+ D(@ny2, T(Tpt1, Ynt1)) — 2dist(A, B)]
1
< B [d(zn, 2pt1) + d(Tns1, Tng2)]
< d(xny xn—i—l)u

d(Yn, Ynt1) < dYn, ") + d(Ynt1, ")
I .
<3 [D (ymT(?men)) +D (yn-l-laT(yn—i—lvxn—&-l))]

[D(n, T (Y, 2n)) + D(Yns1, T (Yns1, Tny1)) — 2dist(A, B)]

= T N =N =N

[d(ym Yn+1) + DWni1, T(Yn, 7)) + d(Ynt1, Yni2)
D(Yn+2, T (Yn+1, Tn+1)) — 2dist(A, B)]

< [d(ym yn+1) + d(yn+1a yn+2)}

< d(y’ru yn+1)7

hence, either (2.25)) or (2.26) holds. Notice that {x,+1}5°, is a subsequence of {x,}5°,, consequently, we
can verify that there exists at least a subsequence {z,, } of {z,}>2, such that for all k£ € N,

1

* * 1 * *
§D (xnk7T($nk7ynk)) < d(l’nk,(ll )7 §D (ynk7T<ynk7xnk)) < d(ynwy )7

and oz, ,2*) > 0,(yn,,y") > 0 hold. From ([2.1)), we obtain

H(T(xnwynk)vT(x*vy*)) < O‘(xnwx*) + H(T(mnw ynk)vT(m*a y*))

<YM (@, 5 Y ¥)),
(2.27)
H(T(ynk’xnk)7 T(y*, ")) (ynk’y*) + H(T(ynk?xnk)7 T(y*, "))

<«
S ¢(M(ynk7y*’ x’nka $*))

Moreover,

D T D(x*,T(z*, y*
M(xnkax*aynmy*) = max {d($nk7x*)a (mnw (xnk7ynk))2+ (x : (x Y ))

D(:L‘*?T(:Bnk’ ynk)) + D(xnk’ T(x*’y*)) — diSt(A B)}
5 )

< max {d<xnk’$*), d(xNka fEn}ﬁ‘l) + D(flfnk-f—l? T(;nk,ynk)) + D(x"‘7 T(‘T*, y*))

_ diSt(A, B), d(x*7 :Enk-i-l) + D(;nk“'l? T(x'ﬂk? ynk))

S max {d(l‘nmx*)’ d(xnka xn}ﬁ‘l) + dlSt(AQ, B) + D((E ,T(.%' , Y ))

(2", tny 1) + dist(A, B) + D(n,, %) + D(a", T(27, y"))
2

— dist(A, B),

—dist(A, B),

— dist(A, B)},
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which implies that
D(x*,T(z*, y*)) — dist(A, B
lm M(zp,, 2", Yn,,y") < (@, T(="y")) ist(4, )
k—o00 2
Similarly, we get
D(y*, T(y*, z*)) — dist(A, B
k—o0 2
Additionally, we have
D(x*,T(m*,y*)) < d(x*7$nk) + d(xnkvunk) (unk7 ( *))
< d(x*7xnk) + d(xnkvunk) ( (ﬁnkvynk) T(f‘“)y*))
< d(z*,p,) + dist(A, B) + H(T(xn,, Yn,, ), T(z*,y")),
and
D(y*, T(y",2")) < d(y", yny) + d(Yny,, vny,) + D(vn,,, Ty, z7))
S d(y*7 ynk) + d(y”k7vnk) + H( (ynk7xnk) T(y*a x*))
S d(y*7 ynk) + diSt(Av B) + H(T(ynk,xnk), T(y*7 ZL‘*)),
which implies
D(x*,T(z*,y*)) — dist(A, B) < d(z*, zp, ) + H(T (Tn,, Yn, ), T(x*, %)),
and
D(y*, T(y*,x*)) — dist(A, B) < d(y*,yn,) + H(T(yny,> Tny ), T(y*, %))
Using (2.27)), then we obtain
D(x*,T(z*,y")) — dist(A, B) < d(z*,zp,) + H(T (zn,, Yn, ), T'(x*,y"))
<d(z*,xn,) + V(M (Tn,, 2%, Yn,,¥")) (2.28)
g d($*7 xnk) + M(xnka $*, Yny y*)v
and
D(y*,T(y",z")) — dist(A, B) < d(y*, yn,) + H(T (Yn,, xn,,), T(y", "))
<Ay, Yny) + V(M (Yny Y Ty, ) (2.29)
Sd( )+M(ynkay*7xnk737*)'
Letting £ — oo in and (| , we derive
D(z*,T(x*,y")) — dist(A, B) < hm [d(z*, xn,) + M(zn,, 2%, Yng, ")
kli}m M(.Z'nk, ) ynk 9 y*) (230)
< D(.ZU ,T(.%'*, y*)) — diSt<A7 B)
—_ 2 b
and
D(y", T(y",2%)) — dist(A, B) < lim [d(y", yn,) + M (Yny, ¥, Ty, 27)]
= lim M(yn,.,y" ony, 27) (2.31)

> 5 .
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Because z*,y* € A, T(z*,y*), T (y*, z*) € CL(B), therefore
D(z*,T(x*,y*)) —dist(A,B) >0, D(y*,T(y*, z*)) — dist(A, B) >0

Equations (2.30)) and (2.31]) imply that

D(z*,T(z*,y")) — dist(A, B) = D(y*, T (y*, %)) — dist(4,B) =0

that is,
D(z*,T(x*,y")) =dist(A,B), D(y*,T(y",z")) = dist(A4, B).

This completes the proof. O
Addressing to Theorem we give the following example to support it.

Example 2.10. Let X = R? be equipped with the metric
d((p1.p1), (q1.41) = Ip1 — 1] + Ip1 — a1

for any (p1,p}), (q1,¢}) € X. A=A UAy, B={(p,p)) : 1 <p<2,¢<p <3}, where

1 1 11 1
Av=Ap.p):ip=5.0<p < dullpr):ip=5.3<sp <5k A={pr):r=
Obviously, dist(A, B) = 3, Ao = {(3, ¢), (3, 3)}, Bo ={(1, %), (1, 3)}. Define the mapping T : A x A —
CL(B), by

0<yp <

}-

=
| =

(pg):p=11<q< %} if pf > 3;
(p,q):szq:%}, if p) = 3
T((pbp/l)v(QMQi)) = 1 1 1 ’ 1
(pvq)p:17€<qSZ}7 lfpl Z')pl?éEa
(p,q):p:17q=%}, if pl = %,
for (p1,p}), (q1,q7) € A. Tt is clear that T(Ag x A ) By. Let Py = (p1,p}), P2 = (p2,05) € Ao, Q1 =
(q1,4}), Q2= (q2,45) € Bo. If d(P1, Q1) = (P2,Q2) = dist(A, B) = 1, then
d(P1,Q1) = |p1 — a1| + [P} — a1
1
=I5 =1+ 1pi —al
1
=
hence, p| = ¢}. Similarly, p, = ¢}, subsequently,
d(P1, Py) = |p1 — pa| + [P — 1]
= [p} — ph|
= lq1 — a3
=g — 2| + |4} — @]
=d(Q1,Q2).
Consequently, d(P;, P) < d(Q1,Q2) for P, P> € Ay, Q1,Q2 € By. So (A, B) satisfies the weak P-
property.
Define functions 1 : [0, +00) — [0, +00) and a: A x A — [—00, +00) by
o 1 . 07 T ye{ 273 (%7%))(%70)}7
V(t) = 2t’ a(z,y) = { —00, otherwise.
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Suppose that for any x1, x2, w1, wa, wi, wh,y1,y2 € A and w1 € T'(x1,y1),u2 € T(x2,y2), v1 € T(y1,21),
vy € T'(y2,x2), we have

a(zy,z2) >0,
d(wy,uy) = dist(A, B),

and

a(ylayZ) Z 07

d(wl,vy) = dist(4, B),

d(wh,ve) = dist(A, B).
We deduce by the definition of o that z;,y; € {(%, %), (%, %), (%,0)} for i = 1,2. Moreover, d(w;,u;) =
dist(A, B) if and only if w; = (3,%),ui = (1,3) or w; = (3,3),u = (1,%) for i = 1,2. It follows that
a(wy,wz) > 0. Similarly, a(w],wh) > 0. Thus T is a proximal at-admissible mapping. Assume that

Ips(pr(P.Q) < dpv),

DY(Q,T(Q,P)) <d(Q,V), yand «(P,U) >0, a(Q,V) >0 (2.32)
d(P,U)=d(Q,V)=0, or
d(P,U) >0,d(Q,V)>0

for all P,(Q, UVeA It is easy to verify that P,U,Q,V € {(3,3),(3,%),(5,0)}, P # U and Q # V. All
cases satisfying (2 are as follows:

WES {0}, Ue{G:3): (5.8} W {50} Ue{(55): (5.8}
W { 20 G T G I (et A
(iii) { P e {(%70)}7 Ue {(%?%)7(%7%>}? (IV) { P e {(%a%)}a Ue {(%,%),(i,())},
L Qe{G )} Vellge) (5,0} 1l Qe{(z )} Vellz ) (3,0}
) { Pe{(3:6)} Uel{(53),(3:0}, (vi) { Pe {(%7%)}7 Ue{(33) (30},
1 Qe{Goh Vel (¢} L Qe{GEyh Velli0.G.g)
win { € (3. D) Ue{G.0).G.0}. i { B (G D) Ue{G.0).G.0}.
Qe{z 3} Vel e (10} Qe{z o)} Vel 3 (1.0}
. 4 TE {9}, Ue{G,5):(1:0)},
w{ Geld) vty
Case (i). H(T(P,Q),T(U,V)) = H(T(U,V),T(P,Q)) = 0 or &, d(P,U) = & or d(P,U) = 5 and
dQ,V) =5 ordQ,V)=2.
Case (ii). H(T(P,Q),T(U,V)) = H(T(U,V),T(P,Q)) = 0 or &, d(P,U) = & or d(P,U) = 3, and
d(Q,V) =5 or d(Q,V) = g
Case (iii). H(T(P, Q),T(U,V)) = H(T(U,V),T(P,Q)) = 0 or &5, d(P,U) = 5 or d(P,U) = 3 and
d(Q,V) =g or d(Q,V) = 1.

Case (iv). H(T(P,Q),T( V) = H(T(U, V), T(P,Q)) = 0 or &, d(P,U) = % or d(P,U) = 2, and

d(Q,V) =g or d(Q,V) = 13

Case (v). H(T(P,Q),T(U,V)) = H(T(U,V),T(P,Q)) = 0 or &, d(P,U) = é or d(P,U) = 2, and
dQ,V) = 2 ord(Q,V) = %

Case (vi). H(T(P,Q ,T(U,V)) = HT(U,V), T(P,Q)) = 0 or &, d(P,U) = % or d(P,U) = 3, and
d(Q,V) =g or d(Q,V) = {3,
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Case (vil). H(T(P,Q),T(U,V)) = H(T(U,V),T(P,Q)) = &, d(P,U) = t or d(P,U) = &, and d(Q, V) =
or d(Q,V) = £.

Case (vili). H(T(P,Q),T(U,V)) = H(T(U,V),T(P,Q)) = &, d(P,U) = % or d(P,U) = &, and d(Q,V) =
tordQ,V)=23.

Case (ix). H(T(P,Q),T(U,V)) = H(T(U,V),T(P,Q)) = &, d(P,U) = g or d(P,U) = {5, and d(Q, V) =

or d(Q,V) = £.

For all cases (i)-(ix), we observe that

max{H(T(P,Q), T(U,V))} = max{H(T(U,V), T(P,Q))} =

Tzv
and )
min {d(P,),d(Q,V)} = ¢
thus, .
H(T(P,Q),T(U,V)) < 15 = max{H(T(P,Q),T(U,V))}
—w(mm{d P,U),d(Q, V)})
< P(d(P,U))
< P(M(P,Q,U,V)).
Similarly, .
H(T(U,V),T(P,Q)) < 15 = max{H(T(P, Q) U, V))}
= w(mln{d ,d(Q, V)})
< P(d(Q,V))

<Y(M(U,V, P,Q)).

Comprehensively, for all cases (i)-(ix), we have

%D*(P,T(P, Q) < d(P,U),
5D*(Q,T(Q, P)) <d(Q,V), } = a(P,U)+ H(T(P,Q),T(U,V)) <(M(P,Q,U,V)).
d(P,U)=4d(Q,V)=0, or
d(P,U) > 0,d(Q,V) >0,

In addition, D(P,T(P,Q)) # 0 for all cases, hence, the condition (iv) holds in Theorem [2.9] Thus all

the assumptions of Theorem E are satisfied and there exists ((2, 3) % % ) € Ag x Ag such that
D((3: - 7((3: ) (1)) = D((3 .73 8, (5. ) = 4 = dist(4, B),

that is, CBpp(T) = {((3.3). (3. 5)) }-

If we replace the condition that T is a two-variable Suzuki type a™-1-proximal multivalued mapping
with

a(z,y) + H(T(z,2"), T(y,y) < (M (z,y,2",y)),

then the next result can be deduced easily from Theorem

Corollary 2.11. Let X, A, Ay, and B be as in Theorem . Assume that T : A x A — CL(B) satisfies the
assertions (i)-(vi) in Theorem [2.9, 1 € Q is strictly increasing and

oz, y) + H(T(z,2"), T(y,y)) < o(M(z,y,2",y))

holds for all x,y,2’',y! € A, where a: A X A — [—00,400). Then CBpp(T) is nonempty.
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Remark 2.12. Especially, letting a(x,y) = 0 for all z,y € A in Theorem obviously, (ii), (iii) and (vi)
hold in Theorem [2.9] thus we can state the following new result.

Corollary 2.13. Suppose that X, A, Ag, and B are as defined in Theorem and T : A x A — CL(B)
satisfies the following assertions:

(i) T(z,y) C By for (x,y) € Ao X Ag and (A, B) satisfies the weak P-property;
(i)

1

*D*(l’, T(Qj‘, l‘,)) < d(x’ y)v

SDN @ T @) <d@y), b = H(T(2,2'), T(y,y) < 0(M(z,9,2",9))
d(z,y) =d(z',y') =0, or
d(z,y) > 0,d(a',y") >0,

holds for all z,y,x’',yr € A;
(iii) if D(z,T(x,y)) =0 or D(y,T(y,)) =0 for any v,y € Ao, then D(z,T(z,y)) = D(y,T(y,x)) = 0.
Then CBpp(T) is nonempty.

Remark 2.14. If we replace the two-variable mapping 7': A x A — CL(B) on A with T': A — CL(B) in

Theorem Corollary and Corollary respectively, applying Definitions of one-variable
mapping T, taking the similar proof processes to Theorem [2.9] Corollary [2.11] and Corollary [2.13] and
simplifying them to one-variable version of T, it is easy to see that the corresponding one-variable results
are still true, in addition, it is worth noting that the condition corresponding to condition (iv) of Theorem
do not need to be kept in one-variable results, thus, we state the following results with omitting proofs.

Theorem 2.15. Let (X,d) be a complete metric space and A, B € CL(X) with Ay # 0. ¥ € Q is strictly
increasing and T : A — CL(X) is a one-variable Suzuki type o <p-proximal multivalued mapping. Suppose
that the following conditions hold:

(i) T(Ao) C By and (A, B) satisfies the weak P-property;
(ii) T is at-prozimal admissible;
(iii) there exist elements xo,x1 € Ag, and u; € Tz such that

d(z1,u1) = dist(A4, B), a(wg,z1) > 0;

(iv) T is continuous, or

(v) if {xn}o is a sequence in A such that a(xy,, py1) > 0 and z, — x* € A asn — oo, then a(xy,x*) >
0 for all n € N.

Then there exists an element x* € Ay such that
D(z*,Tx*) = dist(A, B).

Corollary 2.16. Let X, A, Ay, and B be as in Theorem [2.15. Assume that T : A x A — CL(B) satisfies
the assertions (i)-(v) in Theorem Y € Q is strictly increasing and

S D" (@, Tw) < d(z,) = a(e,y) + H(Tw, Ty) < o(M(x,9))

holds for all x,y € A, where a: A x A — [—00,+00). Then Bpp(T') is nonempty.
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Corollary 2.17. Suppose that X, A, Ay, and B are as defined in Theorem and T : A — CL(B) satisfies

the following assertions:

(i) T(Ap) C By and (A, B) satisfies the weak P-property;

(i) $D*(z,Tz) < d(z,y) = H(Tz,Ty) < (M(z,y)), holds for all z,y € A.

Then Bpp(T) is nonempty.
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