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Abstract

Let E be a real uniformly smooth Banach space. Let K be a nonempty bounded closed and convex
subset of E. Let T : K — K be a strictly pseudo-contractive map and f be a contraction on K. Assume
F(T):={x € K:Tx =z} # (. Consider the following iterative algorithm in K given by

Tp+l = anf(l'n) + BnTn + YnSnTn,

where S, : K — K is a mapping defined by S,z := (1 — 0,,)z + 0,Tx. It is proved that the sequence {z,}
generated by the above iterative algorithm converges strongly to a fixed point of T. Our results mainly
extend and improve the results of [C. O. Chidume, G. De Souza, Nonlinear Anal., 69 (2008), 2286-2292]
and [J. Balooee, Y. J. Cho, M. Roohi, Numer. Funct. Anal. Optim., 37 (2016), 284-303]. ©2016 All rights

reserved.
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1. Introduction

Let E be a real normed space and E* be its dual space, K be a nonempty subset of a real normed space
E, and J denotes the normalized duality mapping from E to 2F", which is defined by

J(@) = {f € E": (z, f) = |l«|* = | £I*}.
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Recall that T': K — K is called to be nonexpansive, if
[Tz =Tyl < |z —yll, Vo,y€K.
T is called to be pseudo-contractive if there exists j(x — y) € J(x — y) such that
(Tz =Ty, j(z —y)) < e —y|*, Vo,ycK.

It is trivial to see from this, that nonexpansive mappings are pseudo-contractive mappings; numerous papers
have been written on the approximation of fixed points of pseudo-contractive mappings (see, [3} 6] 8, [14] 28],
29)).

A mapping T is said to be k-strictly pseudo-contractive if there exists j(z —y) € J(z —y) and a constant
k € (0,1) such that

(Te =Ty, j(z —y)) < llz —y|I* k(I = Tz — (I = T)y|*, Vo,ye K. (1.1)

It is easy to see that such mappings are Lipschitz with Lipschitz constant L = % In 1953, Mann [10]

proposed the normal Mann’s iterative algorithm defined by a fixed xg € K and the sequence {z,} is given
by
Tnt1 = n®y + (1 — ap)Txy, n >0,

where {a;,} is a real sequence in [0,1] satisfying the following conditions:

(i) nh_{rolo ap, = 0;

(il) Y _ney an = oo,

where T is a mapping of K into itself. Since then, construction for nonexpansive mappings and k-strictly
pseudo-contractive via the normal Mann’s iterative algorithm has been extensively studied [2] [7, TOHI2] 15].
In 2013, Yao et al. [26] presented the Ishikawa algorithms with hybrid techniques for finding the fixed points
of a Lipschitzian pseudocontractive mapping. Also there are many other algorithms about the convergence
analysis of fixed point theory [22], 23, 27].

In 1967, Browder and Petryshyn [2] firstly introduced the conception of strict pseudo-contraction in a
real Hilbert space H. Let K be a nonempty subset of a real Hilbert space. A mapping T : K — K is called
strict pseudo-contraction if

|7~ Ty|> < |l — y|> + k| (I - T)a — (I — Tyl Va,y € K. (1.2)

holds for some 0 < k < 1. It is easy to see that in real Hilbert spaces, and are equivalent. They
also firstly proved the weak and strong convergence theorems for k-strict pseudo-contraction by using the
following algorithm

Tnt1 = (L = v)xy +yTxp, n € N.

Another iteration process, so called Halpern iteration has been found to be successful for the approximation
of a nonexpansive. Let K be a nonempty closed and convex subset of a Hilbert space H and T': K — K
be a nonexpansive mapping. Assume F(T) # (. Halpern [5] studied the following iteration formula to
approximate a fixed point of T

For all u € K, let the sequence {z,} in K be defined by zy € K, and

Tnt1 = apu+ (1 — ay)Tzy, n > 0. (1.3)

As «, is under certain conditions, Halpern studied the special case of in which ap, =n77, 0 € (0,1)
and v = 0, and proved that {x,} converges strongly to a fixed point of 7. Under a different restriction
on {ay}, in 1977, Lions [9] improved the result of Halpern, still in Hilbert spaces. He investigated strong
convergence of the sequence {z,}, where «,, satisfies
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(i) lim oy =0;

n—o0
(i) 3252y an = oo;
(ifi) lim l22=gn=1l — g,
n—o0 n

Reich [16] studied the result of Halpern in the uniformly smooth Banach scheme. It was observed that
both Halpern’s and Lion’s conditions on «, excluded the choice «;, = n%rl This was overcome in 1992
by Wittman [I8], who proved the strong convergence of {z,} still in Hilbert spaces if {c,} satisfies the
conditions:

(i) nl;néo ay, = 0;

(i) D202 an = oo;
(i) Y07 Jam — ap_1] < o0.

In 2002, Xu [19] improved the result of Lions [9]. More precisely, he weakened the condition (iii) by removing
the square in the denominator so that the choice of «, = n%rl is possible.

Chidume and De Souza [4] established a strong convergence theorem for strictly pseudo-contraction in
Banach space scheme, the result is as follows:

Theorem CG. Let E be a real reflexive Banach space with uniformly Gateaux differentiable norm. Let
K be a nonempty bounded closed and convexr subset of E. Let T : K — K be a strictly pseudo-contractive
map. Assume F(T) # 0 and let z € F(T). Fiz 6 € (0,1) and let 6* be such that 6* := §L € (0,1). Define
Sy = (1 = dp)x + 0,Tx for all x € K, where 6, € (0,1) and nh_)Iglo on, = 0. Let {a,} be a real sequence in

(0,1) which satisfies the conditions (i), (ii). For arbitrary xo,u € K, define a sequence {x,} € K by
Tnt1 = apu + (1 — ay)Spxyn, n > 0.
Then, {x,} converges strongly to a fized point of T

Very recently, Yao et al. [25] studied the iterative algorithms for finding the fixed points of asymptotically
pseudo-contractive mappings in Hilbert spaces. In 2016, Balooee et al. [I] presented the weak convergence
of the sequence {x,} generated by Mann’s iterative scheme to a fixed point of a uniformly Lipschitzian and
pointwise asymptotically 01-strict pseudo-contractive mapping 7 in a Hilbert space. In 2014, [24] introduced
another new iterative algorithm and got the strong convergence results in Hilbert spaces.

Motivated by the results of Chidume and De Souza [4] and the above other works, in this paper, we
establish a new iteration process in Banach space scheme as follows:

Tnt+1 = Oénf(xn) + ann + rYnSnxn’ (14)

where Spz := (1-0p)xp+0, T2y, T : K — K is k-strictly pseudo-contraction and f : K — K is a contraction
with the contractive coefficient o (0 < o < 1), and the real sequences {ay, }, {5}, {0n} satisfying appropriate
conditions. We will prove the sequence {z,} defined by strongly converges to a fixed point of 7" in a
real Banach space.

2. Preliminaries
In the sequel we shall make use of the following lemmas.
Lemma 2.1 ([13]). Let E be a real smooth Banach space. Suppose one of the followings holds:

(1) j is uniformly continuous on any bounded subset of E.
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(2) (@ —y,j(@) = i) < llz—yl? Yo,y € K.
(3) For any bounded subset D of E there is a ¢ such that

(#—y,j(x) = i) < cllz—yl), Vo,yeD,
(t)/t =0.

Then, for any € > 0 and any bounded subset C' there is § > 0 such that

where ¢ satisfies lim ¢
t—0t+

[tz + (1 = t)y|* < 2z, j(y)) + 2te + (1 — 2t)|ly||?
for any x,y € C and t € |0,9).
Lemma 2.2 ([17]). Let {x,} and {z,} be bounded sequences in a Banach space E and let {1} be a sequence
in [0,1] with 0 < liminf 7, < limsup7, < 1. Suppose xp+1 = Tnzn + (1 — 7 )xp for all integers n > 0 and
n—oo

X n—o0 .
timsup([[zn+1 — 2oll = |1 — o) < 0. Then, lim [z, — aa] = 0.
n—oo n—o0

Lemma 2.3 ([19, 20]). Assume that {a,} is a sequence of nonnegative real numbers such that
ng1 < (1 - bn)an + ¢n,
where by, is a sequence in (0,1) and {c,} is a sequence such that

(i) Doy b = 005

(ii) limsupc, /by <0 or > 07 |en] < oo.

n—oo
Then lim a, = 0.
n—oo
Lemma 2.4 ([2I]). Let E be a uniformly smooth Banach space, K be a nonempty closed convez subset of E,
S : K — K be a nonexpansive mapping with F(S) # 0, and f : K — K be a contraction with the coefficient
a0 < a< ). If z is defined by
2t = tf(zt) + (1 — t)SZt,

then z; converges strongly to a point z € F(S), which solves the variational inequality
(I =f)z4(z—=p)) =20, Vpe F(S).

3. Main results

Theorem 3.1. Let E be a real uniformly smooth Banach space and K be a nonempty bounded closed convex
subset of E. Let T : K — K be a strictly pseudo-contractive map such that F(T) # 0, and f: K — K be a
contraction with the coefficient a (0 < a < 1). Consider {x,} as a sequence in K generated in the following
manner:

Tn+l = O‘nf(xn) + ﬁnxn + ’YnSnxrw (31)

where Spx := (1 — 6p)x + 6, Tx, and assume that {z} is defined by zy = tf(z) + (1 — t)Spz. If the real
sequences {an}, {Bn}, {m}, {on} are sequences in (0,1) and o, + Bn + yn = 1, which satisfy the following
conditions:

(i) Jim an =0, 3232 o = 00;

(ii) 0 < liminf g, <limsup B, < 1;
n—oQ

n—oo
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(iii) [0pt1 — 0| — 0 as n — oo,
then the sequence {xy} converges strongly to a fized point of T.

Proof. The proof will be split into four steps.

Step 1. We show S, is a nonexpansive mapping. Indeed, for all z,y € K, taking 0 < ¢ < k||Tx—Ty—(z—y)|,
by Lemma we have

1Sna — Spyll? = [|(1 = 6n)x + 6, Tz — (1 = 6,)y — 6, Ty||?
= [|6n(Tz — Ty) + (1 = 6,)(z — )|
< 26,(Tx — Ty, j(z — y)) + 266, + (1 — 26,) ||z —
< (1 =26,)llz — yl* + 20 (|z — ylI> — kl|Tz — Ty — (x — y)|I?) + 2265,
< lz = yl|* = 26,k|| T2z — Ty — (z — y)||” + 226,
< lz -yl

It is observed that for each n € N, S,,x = z if and only if Tz = z, and so F'(S,,) = F(T'). By our assumption
F(T) # 0, then, F(Sy,) # 0.
Step 2 . ||xn+1 — znl| = 0 and ||z, — Span|| = 0 as n — oo.
Since K is a nonempty bounded closed convex subset of E, then {x,}, {S,z,} are bounded. Hence there
exists M = sup{||z, — Tz, ||}. From Step 1, we know S, is a nonexpansive mapping, thus by (3.1)), we have

HSnfrn - Sn—lxn—lH = ”Snxn - Snmn—l + Snxn—l - Sn—lmn—ln (3 2)
<|lwn — zp—1l| + M6y — n-1]-
Now, we define z, := %, then, z, = w By (3.1)) and (3.2)), we have
. an+1f(xn+1) + '7n+1Sn+1$n+1 Oénf($n) + 'YnSnJEn
2n+1 = znll = lzn41 — znll = || - [ = llzn+1 — znll
1- BnJrl 1- 571
_ || Op+41 (f(l'nJrl) - Snmn) + anJrlSnxn + ’7n+1Sn+1l‘n+1
1= Bnt1
Oén(f(xn) - Snxn) + apSpTy + ’Ynsnxn
- | = |Tnt1 — o4
1- ﬁn
_ ||04n+1(f($n+1) — Spy) . an(f(2n) — Snn)
1-— ﬁn—i—l 1-—- Bn
an+lsnxn + ’Yn—l—lSn—&—l-xn—l-l
+ — sp@pl| = [|[Znt1 — zal|
1 —Bnt1
Qp41
< 7= M @) = Sazall + 7251 @) = Snanl
- Mn+1
1
+ S g — snxnn - ||xn+1 — T
1= Bnt1
On41 n
< — -5 -5
=1 B f(zn+1) nZnl + 1- 5, 1f(zn) nZn|
=+ HSn-i-lxn—&-l - Snan - H$n+1 - an
«Q 1
< L“f(xn-i-l) Snn| + Hf(wn) — Sppl| + M||n+1 — dn-
1- 6n+1

By the assumptions on {a,}, {fn}, {dn}, we have

limsup(||znt1 — 2ull = |Tn41 — 24l]) <0
n—oo
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By using Lemma we have
llzn, — zn|| = 0 as n — oo.

Applying
lim ||@pt1 — zpl = lim (1 — By)||zn — 2n|| =0,
n—oo n—oo

together with

Tn — Snxn =Xp — Tptl + Tpyl — Snl'n =Tp — Tpt1 + an(f($n) - Sn-rn) + Bn(xn - Sn$n)a

we have
1
lZn — Snznll < |Zn — Tpi| + Hf(xn) Snnl|-
1- Bn
Hence
lim [|Spzp —2zp]| = 0.
n—oo

Step 3. Claim: limsup(f(z) — z, j(xz, — 2)) < 0.
n—oo

It is observed that from Lemma there exist z; satisfying z; = tf(z) + (1 — t)Sp 2 and z; converges
to a fixed point of S, (F(T') = F(Sy)). Let z; — z € F(T) = F(S,,), using equality

2z —an = (1 =) (Snze — xn) +t(f(2¢) — xn),

and inequality
(Sn — Sy, (& — ) < llz —y?,

we get that
2t — anl|* = (1= £)(Snzt — @0, j (20 — 0)) + L((F(20) = Tn, (2 — T0))
< (L =1)({Snzt — Snan, (2t — @n)) + (Snan — Tn, j (2t — Tn)))
FH((f(2) = 20,4 (2 = 2))) + tl]ze — 2|
< Nzt = @nll® + 1800 — zalllli(2e — 2n) | + 8((f (26) = 22, 5 (2t — 20))),
and hence

|Snen — 20 ||

(f(z) = 2,4 (20 — 1)) < [zt — @nl- (3-3)

Since {z}, {z,} and {S,x,} are bounded and ||z, — Syx,|| — 0, taking n — oo in Eq. (3.3]), we get

limsup(f(zt) — 2t, j(vn — 2)) < 0. (3.4)

n—00

Since z; converges strongly to z, as t — 0, and {z; — x,,} is bounded, and in view of the fact that the
duality map j is norm-to-weak™ uniformly continuous on bounded subsets of F, we get that

[(f(2) = 2,5(2n = 2)) = {[(20) = 265 (2 = 2))| = [(f(2) = 2,(2n = 2) = j (20 = 21))
+((f(2) = 2) = (f(20) = 20), 5 (w0 — 20))
<f(2) = 2,5(zn = 2) = G — 20))]|

+11(f(2) = 2) = (f(2) — z)|lzn — 2]l = 0, as £ — 0.

Hence, for all € > 0, there exists o > 0 such that for all ¢ € (0,0), and n > 0, we have that

(f(2) = 2,5(wn — 2)) < (f(20) = 21, (2 — 20)) + &
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By Eq. (3.4), we have that

limsup(f(z) — 2, j(z, — 2)) < limsup(f(2¢) — 2¢,5(Tn — 2¢)) + €

n—oo n—oo

<e.

Since ¢ is arbitrary, we get that

limsup(f(z) — z,j(z, — 2)) < 0.

n—oo

Step 4. Show that z,, — z. As a matter of fact, from (3.1]), we have

Hxn—l-l - ZH2 = Oén<f(xn) - zyj(xn—&—l - Z)> + ﬂn<xn - Z>j($n+1 - Z)) + 'Yn<5nxn - Z,j(xn—o—l - Z)>

§ an<f(33n) - f(z),j($n+1 - Z)) + Oén<f(2) - Z,j($n+1 - Z))
+ Bullzn — 2ll|Tnt1 — 2|l + yallen — 2|l Tns1 — 2|
< (an + Bu + 1) 0 — 2ll7ns1 — 2l + anlf(2) — 2, i(znss — 2))

< 1= (1= aaulg e — 2l + Sllansr — 2]+ @n(F(2) — 2, i (znss — 2))

< lrnan — 2l 4 F O 0 e () 2 - ).
It follows that
zns1 = 2[* < L= (1 = a)an]llzn — 2] + 200 (f(2) = 2, (n41 — 2))- (3.5)
Using Lemma onto we conclude that z,, — z. The proof is completed. O

Acknowledgment

This work was supported by Special science research plan of the education bureau of Shaanxi province of
China (No.16JK1341) and Natural science basic research plan in Shaanxi province of China (No.2016JQ1022)
and Doctoral scientific research foundation of Xian Polytechnic University (No.BS1432) and National Science
Foundation of China (No.11501431).

References

(1]
2]

[11]

[12]

J. Balooee, Y. J. Cho, M. Roohi, Convergence theorems for pointwise asymptotically strict pseudo-contractions
in Hilbert spaces, Numer. Funct. Anal. Optim., 37 (2016), 284-303.

F. E. Browder, W. E. Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert space, J. Math.
Anal. Appl., 20 (1967), 197-228.

C. E. Chidume, [terative approzimation of fixed points of Lipschitz pseudocontractive maps, Proc. Amer. Math.
Soc., 129 (2001), 2245-2251.

C. O. Chidume, G. De Souza, Convergence of a Halpern-type iteration algorithm for a class of pseudo-contractive
mappings, Nonlinear Anal., 69 (2008), 2286-2292.

B. Halpern, Fized points of nonezpanding maps, Bull. Amer. Math. Soc., 73 (1967), 957-961.

V. E. Ingbianfam, F. A. Tsav, I. S. Iornumbe, Weak and strong convergence of an iterative algorithm for Lipschitz
pseudo-contractive maps in Hilbert spaces, Adv. Fixed Point Theory, 6 (2016), 194-206.

J. S. Jung, A general composite iterative method for strictly pseudocontractive mappings in Hilbert spaces, Fixed
Point Theory Appl., 2014 (2014), 21 pages.

T. H. Kim, H. K. Xu, Strong convergence of modified Mann iterations, Nonlinear Anal., 61 (2005), 51-60.

P. L. Lions, Approzimation de points fizes de contractions, (French) C. R. Acad. Sci. Paris Sér. A-B, 284 (1977),
A1357-A1359. I

W. R. Mann, Mean value methods in iterations, Proc. Amer. Math. Soc., 4 (1953), 506-510.

G. Marino, H. K. Xu, Weak and strong convergence theorems for strict pseudo-contractions in Hilbert spaces, J.
Math. Anal. Appl., 329 (2007), 336-349.

K. Nakajo, W. Takahashi, Strong convergence theorems for nonexpansive mappings and nonexpansive SEmMigroups,
J. Math. Anal. Appl., 279 (2003), 372-379.



Q. W. Fan,

X.Y. Wang, J. Nonlinear Sci. Appl. 9 (2016), 5021-5028 5028

[13]
[14]
[15]

[16]
[17]

18]
[19]
[20]
21]
[22]
23]
[24]
[25)
[26]
27)
28]

[29]

J. A. Park, Mann-iteration process for the fized point of strictly pseudocontractive mapping in some Banach
spaces, J. Korean Math. Soc., 31 (1994), 333-337.

X. Qin, S. Y. Cho, J. K. Kim, On the weak convergence of iterative sequences for generalized equilibrium problems
and strictly pseudocontractive mappings, Optimization, 61 (2012), 805-821.

S. Reich, Weak convergence theorems for mnonexpansive mappings in Banach spaces, J. Math. Anal. Appl., 67
(1979), 274-276.

S. Reich, Approzimating fized points of nonexpansive mappings, Panamer. Math. J., 4 (1994), 23-28.

T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter nonexpansive semi-
groups without Bochner integrals, J. Math. Anal. Appl., 305 (2005), 227-239.

R. Wittmann, Approzimation of fized points of nonexpansive mappings, Arch. Math. (Basel), 58 (1992), 486-491.
m

H. K. Xu, lterative algorithms for nonlinear operators, J. London Math. Soc., 66 (2002), 240-256.

H. K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory Appl., 116 (2003), 659-678.
H. K. Xu, Viscosity approzimation methods for nonerpansive mappings, J. Math. Anal. Appl., 298 (2004), 279
291. 24

Y. Yao, R. P. Agarwal, M. Postolache, Y. C. Liou, Algorithms with strong convergence for the split common
solution of the feasibility problem and fized point problem, Fixed Point Theory Appl., 2014 (2014), 14 pages.
Y. Yao, Y. C. Liou, J. C. Yao, Split common fixed point problem for two quasi-pseudo-contractive operators and
its algorithm construction, Fixed Point Theory Appl., 2015 (2015), 19 pages.

Y. Yao, G. Marino, H. K. Xu, Y. C. Liou, Construction of minimum-norm fixed points of pseudocontractions in
Hilbert spaces, J. Inequal. Appl., 2014 (2014), 14 pages.

Y. Yao, M. Postolache, S. M. Kang, Strong convergence of approximated iterations for asymptotically pseudocon-
tractive mappings, Fixed Point Theory Appl., 2014 (2014), 13 pages.

Y. Yao, M. Postolache, Y. C. Liou, Coupling Ishikawa algorithms with hybrid techniques for pseudocontractive
mappings, Fixed Point Theory Appl., 2013 (2013), 8 pages.

Y. Yao, M. Postolache, Y. C. Liou, Strong convergence of a self-adaptive method for the split feasibility problem,
Fixed Point Theory Appl., 2013 (2013), 12 pages.

H. Zegeye, N. Shahzad, An algorithm for a common fized point of a family of pseudocontractive mappings, Fixed
Point Theory Appl., 2013 (2013), 14 pages.

H. Zhou, Convergence theorems of fized points for k-strict pseudo-contractions in Hilbert spaces, Nonlinear Anal.,
69 (2008), 456-462.



	1 Introduction
	2 Preliminaries
	3 Main results

