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Abstract

The study of the best proximity points is an interesting topic of optimization theory. We introduce the
notion of a,-proximal contractions for multivalued mappings on a complete metric space and establish the
existence of common best proximity point for these mappings in the context of multivalued and single-valued
mappings. As an application, we derive some best proximity point and fixed point results for multivalued and
single-valued mappings on partially ordered metric spaces. Our results generalize and extend many known
results in the literature. Some examples are provided to illustrate the results obtained herein. (©2016 All
rights reserved.
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1. Introduction and preliminaries

Fixed point theory concerns with some techniques to find a solution of the pattern 7x = x, where 7T is a
self-mapping defined on a subset A of a metric space (X, d). A well-known principle that guarantees a unique
fixed point solution is the Banach contraction principle [9]. Over the years, this principle has been generalized
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in many ways (see [5, [7HI5], 28] 29]). An interesting generalization of the Banach contraction principle is
for multivalued mappings and is known as Nadler’s fixed point theorem [24]. In 1982, Sessa [31] defined the
concept of weakly commuting mappings to obtain common fixed point for pair of such mappings. Jungck
generalized this idea, first to compatible mappings [I8] and then to weakly compatible mappings [19]. A
mapping T : A — B does not necessarily have a fixed point, where A and B are nonempty subsets of a metric
space X. One can proceed to find an element x € A in the sense that the distance d(z, T x) is minimum. Fan’s
best approximation theorem [13] asserts that if K is a nonempty, compact, and convex subset of a normed
space X and 7 : K — X is a continuous mapping, then there exists an element x satisfying the condition
d(z,Tx) =inf ||y — Tz||,y € K. A best approximation theorem guarantees the existence of an approximate
solution, while a best proximity point theorem provides an approximate solution which is optimal in the
sense that there exists an element z such that d(z,Tx) = dist(A,B) = inf{d(z,y) : © € A and y € B};
the element z is called a best proximity point of 7. Moreover, if the mapping under consideration is a
self-mapping, then a best proximity point is reduced to a fixed point. The existence of best proximity
points is an interesting aspect of optimization theory and it has attracted the attention of many authors
(see [1L [6H8, 12, [15] [16 20H22] and references therein). Moreover, the best proximity point theorems for
several classes of multivalued mappings have been probed in [4] [14, [30].
For non-empty subsets A and B of the metric space X, the following notions will be used:

dist(A, B) = inf{d(a,b) : a € A,b € B}, D(z,B) = inf{d(z,b) : b € B},
Ap = {a € A:d(a,b) = dist(A, B) for some b € B},
By ={b e B:d(a,b) = dist(A, B) for some a € A},

2% is the set of all nonempty subsets of X', C'L(X) is the set of all nonempty closed subsets of X', K(X) is
the set of all compact subsets of X for every A, B € CL(X), H(A, B)=max {supreA D(x, B),sup,ep D(y, .A)}
if the maximum exists and H (A, B) = 0 otherwise, and let ¥ be the collection of all non-decreasing functions
9 : [0, +00) = [0, 400) such that S2T2 4™ (t) < 400 for each t > 0, where 9™ is the nth iterate of .

n=1
We present now the necessary definitions and results which will be useful in the sequel.

Definition 1.1 ([23]). Let A and B be nonempty subsets of a metric space (X,d). A point x is called a
common best proximity point of mappings 7; : A — B, (i = 1,2, ...,n) if

D(z, Tix) = dist(A, B).

Lemma 1.2 ([5]). Let (X,d) be a metric space and B € CL(X). Then for each x € X with d(x,B) > 0
and q > 1, there exists an element b € B such that

d(z,b) < qd(x, B).

Definition 1.3 ([6]). Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with Ay # (. Then
the pair (A, B) is said to have the weak P-property if and only if for any x1,z9 € A and y1,y2 € B,

d(z1,y1) = dist(A, B)

< .
d($2,y2) _ dlSt(A, B) = d($17$2) = d(yla y2)
Definition 1.4 ([6]). Let A and B be two nonempty subsets of a metric space (X, d). A mapping 7 : A —
28\ () is called a-proximal admissible if there exists a mapping a : A x A — [0,00) such that

a(ry,z2) > 1
d(“’hyl) = dlSt(A7 B) = a(“’lv“?) Z 17
d(’LLQ,yQ) = diSt(A, B)

where x1,x9,u1,us € A,y1 € Txy and yo € Txo.
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Definition 1.5 ([6]). Let A and B be two nonempty subsets of a metric space (X, d). A mapping 7 : A —
CL(B) is said to be an a-y-proximal contraction, if there exist ¢ € ¥ and a: A x A — [0, 00) such that

a(z,y)H(Tz,Ty) < ¢(d(z,y)), Vr,ye€ A (1.1)

In this paper, we generalize the above mentioned notions for a pair of multivalued and single-valued
mappings and define a,-proximal admissible with respect to n : A x A — [0,00), a-proximal admissible
with respect to n : A X A — [0,00) and prove common best proximity point theorems as well as fixed point
theorems for these mappings. Our results generalize and improve the results of Ali et al. [6], Jungck ([18],
[19]), Samet et al. [29], and Hussain et al. [I7].

2. Common best proximity points for multivalued mappings
We begin this section with a definition.

Definition 2.1. Let A and B be nonempty subsets of a metric space (X,d) and 71,75 : A — 28\ 0
be multivalued mappings. The pair (77,72) is a.-proximal admissible with respect to 7 if there exist
a,n: Ax A—[0,00) such that for 21, 29, u1, us € A,

a(z1, 22) > (21, 22)
d(uy,y1) = dist(A, B) = a(ug,ug) > n(uy,usz)
d(ug,y2) = dist(A, B)

for all y1 € Tiz1 and yo € Tj22, 4,5 € {1,2}. When a(z1, 22) = 1 for all 21, 20 € A, the pair (71, 72) is called
N«-proximal sub-admissible, and when 7(z1, 2z2) = 1 for all z1, z9 € A, the pair (71, 72) is called «a,-proximal
admissible.

Example 2.2. Consider X = R? with the usual metric. Suppose A = {(1,z):0< 2 <1} and B = {(0,7) :
0 <z < 1}. Define 71,73 : A — 25\ 0 by

Tl(l’x)_{ %(0,1))} r=1,

0<a< x} otherwise,

Ta(l,z) = { }Eg:gz)::ooiaaixj} ig E

and a,n: Ax A — [0,00) by

0.4],
.

]

B 4/5 x7y6[0’%:|’
a((1,z),(1,y) = { 1/2 otherwise,
3
4

for all (1,z),(1,y) € Ax A. If z; = (1,x1) and 23 = (1,22) in A, then a(z1, z2) > n(z1, 22) if 1,29 € [0, %]
So, T1z1 = {(O, %) :0<a <z} and Tozg = {(0,% 0 < a < xo}. This shows that d(u1,y1) = 1 =
dist(A, B) and d(ug,y2) = 1 = dist(A,B) for all y1 € Tiz1 and yo € Tjzo, 4,5 € {1,2} if and only if
ur,up € {(1,%) : 0 <z < $}. Hence a(ur, uz) = % > 2 = n(u1, uz). Thus the pair (77, 73) is a.-proximal
admissible with respect to 7.

—

Theorem 2.3. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that Ay
is non-empty and T, S : A — CL(B) be continuous multivalued mappings satisfying the following assertions:

L. afz1,22) > n(z1,22) = H(T21,S822) < ¥(d(z1, 22));
2. Tz,8z C By for each z € Ay and (A, B) satisfies the weak P-property;
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3. (T,8) is ax-proxzimal admissible with respect to n;
4. there exists zg, 21,20 € Ag, y1 € T zo and ys € Szy such that

d(z1,y1) = dist(A, B), a(zo,21) > 120, 21)
and

d(z2,y2) = dist(A, B), a(z0, 22) > 1(20, 22).

Then the mappings T and S have a common best proximity point.
Proof. By the hypothesis, there exists zg, 21 € Ap and y; € T z¢ such that
d(z1,y1) = dist(A, B), a(z0, 21) > n(z0, 21)- (2.1)

If y; € T2z NSz, then z; is the common best proximity point of 7 and S. If y; ¢ Sz, then from condition
we have

0 < d(y1,821) < H(Tz0,S21) < ¥(d(20,21))-
For ¢ > 1, it follows from Lemma [I.2] that there exists yo2 € Sz; such that

0 < d(y1,y2) < qd(y1,Sz1)
< qH(Tz20,821) (2.2)
< q¥p((d(20, 21)))-

As yo € Sz C By, there exists zo # z1 € Ap such that
d(z2,y2) = dist(A, B), (2.3)

otherwise, 21 is the common best proximity point of 7 and S. As (A, B) satisfies the weak P-property, (12.1))
and (2.3) imply that

0 < d(z1,22) < d(y1,y2). (2.4)
From and , we have
0 < d(z1,22) < q¥(d(z0, 21)).
Since 1) is non-decreasing, from the above inequality, we have

Y(d(21, 22)) < ¥(qy(d(z0,21)))-

_ ¥(a¥(d(20,21)))
Put o = a2
n(z1, z2). Thus, we have

. As the pair (7,S) is a,-proximal admissible with respect to 7, so, a(z1,22) >

d(z2,y2) = dist(A, B), a(z1,22) > n(z1, 22). (2.5)

Now, if yo € T z3 N Szg, then 25 is the common best proximity point of 7 and S. If yo ¢ T 22, then from
condition [T} we have

0< d(TZQ,yQ) < H(TZQ,SZl) < ’(p(d(Zl,ZQ)).
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For g1 > 1, it follows from Lemma [T.2] that there exists y3 € T z3 such that

0 < d(y2,y3) < q1d(y2, T 22)
< 1 H(Sz1,Tz22)

2.6
< q((d(z1, 22))) 20
= P(q¥((d(20, 21)))-
As y3 € Tz C By, so there exists z3 # zo € Ag such that
d(Z3, y3) = diSt(A7 B)? (27)

otherwise, 25 is the common best proximity point of 7 and S. As (A, B) satisfies the weak P-property, ([2.5))

and (2.7) imply that
0< d(ZQ, 23) < d(yg, y3). (2.8)

From ([2.6) and , we have
0 < d(z2,23) < ¥(q¥(d(20,21)))-

Since 1) is strictly increasing, from the above inequality, we have

P(d(22, 23)) < ¥*(qi(d(20, 21))).-

Put ¢ = %. As the pair (7,S) is a.-proximal admissible with respect to 7, so, a(z2,z23) >

n(z2, z3). Thus, we have
d(zs3,ys3) = dist(A, B), a(z2, z3) > n(ze, 23).

Now proceeding in the manner described above, we get a sequence {z,} in Ay and {y,} in By such that
forneN

Yont1 € Tzon  and  yon € Tzop-1, (2.9)
where
d(zn+1,Yyns1) = dist(A, B), a(zn, Znt1) = N(zn, 2nt1), Vn €N (2.10)
and
d(Yn+1,Yn+2) < V" (q¥(d(20,21))), Vn €N. (2.11)

As Ypao € T2nt1 US2zpy1 and T zp41,Szny1 C By for all n € N so there exists 2,19 # 241 € Ap such that

d(zn42, Ynt2) = dist(A, B), Vn € N. (2.12)

Since (A, B) satisfies the weak P-property, from (2.10) and (2.12)), we have

d(2n+1, Zn+2) < d(yn+17 yn+2)7 Vn € N. (213)

From (2.11) and (2.13)), we get
d(2n41, 2nv2) < P"(q¥(d(20,21))), Vn €N,

Now for n > m, we have

m—1 m—1

A(2n, 2m) <Y d(zi, 2001) < Y gy (d(z0, 21)))-

i=n i=n

Hence {z,} is a Cauchy sequence in A. Similarly, {y,} is a Cauchy sequence in B. Since A and B are closed
subsets of a complete metric space (X, d), there exist z* € A and y* € B such that z, — z* and y, — y* as
n — oco. By taking limit as n — oo in equation (2.12)), we get that

d(z*,y") = dist(A, B).
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Since 7 and S are continuous, therefore from , we get that y* € T2z*NSz*. Hence
dist(A, B) < D(z*,T=z") < d(z*,y") = dist(A, B)
and
dist(A, B) < D(z",8z%) < d(z*,y") = dist(A, B).
This implies that D(z*,Tz*) = D(z*,S8z*) = dist(A, B), that is, z* is a common best proximity point of T
and S. =

Example 2.4. Consider X, A, B, 71,72 : A — 28\ 0 and o, 7 : A x A = [0,00) as in Example Then
Ap = A, By = B, dist(A,B) = 1 and T1z,7T2z C By for each z € Ay. As Ay = A and By = B, so for
z1 = (L,x1),22 = (1,x22) € A, there exist y; = (0,21),y2 = (0,22) € B such that d(z1,y1) = d(z2,y2) =
dist(A, B) and d(z1, z2) = |x1 — x2| = d(y1,y2). Hence the pair (A, B) satisfies the weak P-property and the
pair (71, 72) is a,-proximal admissible map with respect to 7 (see Example . Let 1(t) = £ for all t > 0.
Note that a(z1,22) > n(z1, 22) if 21,29 € [0, %] Therefore,

T T

H(Tiz1,T222) = 31—?2
21 — )

= |z, —x

2 1 2

= P(d(z1, 22)).
Also, for zp = (1, %) € Ay, y1 = (0, %) € Tixg and yo = (O, %) € Toxg, we have 21 = (1, i) , 29 = (1, %) e Ay

such that d(z1,y1) = d(22,92) = 1 = dist(A, B), a(z0,21) = % > % = 1(20,21) and a(z9, 22) = % > % =
1(20, 22). Thus all the conditions of Theorem are satisfied and (1, 1) is a common best proximity point

of 71 and 7s.
The case (21, z2) = 1, reduces Theorem [2.3| to the following:

Corollary 2.5. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that Ay
is non-empty and T,S : A — CL(B) be continuous multivalued mappings satisfying the following assertions:

1. 04(21, Zg) 2 1= H(Tzl,Szg) S w(d(zl, 22));
2. Tz,82 C By for each z € Ay and (A, B) satisfies the weak P-property;
3. (T,S) is ax-prozimal admissible;
4. there exist 29, 21,22 € Ao, y1 € Tzo and yo € Szy such that
d(Zlayl) - diSt("LL B)a Oé(Z(),Zl) >1
and
d(z2,y2) = dist(A, B), a(zp, z2) > 1.
Then the mappings T and S have a common best prozimity point.

If we take a(z1,22) = 1 in Theorem then we have the following:

Corollary 2.6. Let A and B be two nonempty closed subsets of a complete metric space (X, d) such that Ay
is non-empty and T,S : A — CL(B) be continuous multivalued mappings satisfying the following assertions:

1. n(z1,22) < 1= H(Tz,Sz2) <(d(z1, 22));

2. Tz,8z C By for each z € Ay and (A, B) satisfies the weak P-property;
3. (T,S) is n«-proximal subadmissible;

4. there exist 29, 21,22 € Ao, y1 € Tzo and yo € Szy such that

d(z1,y1) = dist(A, B), n(z0,21) < 1
and
d(z2,y2) = dist(A, B), n(z0, 22) < 1.

Then the mappings T and S have a common best proximity point.
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In case, T1 = T3, Definition and Theorem is reduced to the following:

Definition 2.7. Let A and B be two nonempty subsets of a metric space (X,d) and 7 : A — 28\ () be a
multivalued mapping. We say that T is a,-proximal admissible with respect to 7 if there exist two functions
a,m: Ax A—[0,00) such that for z1, 20, u1, us € A,

a(z1,22) > n(z1, 22)
d(uy,y1) = dist(A, B) = a(ui,uz) > n(ui,uz)
d(UQ, yg) = diSt(.A, B)

for all y; € Tz1 and ya € Tzo. When a(z1,22) =1 for all 21,29 € A, T is called n-proximal sub-admissible.

Theorem 2.8. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that Aoy
is nonempty and T : A — CL(B) be a continuous multivalued mapping satisfying the following assertions:

1. a(z1,22) > n(z1,22) = H(T 21, T z2) < (d(z1,22));

2. Tz C By for each z € Ay and (A, B) satisfies the weak P-property;
3. T is ax-proximal admissible with respect to n;

4. there exist zg, 21 € Ao, y1 € T 20 such that

d(z1,41) = dist(A, B), a(z0,21) > 1(20, 21)-
Then the mapping T has a best proximity point.
If we take 7(z1, 22) = 1 in Theorem then we have the following:

Corollary 2.9. Let A and B be two nonempty closed subsets of a complete metric space (X, d) such that Ay
is nonempty and T : A — CL(B) be a continuous multivalued mapping satisfying the following assertions:

L. a(z1,22) > 1= H(Tz,Tz) < (d(21,22));

2. Tz C By for each z € Ay and (A, B) satisfies the weak P-property;
3. T is a-prorimal admissible;

4. there exist zg,z1 € Ao, y1 € T 20 such that

d(21,y1) = dist(A, B), a(z0,21) > 1.
Then the mapping T has a best proximity point.

Remark 2.10. The special case of Theorem for a(z1,22) = 1 can be obtained as in Corollary

Remark 2.11. When n(z1,22) = 1 for all 21,29 € A, Definition reduces to Definition 10 in [6]. As
the condition [I|is more general than the inequality (1.1)) (see Remark 3.5 in [5]), so Corollary extends
Theorem 13 in [6].

Remark 2.12. When A = B, Theorem [2.8is reduced to the Theorem 3.3 in [5].

Remark 2.13. Note that the uniqueness of the common best proximity points of multivalued mappings 7
and S is not given in Theorem Thus, we can present the following problem: Let (X, d) be a complete
metric space and T,S : A — CL(B) be continuous multivalued mappings satisfying all the assertions of
Theorem Does T and S have a unique common best proximity point? By adding a condition and taking
mappings 7,8 : A — K(B), we can give a partial answer of this problem as follows:

Theorem 2.14. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ao is non-empty and T,S : A — K(B) be continuous multivalued mappings satisfying all the assertions of
Theorem [2.3] and also satisfy

H. «(z1,22) > n(z1, 22) for all common best proximity points of T and S.
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Then the mappings T and S have a unique common best proximity point.

Proof. We will only prove the part of uniqueness. Let z1, 22 be two common best proximity points of T
and S such that z; # z9, then by hypothesis H we have a(z1, z2) > n(z1, 22) and D(z1, T z1) = dist(A, B) =
D(z1,8z1) = D(z2,T z2) = D(z2,S822). Since T z; and Sz, are compact, so there exist an element u; € 7T z;
and us € Sz9 such that

d(Zl, ul) = D(Zl, TZl)

and
d(ZQ, UQ) = D(ZQ, SZQ).

Since the pair (7, S) satisfies the weak P-property, so we have
d(zl, 22) = d(ul, UQ).
So by using condition [I] and Lemma [T.2] there exists ¢ > 1 such that
d(z1,22) = d(uy,u2) < ¢D(u1,Sz2)
< qH(T z1,822)
< q(d(z1, 22))
< qd(z1, z2),
which is a contradiction. This implies that d(z1, z2) = 0, consequently, 7 and S have a unique common best
proximity point. 0
By similar arguments as in Theorem we state the following:

Theorem 2.15. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ao is nonempty and T : A — K(B) be a continuous multivalued mapping satisfying all the assertions of
Theorem 2.8 with condition H, then T has a unique common best prozimity point.

3. Common best proximity points for single-valued mappings

We start with the following definition:

Definition 3.1. Let A and B be two nonempty subsets of a metric space (X,d) and 71,72 : A — B
be mappings. The pair (7;1,72) is a-proximal admissible with respect to 7 if there exist two functions
a,n: Ax A—[0,00) such that for zq, 2o, u1, us € A,

a(z1,z2) > 121, 22)
d(uy, Tiz1) = dist(A, B) = afuy,uz) > n(u,us).
d(ug, Taze) = dist(A, B)

When «(z1, 2z2) = 1 for all 21, 2z € A, the pair (71, 72) is called n-proximal subadmissible and when 7(z1, z2) =
1 for all z1, 29 € A, the pair (71, 72) is called a-proximal admissible.

Example 3.2. Consider X = R? with the usual metric. Let A = {(—6,0),(0,—6),(0,5)} and B =
{(-1,0),(0,-1),(0,0),(—=1,1),(1,1)} be closed subsets of (X,d). Then d(A,B) =5, Ay = A and By = B.
Define 71,75 : A — B by

71(_670) = (_170)7 75(_670) = (070)7
7-1(07 _6) = (07_1)7 E(Oa _6) = (_171)7
7-1(075) - ( 71)7 7-1(075) = (171)?
and a,n: A x A— [0,00) by
1 it gy #0, 1
alz1,22) :{ 0 ot%zryvsisi, nie22) = 5,

for all z1 = (z1,y1), 22 = (22,y2) € A.
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Note that «(z1,22) > n(z1, 22) if 21,22 € {(0,—6),(0,5)}. For z; = (0,—6), d(u1, T12z1) = dist(A, B) if
ur € {(0,—6)} and d(us, T221) = dist(A, B) if ug € {(0,5)}. This implies that a(u1,uz) =1 > 3 = n(uy, ug).
For zo = (0,5), d(u1, T121) = dist(A, B) = d(ug, T2z1) if u1,uz € {(0,5)}. This shows that a(ui,ug) =1 >
% = n(u1,uz). Thus the pair (71, 72) is a-proximal admissible with respect to 7.

By Theorem we immediately obtain the following result.

Theorem 3.3. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ag is nonempty and let T,S : A — B be continuous mappings satisfying the following assertions for all
21,29 € A:

1. a(z1,22) > n(z1,22) = d(T21,822) < ¥(d(z1,22));

2. T(Ao),S(Ap) C By and (A, B) satisfies the weak P-property;

3. (T,8) is a-proximal admissible with respect to n;

4. there exist 2, 21,22 € Ag such that

d(z1,T z0) = dist(A, B), a(z0,21) > 1(z0,21)
and
d(z2,S8z) = dist(A, B), a(zo, z2) > n(20, 22).
Then the mappings T and S have a common best prozimity point.
The case A = B = X reduces Definition [3.1] and Theorem [3.3] into the following:

Definition 3.4. Let (X,d) be a metric space and 71,72 : X — X be mappings. The pair (71, 72) is a-
admissible with respect to 7 if there exist functions a, 7 : X x X — [0, 00) such that for 21,29 € X,

a(z1, 22) > n(z1,22) = a(Tiz1,Taze) > n(Tiz1, Taz).

When «(z1,29) = 1 for all z1, 29 € X, the pair (77, 72) is called n-subadmissible and when 7(z1, 22) = 1 for
all z1, 29 € X, the pair (77, 72) is called a-admissible.

Remark 3.5. Definition [3.4] generalizes the concepts of compatibility and weak compatibility by Jungck ([18]
and [19]). Every weakly compatible pair is a- admissible with respect to 7. Indeed, let (71, 72) be weakly
compatible pair. Then 7;(72z) = T2(712) for all z belonging to C(71, T2) as the set of all coincidence points
of mappings 71 and 73. Define

1 if 21,20 € C(Th, To), 1
az1,22) = { 0 otherwise, and  1(z1,22) = 5 for all 21,29 € X.

Then «(z1,22) > n(z1, 22) if 21,22 € C(T1,7T2). Since (71, 72) is weakly compatible pair, so for all 21, 29 €
C(T1,T2), we have Ti(Tiz1) = Ti(T2z1) = T2(T1z1) and Ti(Taz2) = Ta(Ti22) = T2(T222). This implies that
Tiz1,Taze € C(T1,T2). Hence a(Ti 21, Taz2) =1 > % = n(T121, T222), that is, the pair (77, 72) is a- admissible
with respect to 1. But the converse is not true which is clear from the following:

Example 3.6. Consider X = R with the usual metric. Define 77,72 : X — X by

z2
TE = RE=
and a,n: X x X — [0,00) by
a(z Z)_ 2 if 21,2‘220, (Z Z)_l
1.42) = 0 if 21,29 <0, " 1’1_4

for all z1, 29 € X. Note that a(z1, 22) > n(z1, 22) when z1, z9 > 0. This implies that (7121, T222) = 2 > i =
1(T121, Toz2). Hence the pair (71, 72) is a- admissible with respect to . On the other hand, the coincidence
points of 7; and 75 are 0 and % such that 7y (7'2 (i)) = @ #+ T (7'1 (%)) = i(6—14)2. Thus, the pair (71, 72)
is not weakly compatible.
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Theorem 3.7. Let (X,d) be a complete metric space and T,S : X — X be continuous mappings satisfying
the following assertions for all z1,2z0 € X:

1. afz1, 22) > n(z1,22) = d(Tz1,Sz2) < P(d(z1,22));
2. (T,S8) is a-admissible with respect to n;
3. there exist zg,z1 € X such that a(zo, T z0) > n(z0, T 20) and a(z1,8z1) > n(z1,S8z1).

Then the mappings T and S have a common fized point.
Taking n(z1, 22) = 1 in Theorem [3.7, we get the following:

Corollary 3.8. Let (X, d) be a complete metric space and T,S : X — X be continuous mappings satisfying
the following assertions for all z1,2z9 € X:

1. a(z1,22) > 1= d(Tz,82) < (d(z1,22));

2. (T,S) is a-admissible;

3. there ezist 29,21 € X such that a(zo, T z0) > 1 and a(z1,8z1) > 1.

Then the mappings T and S have a common fized point.
Remark 3.9. When 71 = T2 = T in Definition we get Definition 2.1 in [28] and in case T = S, (with
the help of Remark 3.5 in [5]), Corollary (3.8 generalizes Theorem 2.1 in [29].

When 7; = 73 = T, Definition |3.1] and Theorem [3.3|are reduced to Definition 8 in [I5] and the following
result, respectively.

Theorem 3.10. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that Ay
is nonempty and T : A — B be a continuous mapping satisfying the following assertions for all z1,z9 € A:

a(Zl, 22) Z n(zlv 22) = d(TZl,TZQ) S w(d(ZL Z?));
. T(Ap) C By and (A, B) satisfies the weak P-property;
. T is a-proximal admissible with respect to n;

[y

ISNIUIINY

there exist zg,z1 € Ag such that
d(z1, T z0) = dist(A, B), (20, 21) = (20, 21).
Then T has a best prorimity point.

Remark 3.11. The special cases of Theorems [3.3|and for n(z1,22) = 1 and (21, 22) = 1 can be obtained
as in Corollaries 2.5 and 2.6

4. Generalization
In this section we generalize the results of Sections [2| and [3]| for a sequence of mappings.

Definition 4.1. Let A and B be two nonempty subsets of a metric space (X,d) and {7; : A — 28\ 012,
be a sequence of multivalued mappings. The sequence {7;} is a,-proximal admissible with respect to 7 if
there exist functions «, 7 : A x A — [0, 00) such that for zi, zo, u1,us € A,

a(z1,22) > n(z1, 22)
d(u1,y1) = dist(A, B) = a(ur,uz) > n(ui,uz)
d(ug,ye2) = dist(A, B)

for all y1 € Tiz1 and Y2722, and for all ¢, € N. When «a(z1,22) = 1 for all 21, 25 € A, the sequence {7;}
is called 7n,-proximal sub-admissible and when 7(z1,22) = 1 for all 21,29 € A, the sequence {7;} is called
as-proximal admissible.
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Theorem 4.2. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ag is nonempty and {T; : A — CL(B)}2, be a sequence of continuous multivalued mappings satisfying the
following assertions:

L. a(z1,22) > n(z1,22) = H(Tiz1, Tjz2) < (d(z1, 22)) for each i,j € N;

2. Tiz C By for each z € Ay, i € N and (A, B) satisfies the weak P-property;

3. {Ti} is a-proximal admissible with respect to n;

4. there exist zg,z; € A, and y; € Tizo for each i € N such that

d(z;,y;) = dist(A, B), a(zo, zi) > n(z0, 2i)-
Then the mappings T; have a common best proximity point.
Proof. 1t is similar to the proof of Theorem and is omitted. O
Taking n(z1, 22) = 1 in Theorem 4.2, we get the following:

Corollary 4.3. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ag is nonempty and {T; : A — CL(B)}2, be a sequence of continuous multivalued mappings satisfying the
following assertions:

1. a(z1,22) > 1= H(Tiz1, Tjz2) < (d(21,22)) for eachi,j € N;

2. Tiz C By, for each z € Ay, i € N and (A, B) satisfies the weak P-property;
3. {Ti} is aw-prozimal admissible;

4. there exists zg,z; € Ay and y; € Tizg for each i € N such that

d(z;,y;) = dist(A, B), a(zp, ) > 1.
Then the mappings T; have a common best prozimity point.
Taking «a(z1,22) = 1 in Theorem 4.2, we get the following:

Corollary 4.4. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ag is nonempty and {T; : A — CL(B)}2, be a sequence of continuous multivalued mappings satisfying the
following assertions:

1. n(z1,22) < 1= H(Tiz1, Tjz2) < (d(21, 22)) for each i,j € N;

2. Tiz C By for each z € Ay, i € N and (A, B) satisfies the weak P-property;
3. {Ti} is ne-proximal subadmissible;

4. there exist 29, 2; € A, and y; € T;zo for each i € N such that

d(zi,yi) = diSt(.A, B), 77(Z0,Zi) < 1.
Then the mappings T; have a common best proximity point.

Remark 4.5. The choice A = B = X reduces Definition [4.1] and Theorem [4.2] into the Definition 3.1 and
Theorem 3.2 in [5], respectively, and generalizes Theorem 4.1 in [17]. When A = B = X, Corollaries
and generalize Corollaries 4.1 and 4.2 in [I7], respectively.

Theorem 4.6. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that
Ag is nonempty and {T; : A — K(B)}2, be a sequence of continuous multivalued mappings satisfying all
assertions of Theorem [£.2| with condition H. Then the mappings T; have a unique common best proximity.
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Definition 4.7. Let A and B be two nonempty subsets of a metric space (X,d) and {7; : A — B}$2; be
a sequence of mappings. The sequence {7;} is as-proximal admissible with respect to 7 if there exists two
functions «a,n : A x A — [0, 00) such that for z1, zo, u1,us € A,

a(z1,22) 2 (21, 22)
d(u1, Tiz1) = dist(A, B) = a(ui,uz) > n(ui,uz)
d(’LLg, 7}2’2) = diSt(.A, B)

for each 7,7 € N. When «(z1, 22) = 1 for all 21, 22 € A, the sequence {7;} is called n,-proximal subadmissible
and when 7(z1, 22) = 1 for all 21, 25 € A, the sequence {7;} is called a,-proximal admissible.

From Definition and Theorem we obtain the following result for a sequence of single-valued
mappings.

Theorem 4.8. Let A and B be two nonempty closed subsets of a complete metric space (X,d) such that Ay
is nonempty and {T; : A — B}°, be a sequence of continuous mappings satisfying the following assertions:

1. a(z1,22) > n(z1, 22) = d(Tiz1, Tjze) < (d(21, 22)) for each i,j € N;

2. Tiz C By for each z € Ay, i € N and (A, B) satisfies the weak P-property;
3. {Ti} is aw-prozimal admissible with respect to n;

4. there exist 2z, z; € Ag such that for each i € N

d(zi, Tizo) = dist(A, B), a(z0, zi) > n(z0, 2)-

Then the mappings T; have a common best proximity point.

5. Common best proximity point results in partially ordered metric space

Let (X,d, <) be a partially ordered metric space and A and B be two nonempty subsets of X'. The
existence of best proximity point in the setting of a partially order metric space has been established in
[2, B 10, 11l 25H27]. In this section, we derive new results in partially order metric spaces as an application
of our results in Sections [2, and [3] Recall that a mapping 7 : A — B is said to be proximally increasing if

it satisfies the condition
21 = 22

d(ui, Tz1) = dist(A, B) = u; = ug,
d(ug, T z2) = dist(A, B)

where 21, z9,u1,us € A (see [10]). Very recently, Pragadeeswarar et al. [27] defined the notion of proximal
relation between two subsets of X as follows:

Definition 5.1 ([27]). Let A and B be two nonempty subsets of a partially ordered metric space (X, d, <)
such that Ay # (). Let By and By be two nonempty subsets of By. The proximal relation between By and
By is denoted and defined by By =1y Ba, if for every by € By with d(a1,b1) = d(A, B), there exists by € B2
with d(ag, b2) = d(A, B) such that a; < as.

Now we present our main results of this section.

Theorem 5.2. Let A and B be two nonempty closed subsets of a partially ordered complete metric space
(X,d, =) such that Ay is nonempty and T,S : A — CL(B) be continuous mappings satisfying the following
assertions for all z1,z0 € A with z1 < zy:

1. H(’Tzl, 522) S l/J(d(Zl, 22));
2. Tz,8z C By for each z € Ay and (A, B) satisfies the weak P-property;
3. 21,22 € Ao, 21 = 29 implies Tz =3(1) Sza;
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4. there exist 29, 21,22 € Ao, y1 € Tzo and yo € Szo such that
d(z1,y1) = dist(A, B), 20 3 21

and
d(227y2) = d/LSt(Aa B)a 20 = z22.

Then T and S have a common best proximity point.

Proof. Define a,n: X x X — [0,00) by

21 j 22,
otherwise.

1 zZ1 = 22,

1
_ 2
0 otherwise, n(z1, 22) = { 0

a2, 2) = {

Since Tz1 =(1) S22, therefore for 21, z9,u1,u2 € X, y1 € T21, y2 € Sz with

a(z1, z2) > n(z1, 22)
d(uy,y1) = dist(A,B) ¢,
d(UQ, yQ) = diSt(.A, B)

we have u; < ug. This implies that a(uj,uz) =1 > % = n(uy,ug) for z; < 29 and a(uy,uz) =0 = n(uy,uz)
otherwise. Thus, all the conditions of Theorem [2.3]are satisfied and hence mappings 7 and S have a common
best proximity point. O

By considering 7 = S, Theorem [5.2]is reduced to the following:

Theorem 5.3. Let A and B be two nonempty closed subsets of a partially ordered complete metric space
(X,d,X) such that Ay is non-empty and T : A — CL(B) be a continuous mapping satisfying the following
assertions for all z1,2z0 € A with z1 < zo:

H(TZl, TZQ) S 1/}(d(21, 2’2)),‘

Tz C By for each z € Ay and (A, B) satisfies the weak P-property;
21,29 € Ag, 21 = 29 implies T z1 =) Tz2;

there exist zg, 21 € Ao, y1 € T 20 such that

Ll

d(z1,y1) = dist(A, B), 20 = 21.
Then the mapping T has a best proximity point.
Following the arguments in the proof of Theorem [5.2] we obtain the following result.

Theorem 5.4. Let A and B be two nonempty closed subsets of a partially ordered complete metric space
(X,d, =) such that Ay is nonempty and {T; : A — CL(B)}5° be sequence of continuous mappings satisfying
the following assertions for all z1,z9 € A with z1 < 25:

H(Tiz1, Tjzo) < ¢(d(21,22)) for each i,j € N;

Tiz C By for each z € Ay, i € N and (A, B) satisfies the weak P-property;
21,22 € Ao, 21 2 22 implies Tiz1 21y Tjze for each i,j € N;

there exist zg,z; € Ay and y; € T;zo for each i € N such that

Ll e

d(z;,y;) = dist(A, B), 20 = 2.
Then the mappings T; have a common best proximity point.

For single valued mappings, from Theorems we obtain the following results.
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Theorem 5.5. Let A and B be two nonempty closed subsets of a partially ordered complete metric space
(X,d,X) such that Ay is nonempty and T,S : A — B be continuous mappings satisfying the following
assertions for all z1,z0 € A with z1 < zo:

1. d(TZl,SZQ) < Ql)(d(zl,ZQ)),'

2. Tz,8z C By for each z € Ay and (A, B) satisfies the weak P-property;
3. 21,29 € Ag 21 = 29 implies Tz, = Szo;

4. there exist 2, 21, 22 € Ag such that

d(z1, T zo0) = dist(A, B), 20 =71

and
d(z2, Tz0) = dist(A, B), 20 < 22.

Then T and S have a common best proximity point.

Theorem 5.6. Let A and B be two nonempty closed subsets of a partially ordered complete metric space
(X,d, =) such that Ay is non-empty and T : A — B be a continuous mapping satisfying the following
assertions for all z1,z0 € A with z1 =X zy:

1. d(Tz1,Tz) <(d(z1,22));

2. Tz C By for each z € Ay and (A, B) satisfies the weak P-property;
3. 21,29 € Ap, 21 = 20 implies Tz < T z9;

4. there exist zg,z1 € Ay such that

d(z1, T z0) = dist(A, B), 20 X 21.
Then T has a best proximity point.

Theorem 5.7. Let A and B be two nonempty closed subsets of a partially ordered complete metric space
(X,d, =) such that Ay is nonempty and {T; : A — B}$° be sequence of continuous mappings satisfying the
following assertions for all z1,z9 € A with z1 <X 25:

1. d(Tiz1, Tjz2) < ¥(d(z1, 22)) for each i,j € N;

2. Tiz C By for each z € Ay, i € N and (A, B) satisfies the weak P-property;
3. 21,20 € Ag, 21 = 22 implies Tiz1 X Tjza for each i,j € N;

4. there exist 29, z; € Ag for each i € N such that

d(z;, Tizo) = dist(A, B), 20 = zi.

Then the mappings T; have a common best proximity point.
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