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Abstract

We introduce the extended Srivastava’s triple hypergeometric functions by using an extension of beta
function. Furthermore, some integral representations are given for these new functions. (©2016 All rights
reserved.
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1. Introduction

Recently, various extensions of beta and related functions have appeared in the literature [1H3, [9-13, 17,
19]. Particularly, the following extension of beta function was introduced by Chaudhry et al. in [2] as

By(z,y) = /ltw1(1 — )W Lexp <_t(1p— t)> dt, (1.1)

0
(R(p) > 0; R(x) >0, R(y) > 0 when p =0).

Later, by using this extension of beta function, Chaudhry et al. [3] extended the hypergeometric function

as follows:
o0

B,(b+n,c—b) "
Fp(a’ b? C; Z) = Z(a’)n p(B(b c— b) )TL‘7

n=0
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(p>0; |z| < 1; R(c) > R(b) > 0).
In [12], Ozarslan et al. defined the extended Appell’s hypergeometric function as

= By(a+m+n,d—a)a"y™

Fl,P(a7b> G d;a:,y) :Z(b)n(c)m B(a d_ a) ! Wa (12)
m,n=0 ’ ’ ’

(p > 0; max{|zl,|y|} <1),

and obtained the following integral representation

1
Fip(a,b,c;dsz,y) = I‘(a)FF((((ii)—a)/o 71— )1 — @) 701 — yt) Cexp <_t(1p— t)) dt, (1.3)

(p>0; p=0 and |arg(l — 2)| <7, |arg(l —y)| < m; R(d) > R(a) > 0).

Note that these extended functions are reduced to their original forms for p = 0.

2. Extended Srivastava’s triple hypergeometric functions

Srivastava defined triple hypergeometric functions H4, Hp and H¢ in [15] [16] and then many authors
have studied some integral representations of these functions [4H8], [16].
In this paper, we introduce the extensions of Srivastava’s triple hypergeometric functions as follows:

ZOO () mik(B)man Bp(Ba +n +k,y2 — B2) ™ y™ 2F
HA,p(OZ?ﬂlvB2;71a72;$ay72) = PRI (21)
m,n,k=0 (71)m B(B2,72 = ) mlnl &l

p>0;r<l, s<1, t<(l—1)(1—5s)),

[e.9]

(04 + 61)2m+n+k(62)n+k Bp(a +m + k? 61 +m + TZ) ﬁyn Zk

HB, a761>62;71772a73;x7y7z = I AR 2.2
ol = T o Bla, A1) i %
(p>0; t+s+t+2Vest < 1),

and
oo
(BU)m+n(B2)ntk Bpla+ m+k,y+n—a)a™y" ZF
Hepla, b1, B2y viw,y, 2) 1= — =, 2.3
C,P( Bl /82 v ) ) mgzo ('y)n B(Oé,"}’—i-TL—OK) m! n! k! ( )
(p>0;t<l,s<1, t<1, t4+s+t—2y/(1-v)(1—5)(1—-1t) <2),
where v := |z|,s := |y|,t := |z|. Obviously for p = 0, these functions are reduced to the well-known Sri-

vastava’s triple hypergeometric functions H 4, Hg and H¢, respectively. The extended Srivastava’s triple
hypergeometric functions defined by (2.1]) and (2.3]) can also be given with the following series representa-
tions:

2 () m x™
H g p(a, Br, B2; 71,725 @, Y, 2) = Z wFl,p(ﬂz, p1+m, o+ m; vy, y, Z)ﬁ’ (2.4)
m=0 m ’
and
Hep(a, B, Bai i ,y,2) = Y BnlBodn g (o 8y + 1, By + iy + iz, 2) (2.5)

where F}, is the extended Appell’s hypergeometric function given by (1.2]). Throughout this paper, we
assume that p is any nonnegative real number.
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3. Integral representations for H4

Theorem 3.1. The integral representations (3.1)), (3.4)-(3.7) of Hap hold for R(v2) > R(B2) > 0 and the
others hold for R(~v;) > R(B;) >0, j =1,2:

T
HA,p(Oé,ﬁb52;71,72;36,3/,2) = F(ﬁQ)FiZZ)— B2>
x /01 e L (e (3.1)
P T
e (‘tu—t)) ’ < N —zt)) .
HA7p(04751,/32;’71,72;357?472) = T(3 F((%)F(gj; L(y9 — B2)
/ / ghr—1yPa—1 M1 = )2t (3.2)

(1= ) P = )0 = 1) — €] exp (P ) dec

Hap(a, B, B2 v1,72; 7,y 2) = T(5)T F(('Y )F(Ei (2 — 52)
/ / 551 14821 —Bi— (1 _t)vz—ﬁz—l(l —yt)_ﬁ1 (3.3)
N zyét [
X (1 —a§ — zt) (1 (1—yt)(1 —af — zt)> P < t(1 - t)> e
L'(72)

HA,p(Oéaﬁl,B%Wb’Y%xay, Z) = F(,BQ)F('}’Q _ /82)
X/WE@—%1+£WH%W%1+§_yO#%O+§—Z®_a (34)
0

p(1+&)? o z(1+¢)>
X oxp <_ : >2F1 <“’5”1’ (1+£—y£>(1+£—zs>> .

2T
HA,p(awBlaB%71172;'%72/72) = F(52)F<(:yy22)_ 52)

/2 N L
X / (sin? £)7272 (cos? £) 127272 (1 — ysin® €) 771 (1 — zsin? €)™ (3.5)
0

T

p e
<o (e o (o400 T g g

r b—c)B2(q — )12~ B2
Hagle fus P, i 2) = F(,62>P(<:Z)— %) | C f)a>§3_af%1_1

b (& —a)ml(b— )l

X / (€ ()f _ 6522_5_);1 [o(&, y)]—51 o (€, 2)]® 5
- p(b—a)*(§ — ¢)?
xeXP< (a—c)(b——c)(E—a)(b—¢§)

> 2F1 (aaﬁl; ’7170(fa Y, Z)ZE) d&a
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—a)2(£—c)2
where o(&,) = (b— a)(€ = ¢) = (b= 0)(§ — a)z, p(&,y,2) = LED c<a<h, and

T(72)(1+ A)7
L(B2)T (2 — B2)
Lehaml(1 — g)r2—hel 3, Y
. /0 A5 agpe—ap &) A7 (€, 2)] (3.7)
P+ A7 o B (LFAD%
exp ( (1 + )\)6(1 — £)> 2F1 ( 7/815’)/17 T(f,y)7(f,z)> dé-,

Hpp(a, B, B2 1,725, Y, 2) =

where T(§,x) =1+ X — (1 + N)éx, A > —1.
Proof. To get (3.1), it is enough to use (1.3) in (2.4)). For the second integral representation ({3.2)), it is

enough to use the following integral representation [14]

oF1(a,b;c; ) = Ie) ) /01 711 — )T A — at) Tt R(c) > R(b) > 0,

T(b)T(c —

in (3.1). The integral representation (3.3]) can be immediately gotten by putting

- - - ryét -
1 —yt)(1—zt) — C=1—-yt) " *Ql -2 —2t)7“(1-
1=yt =2t =g = (=) (1= a =) (1= o)
in (3.2). The integral representations (3.4])-(3.7) can be easily proved by directly using the transformations
t= 1€T£’ t =sin?¢, t = % and t = (}Ij\\g in (3.1)), respectively. O

4. Integral representations for Hp

Theorem 4.1. The function Hp ), has the following integral representations for min{R(a),®(51)} > 0:

Hpp(a, Br, Bas 71,72, 785 2, Y, 2) = m
x /Olta—lu — ) Lexp <—t(1p_ 5 (4.1)
x X+ Br, Basy1, 72, y33 at(1 — ), y(1 — 1), 2t)dt,
Hpp(o, Bry B23 71,72, 73, Y5 2) = m
« /0 " 26"} (cos® )b exp <—Sm25pcos2§> (4.2)

X X4(Oé + /817 627 Y1, 72,735 xsin2 gCOSQ 57 yCOSQ 67 ZSiHQ é.)dga

F b _ a _ 51
Hp (o, Br, B2; 71, 72,735 ¢, Y, 2) = F((z)—lt(gll)) ( (b _C)a)((f:i‘ﬁli)l

<[ (- a b P~ P exp <—U(1p_a)> (13)

X X4(CM + 517 ﬁ2;71772773; xg(l - 0)7 y(l - U)? Za)d§7

wherea:%, c<a<b,
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2 1 )
Hpp(a, B, B2 11,72, 73; 2,9, 2) = (OZFJ(Faﬂ)lr)((ﬂlJ)r )

X /OW/2 (o é)a_%(COSQ (S)Bl_% eXp <_ ( : ) (4.4)

(14 Asin? £)ath o(l—o0)
x Xy(a+ B, B2 71,72, 135200 (1 — 0),y(1 — 0), z0)dE,

(14X sin? ¢ .
where 0 = Tasm?E A> -1,
2F(O¢ + ,81))\a
-E[B7 (a7/817ﬁ2;’yl)72773;x7y72) S —
g L(e)I'(Br)
X /7r/2 o g)a_%(COSQ é)ﬁl_% exp - (4.5)
o (cosZ& + Asin? )ath o(l1—o0) '
x Xa(a + B, B2; 71,72, v3320 (1 — 0),y(1 — o), 20)d,
where o = %, A > 0. Here, Exton’s function Xy is defined by [18]
— (a1)2 k(a)nsk 2™ y" 2
Xa(ar,az;c1, 02,0332,y 2) = Z et s
i (c1)m(c2)n(cs)  m! n! k!
where 24/t + (/5 + V/1)?
Proof. To obtain the first representation (4 , it is enough to use . in . The other representations can

be easily obtained by using the transformations t = sin? ¢, ¢ = %, t= % and t = m
O

respectively.
5. Integral representations for Hc
Theorem 5.1. The function Hcy has the following integral representations under the assumption R(y) >

R(a) > 0 for (5.1)), (5.3)-(5.6) and the assumption min{R(c), R(B1),R(y — a — B1)} > 0 for (5.2):

r
Hep(a, Bi, Bas v 2,y 2) = 1“(04)1“((1)—a)

1
o— —— —pP1 — P2 p
x/o 7 1 — )TN — 2t) TP (1 — 2t) P2 exp <_t(1—t)> (5.1)

_ o y(1-1)
X ok (51,52,7 T (1 - zt)) dt,

['(v)
C(a)T(B1)T(y — o — 1)

/ / (o—lghi=1(] _ gyl _ gyi—a—Pi-l) _gpfe-fi (5.9)

X (1 — ot — y& — 2t + yt& + zat?) P2 exp < P ) dtdeg,

HC',p(a7 Bla 52; VT, Y, Z) =

t(1—1t)
r
Hep(a, Bi, Bos v w,y, 2) = F(a)f‘((,;)—a)
: /°° ETAHYMETIA+E—a) A+ € - 267 (5.3)
0

<o (2 )ors (o — o e e )
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2I'
Hep(a, 1, B2; 752, Y, 2) = F(a)F((;/Y)—a)
w/2 ) )
X / (sin? £)*7 2 (cos? €)Y 2 (1 — zsin® €) TP1(1 — zsin? ) (5.4)
0
D o ycos® &
x exXp <_sin2§cos2§) 2F1 (51,52,’7 & (1 — xsin?&)(1 — zsin? f)) dc

I+
[(a)l(y —a)

1 ga—l(l _ 5)7—0{—1
X/O (14_/\5)7—51—52

Hep(o, B, Bos s, y, 2) =

[r(& 2)] P [r(€,2)] 7 (5.5)

A0
)ori (s - s e ) o

1+ 2g)?
XeXp( (1+NE(— &)

where T(&,x) =1+ A — (1 + N)éx, A > —1,

L) (b= (a=o
T(@)l(y —a) (b—ap o

b 7aoc—1 _ \y—a—1
< [ S el P ot ) (5.6)

HC:p(C% ﬁlv 62) YT, Y, Z) =

(L pb—ap-op?
<o (06909
where o(&,x) = (b—a)( —c)— (b—c)( —a)z, p(§ x,2) = (a_c);lgzggb(gi))(g_c), c<a<b.

Proof. All the integral representations presented here can be easily obtained as in the proof of Theorem

Bl O

) DFy (B, Boiy — o plE, e, 2)y) dE,

6. Conclusions

In this work, the extended Srivastava’s triple hypergeometric functions denoted by H4 ,, Hp, and Hcy,
are defined by using an extension of beta function. Besides, the single series representations of functions
H, p, and Hey, are given in terms of extended Appell’s hypergeometric function Fi ;. Finally, some integral
representations for each of the extended Srivastava’s triple hypergeometric functions are presented. The
closed-form expressions of the integrals presented here, are presumably not available in the existing literature.

For p = 0, the special cases of all representations given in this paper can be found in [4, [8 [16] [18].
Furthermore, a variety of different integral representations of these new functions can also be provided by
using the same transformations in [5H7].
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