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Abstract

We investigate degenerate stochastic SIR epidemic model with saturated incidence. For the constant
coefficients case, we achieve a threshold which determines the extinction and persistence of the epidemic
by utilizing Markov semigroup theory. Furthermore, we conclude that environmental white noise plays a
positive effect in the control of infectious disease in some sense comparing to the corresponding deterministic
system. For the stochastic non-autonomous system, we prove the existence of periodic solution. (©)2016 All
rights reserved.
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1. Introduction

In recent years, mathematical modeling has been widely used to analyze the spread of infectious dis-
eases. The classical SIR epidemic model is our familiar model, and it has been studied in many literatures
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([21,[9],121],[28],[29]). The incidence of a disease is vital to guarantee whether the model gives a reasonable
qualitative description of the disease dynamics ([6],[12]). In most classical disease transmission models, the
incidence rate is assumed to be bilinear incidence rate 5SI ([9],[28]). However, with the number of susceptible
individuals increasing, the number of susceptible individuals with every infective contacts within a certain
time are limited, it is likely to be unreasonable to consider the bilinear incidence rate. Capasso et al. ([7])
used a saturated incidence rate to prevent the unboundedness of contact rate. Liu et al. ([I8],[19]) used
a non-linear incidence rate to discuss the effect of behavioral changes in epidemic models. Compared with
bilinear incidence, saturation incidence may be more appropriate for many cases ([25],[29]).
The classic autonomous SIR, epidemic model takes the form

dSi A BSi1

_— = — — S
dt 1+al, M0
dly  BSidy
- _ I 1.1
G " 1tal (+e+)1, (1.1)
dR;
S L — uR
dt Vit — pdg,

where S; and I; represent the number of susceptible individuals and infected individuals at time ¢, respec-
tively, A is the influx of individuals into the susceptibles, 8 and ¢ are the disease transmission coefficient
and the disease related death rate, respectively, R; represents the number of removed individuals with per-
manently immunity at time ¢ and the recovery rate is given by 7, p is the natural death rate, which is
assumed to be equal for every group. The parameters in are considered as positive constants. The
basic reproduction number Ry = m is the threshold of the system for an epidemic to occur.

As various stochastic disturbances appear in real life, the deterministic dynamics system can be altered
by them. Here we show some beautiful results about stochastic version of system . Liu et al. [20] have
studied the asymptotic behavior of globally positive solution for SIR epidemic

BSi1
1+ aly

dS; = <A — — ,uSt>dt + 01S:dB; (t),

(1.2)

1+ aly
th = ’)/It — IURt + 0'3th33('£),

S 1,
dl; = < BS — (,u+5+'y)lt)dt+agltd32(t),

where B;,i = 1,2, 3 are independent standard Brownian motions. Besides, Yang et al. [29] utilized stochastic
Lyapunov functions to show that under some conditions, the solution of system has the ergodic property
as Ry > 1, while exponential stability as Ry < 1.

In this paper, we suppose that the random perturbation for three populations is related, which means
the system is influenced by the same factor, such as other epidemic disease weather and so on. Then the
corresponding stochastic system becomes

BSi1
1 + OéIt

dSt = <A — — MSt> dt + OlstdBt,

(1.3)

1+ aly a
th = ’)/It — ,uRt + UgthBt.

Sl
dl = ( b5 (,u+e+’y)lt>dt+021td3t>

As the population R has no influence on the disease transmission dynamics, we can leave it out and only
consider

BSt[t
1 —+ OéIt

dSt = <A — — MSt> dt + alStdBt,

(1.4)

BSi1
dl; = — I; | dt 1,dB;.
t (1—|—aIt (w+e+)1 + oolid by
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Throughout this article, we suppose o; > 0, i = 1,2,3. Note that the existence of positive solution of
system can be obtain by [20], because the independence of By and Bj plays an unimportant role in
the proof. However, the idea in [9],[10],]29] to acquire the asymptotic behavior of system is unavailable
for system because the Fokker—Planck equation corresponding to system is of degenerate type.
In this paper, one of our aims is to study the stationary distribution of system by applying Markov
semigroup theory ([13],[14],[16],[17],[23],]24]) which is different from the idea in [8] and [30].

However, perturbations that biological populations suffer often appear periodic phenomena, such as
seasonal effect, individual lifecycle and so on. In order to better description of ecological systems, it is vital
to research on the periodic solution of stochastic non-autonomous system. Literatures [4],[15],[27] recently
have done study on the periodic solution of SIR epidemic model with bilinear incidence, besides Lin et al. [J]
obtained the threshold for the epidemic to occur. Inspired by these work, we discuss the stochastic periodic

system
dS; = [A(t) - % - M(t)S(t)] dt + o1 (t)S(t)dB(t), -
dl, = [m = (u(t) + ) + v(t))l(t)} dt + oo () I(t)dB(t).

Here we assume that the coefficients A(t), 5(t), a(t), u(t), e(t), v(t), o1(t), and o2(t) are positive w-periodic
continuous functions and w is a positive constant. We will prove that the w-periodic solution of system
exists by applying periodic theory in [I1].

The rest of this article is organized as follows. In Section [2 we present the asymptotic stability of
system and the condition of the disease extinct. Furthermore, we obtain the threshold of the epidemic
to occur. In Section (3|, we prove the existence of w-periodic solution of system . In Section [4, we give
a brief analysis and the interesting work which will be done in the future. In Appendix we present some
auxiliary results about Markov semigroup theory. For convenience we let

Fe s g0, = nt f0. (D=1 [ Fes

te[0,00) t€[0,00)

where f is a continuous bounded function on [0, +00).

2. Threshold behavior of system (|1.4])

By using the same method in [20], we know that system ((1.4) has a unique global positive solution.
Substitute u = In S,v = In [ in system (1.4]), then we gain

v 2
duy = <Ae_“ __pe J1>alt + 01dB(t),
1+ e 2
; 2 (2.1)
- | _ 22
dvy = [l—i—ae” (L+e+7) 2]dt+agdB(t),

2 2
and the positive constants ¢; = p + 0—21, co=p+e+vy+ %2 In this section, we mainly study the threshold
behavior of system (|1.4]), because of the equivalence between system ([1.4)) and (2.1)), it is enough to focus

on (2.1).

2.1. Asymptotic stability

Let X = R?, X be the o-algebra of Borel subsets of X, and m be the Lebesgue measure on (X, ).
P(t,x,y, A) is noted as the transition probability function for the diffusion process (u, v), that is,

P(t,x,y, A) = Prob((u,v) € A),
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(ug,vy) is a solution of with the initial condition (ug,vo) = (z,y).

Furthermore, we know that for each (z,y) € R? and ¢ > 0, the distribution of (us,v;) is absolutely
continuous with respect to the Lebesgue measure with the density U(t, z,y), then U(t, z,y) satisfies the
Fokker-Planck equation:

ou 1 8U o*U
— + o010

1 ,°U  O(fi(z,y)U)  O(f2(z,y)V)
vy a3 1025~ + 503
ot 27V o oxdy 2

— — 2.2
Oy Ox Oy ’ (2:2)

e®

1+aey

where fu(r,) = —e1 + Ae™? — (2% and fo(e.y) = e +

Theorem 2.1. Assume that (ut,ve) is a solution of system (2.1). The distribution of (u,v) has a density

U(t,x,y) for every t > 0. Furthermore, if % —(p+e+y) — % > 0, there exists a unique density U, (x,y)
of system (2.2) satisfying
lim \U(t,xz,y) — Uz, y)|dzdy = 0.

t—oo | g2
Remark 2.2. In Theorem we have:
(1) If 09 < 07 Or %Cl —co + %g > 0, then
supp ux = F = RQ,
where supp u, is defined as follows:

supp u. = {(z,y) € R* : u.(z,y) #0} .

(2) If 03 > oy and Ze; — ca + 22 <0, then

supp ux = E(My) = {(m,y) ty < ?w + Mg}, (2.3)
1

where M is the smallest number such that f(x,y)(o2, —o1) > 0for all (x,y) ¢ E(My), and f = (f1, f2).

Before proving Theorem we firstly present a Markov semigroup related to (2.2). Let P(t)V (z,y) =
U(t,z,y) for any V(x,y) € D. The definition of D is as follows:

D={fell:f>0,|fl=1} (2.4)

Since P(t) is a contract on D, it can be extended to a contraction on L*(X, ¥, m). So the operators { P(t) };>0
form a Markov semigroup. Let &/ be the infinitesimal generator of the semigroup {P(t)}+>0 , that is,

1 ,0°V oV 1 82V a(f1V Vv
70%82+UU L1 (iV) 9(f2V)

AV = 2 0z0y T 272 0y2 o Ay

The adjoint operator of 7 has the following form

% P2V 1,0V oV av
— —_— —_— 2.
0132+01020$8y+2232+f18x+f28y (2.5)

AV =

We divide the proof of Theorem [2.1] into five lemmas.

Lemma 2.3. The semigroup {P(t)}+>0 is an integral Markov semigroup and the transition function of the
process (ug, vy) has a continuous density k(t,x,y; zo, yo).
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Proof. We will use Hérmander condition [5] to prove this result. If a(z) and b(z) are vector fields on R?
then the Lie bracket [a, b] is a vector field given by

d

la,b];(z) = kz_l <ak§g€(x) - bkgzi(m)> . j=1,2,....d.
For the sake of simplicity, we use the following marks:
by := [a,b], ba = [[a,b],b] = [b1,b],..., by = [bp—1,b],....
Let a(u,v) = (—c + Ae™® — %,_CQ + %)T, b(u,v) = (01,02)7. Assume p(r) = Hﬁ’ then

a(u,v) = ( —c1+ Ae™ — Be’p(v), —co + ﬁe“p(v))T. Then, we have,
[a,0] = (187" + 028e” (p(v) + P/ (v)), —Be™ (o1p(v) + 029 (v))) -

Suppose A(z) = e*p(z), B(x) = e72p(z), then
b = [a,8] = (1Ae ™ + Bz AW (v), — 8" 2 0 BN ()7
by = [[a,8],b] = (03Ae ™ — o3 AP (v), B~ 72 03 B (v))T;
by = [[[a,b], b],b] = (c3Ae™ + B3 AP (v), —Be" "3 BE) (1))

and so on. We summarize b, by using the induction method

by = (o7 Ae ™ + (=1)" L Bop A (v), Be"™ 72" (=1)"0 B™ (1)) n = 1,2, .... (2.6)
At present, we show that vector b(u,v), by (u,v), ba(u,v), bg(u,v), ... span the space R? for every (u,v) €
R? by reduction to absurdity. By the contrary, if this result is not true, then for every (u,v) € R?,

o1 ofAe ™ + (—=1)" 1803 A (v)

b b, | = u—_ Ly
| | oy BT (=1)"on B (v)

=0, n=12 ..

That is,

ool Ae™ + oa(—1)"BoF A (v) — o1 Be" év(—l)"a’;B(”)(v) =0, n=12..
Therefore, we have
opn

AN W) + T et B BW(w) = 21" Ae, n=12,..
02

02

Since functions A(z) and B(z) are analytic in the field K = {z € C: |le”|| < 1}, by Taylor expansion in
the region K, we get

2 AW (v)(x — )" 2. B (v)(z —v)"

= n! = n!
Thus o o
BA(z) + ;;56%5”3(36)
LA™ W)z —0)" o1, ue Tl BM(0)(z — v)"
N 67;) n! + ;266 ’ nz:o n!
01 . u_ly = (x—o)" n 01 , u—Zw (n
=540 + Z2et 4B + 3 T 5400 + Tat B0 ) .1
= pA() + Zoe BB + 3 T () (carae
()] o n: g9
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Particularly, first letting x — —oo, we obtain 0 = SA(v) + ZLBe"/(1 + ae’) — Ae™™ from (2.7). Then
letting v — —oo0, we get 0 = fe¥ — Ae™, when u — —oo, the right close to positive infinity, which
contradicts to the hypothesis. Thus, our claim holds. That is to say, for every (u,v) € R2, vector
b(u, v), by (u,v), ba(u,v),bz(u, v), ... span the space R2. So the transition probability function Z(t,zg, yo, A)
has a density k(t,z,y;zo,yo) and k € C* ((0,00) x R? x R?) by Hormander Theorem [5].

As the transition probability function Z(t, xg, yo, A) has a density k(¢, z, y; o, yo), thus for every f € D,

we have

P)f(z,y) = // k(t, z,y;u,v) f (u,v)dudv
RQ
and the semigroup {P(t)}+>0 is an integral Markov semigroup. O

In the proof of Lemma we will apply support theorems [I, [3l 26]. Now we briefly represent the
method based on it. These thesis will enable us to attest the continuous density k is positive. Fix a point
(70,10) € R? and a function ¢ € L2([0,T];R), consider the following system of integral equations:

ro(t) = 70 + / (1 (26(5), yo(5)) + o1 68]ds, (2.8)

yolt) = o + /0 [F2(@6(5), yo(s)) + o28)ds, (2.9)

where fi1(z,y) = —c1 + Ae™™ — lfzyey, and fo(z,y) = —ca + 15%
Remark 2.4 ([24]). If there exists some ¢ € L?([0,T];R) such that the derivative Dy, .4 has rank 2, then
k(T,x,y;x0,y0) > 0 for x = 24(T) and y = ys(T'). Here Dy 4.0 is the Frechét derivative of the function

h = xp4n(T) = [ z;‘:: ] from L%([0,T];R) to R?, and the derivative Dy, 4.6 can be obtained by means

of the perturbation method for ordinary differential equations. That is to say, let I'(t) = '(x4(t), yo(t)),

where f’ is the Jacobians of f = { §1Ei7§§ ] Let Q(t,to) for T' >t >ty > 0, be a matrix function such
2\4,

that Q(to,to) = I, 0Q(t,to) /0t =T (t)Q(t,tp) and v = [ Zl ] Then we obtain
2

T
D107y0;¢>h:/ Q(T, s)vh(s)ds.
0

Lemma 2.5. Let E = R? while 09 < o1 or g—fcl — ey 28 > 0; and E = E(My) while o9 > 01

o1«

and Z2ci — cp + 228 < 0. Then for each (zo,y0) € E and (z,y) € E, there exists T > 0 such that

o1«

k(T7 Z,Y;T0, 3/0) > 0.

Proof. Since we consider a continuous control function ¢, the system (2.8]), (2.9) can be replaced by the
following system of differential equations:

w:b = fl(x¢a yqb) + Ul¢7 (210)

Yo = fo(2p,ys) + 020 (2.11)

First, we show that the rank of Dy, 0.4 is 2 for almost every (z,y) € R% Let § € (0,7) and h(t) =
Li7—s1), t € [0,7T], where 1j7_s is the characteristic function of interval [T — 4, T]. By Taylor expansion
we acquire Q(T,s) =1 +I(T)(T —s) +o(T — s), and

1
Dry g = 0V + LTI + o), v = [ 7 ] ,
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Be* affety 09

r _ BeY ] 2y

O e ] o]
1+oey (1+aev)?

r @ _ gafe? | oga3e?Y ]

—o1he™" — 14+cey (1+aev)?
o15e” oaafe?y

L 1+aey (1+aey)?

o2afBeY o2peY o1 8e a?3)
(T — | _ A T 2 . 2 2x o 1 )
| I v [=e [ o102t e ((1+aey)2 1+aey>+e 1+aev)? 1+ aev

So

Denote

208eY 23eY y 2
S = {(x,y) e R2 . —0'10'2A+6m< UZQBG 0256 > +€2x(0102a/8€ O-lﬁ) > :0}’

(1+ae¥)? 1+ ae¥ (1+ae¥)?2 1+ aev

then the Lebesgue measure of set Sy is zero. Hence, v and I'(T)v are linearly independent for any (z,y) €
R?\ Sy. Thus Dy, ;¢ has rank 2 for almost every (z,y) € R?.

Then, we show that there exist a control function ¢ € L2([0,T],R) and T > 0 such that z4(0) = zo,
Y$(0) = yo, 24(T) = z, yp(T) = y for any two points (zg,y0) € E and (z,y) € E. We substitute
zp = Yp — 22¢. Then (2.10) and (2.11) become

Ty = g1(2g, 24) + 010, (2.12)
2y = g2(w4, 24), (2.13)
where
z—&-Z—Qx
g1(z,2) = —c1 + Ae™™ — 567102’
14+ ae™ a”

T2
z 92 35T o1 %
Be _ U2Ae—x+ 0'156

02
g2(x,2) = —c1 —co +
(@,2) +3Er oy

o2
g1 1+ ae +

1+ae "
We divide the rest of the proof into six steps.
Step 1: For any fixed zp, 21 € R, if 21 < zg, we have gs(x,2) = —00, © — —00, then there exist 2y € R such

that go(z0,2) < —c2/2. Therefore, there exist xg € R, ¢ and T > 0, such that 24(0) = 20, 24(T) = 21, ¢ =
ZQ-

Step 2: Assume that o9 < o1, then for any fixed zg € R, z1 € R, if z9 < z1, we get ga(z, 2) = 00,2 — 400,
then there exist ¢ € R such that ga(zo, 2) > dp/2, where dg is a positive constant. Therefore, there exist
zo € R, ¢ and T > 0, such that z4(0) = 20, 24(T) = 21, T4 = o.

Step 3: Assume that o9 > o1 and g—fcl —co + %g > 0, then for every zp € R,z € R, and 2y < z1, there
exists zg € R such that go(zg, 2) > 1 for z € 21, 2], where 07 is a positive constant. Then we find a control
function ¢ such that x4 = o, 24(0) = 20, 24(T) = 21 for some T' > 0.

Step 4: Consider the case o9 > o1 and %cl —co + o2 B < 0. Then

o1«
1 (op) o2, _
@) = [P eyt e~ Bae
1+ae” =" Lo 71
9 g9 72 09 72 _1
+((Bey — o)+ 28t — gl D
01 01 01

o2 22 _1
—(a(g—fq —c2) + %5)6”136 + %Aaezﬂ"l )@

z+g—2x
1+ ae” o1
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T _ 02 -z g2 _
Be UlAe + e — 2

X | —e "+ = =
2 \ 21

Let > >
T _ 02 No—T 4 02, _
Be - Ae ™ + oc1 —C

W(IE) - o2 o2 P 02 2+ (E -1z

—(a(Z2e1 — ) + ZB)er” + ZAae”

and eMo = sup, g W(z). Then for every e > 0 there exists a d2 > 0 having the following property. If
20 < 21 < My — € for every z € [29, z1], then there exists z* such that go(z*,z) > d2, where x* satisfies
g2(z*, Mp) = 0. Then we also find a control function ¢ such that x4 = xg, 24(0) = 20, 24(T") = 21 for some

T > 0.
Step 5 ([13]): Fix zp € R, L > 0, Ao, A1 > Ap and € > 0 such that ¢ < L/4 and € < (A1 — Ap)/4. Let

M = max {|g1(z, 2)| + |g2(x, 2)| : © € [w0, 70 + L]; 2 € [Ao, A1]}

and tg = eM ™', ¢ = 307 'e ' ML/4. Thus for every zy € [Ag + ¢, A; — €], the solution of system (2.12),
(2.13) with initial condition x4(0) = x¢ and z4(0) = 2o has the following properties:

24(t) € [20 — €, 20 + €], for t <ty and x4(to) € (xo + L/2,20+ L).

From the procedure above we conclude that for (x1,21) € (zo,x0 + L/2) x [Ao + 2¢, A} — 2¢] there exist
20 € [21 — €, 21+ € and T € [0,tg] such that x4(T) = 1 and 24(T") = z1. We can use the similar proof as
Tr1 € (330 — L/Q,wo].

Step 6: Let E = R? when oy < o7 or g—fcl—cz—l—g—fg > 0; E = E(Mp) when o9 > 07 and %61—624-%% < 0.
Then from Step 1-5 we obtain that for any (xo,20) € F and (z1,21) € E there exist a control function ¢
and T' > 0 such that 24(0) = zg, 24(0) = 20, 24(T) = 1 and 2z4(T) = 2. If this is the case, it follows
that for any two points (zg,y0) € E and (x,y) € E there exist a control function ¢ and T > 0 such that

4(0) = 20, Ys(0) = yo, 2¢(T) =, and yy(T) =y. So k(T,x,y; 70, y0) > 0 if (z,y) € R?\ Sy O

Lemma 2.6. Assume that o9 > o1 and g—fcl —co+ %g <0 and let E = E(My). Then for every density f

we have that
}g/épwﬂ%wﬂwzl

Proof. The proof is similar to that of Lemma 3 in [23], so we omit it. O

2
Lemma 2.7. If % —(u+e+v)— % >0, then the semigroup {P(t)}>0 is asymptotically stable.

Proof. We will construct a nonnegative C*-function V and a closed set U € % (which lies entirely in E)
such that
sup &V (u,v) <0,
(u,w)EE\U

where &7* is defined in (2.5)). Such a function V' is called Khasminski function [22]. Consider the function

H(u,v) = —u—i—M[—v—i(e“—Fe”)] + (e" + e’ + 1) (u,v) € E.

It is not hard to achieve that when (u,v) equals to (ug,ug + In M), H(u,v) gets its minimum value, and
H(u,v) > H(ug,ug~+In M) for any (u,v) # (ug,ug +1In M). We define a nonnegative C? -function V of the
following form:

é(e“ —|—e”)] + (€% 4 ¢e” 4+ 1) — H(ug,ug +In M), (u,v) € E,

V(u,v):—u—}—M[—v—
L
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where 6 € (0,1) and M > 0 such that p — Z272°9 > 0 and —AM + (M, V 0) = —2, here

2
Ms = sup [B—HL—FJI+(A+u)(9+1)(e"+e”+1)9
(uw)eR2 L& 2
B 0+1 B (0'1 V o9
2 \/ 2

2
) 0> (e +e¥ 4+ 1)1,

Denote V] := —u, V5 := M[—v—ﬁ(e“—i—ev)], Va = (e¥+e¥+1)%t then &*V = &/ *V| + .o/ * Vo + o/ *V3.

It is easy to calculate that

_ Be? U%
= —Ae U 91
A% et e THT S
A 2 u+v
Vo= M|~ (P2 ey - Z) 4 25T Pleretn),
7 2 1+ aev 7

and

A Vy = (0+1)(e" + ¢’ + 1)° (A — pe” — (1 + & +7)e”)
+ 9(0;1)(6“ +e’ + 1) (o1e" + 02¢”)?

(0'1 V o2

< @O+ e+ e+ 1 - 04 1) (- PETg) ey,

Define a closed set

1
Ue(u,v) = {(u,v) ER?: e >ee" > et e < },
€

where € > 0 is a sufficiently small number satisfying the following conditions:

M
5(M+5+7)6<17
7
1 2
MpBae — 0; (1w — (o1 \/202) 0) <0, (2.14)
A B o?
=+ St 2+ M <1, (2.15)
€ « 2
0+1 Vag)?, 1
g, lovo) g by (2.16)

O+

2 2

where My, Ms are constants which can be found from Case 1 and Case 3 below. Let A = %\ —(p+e+y)— %g,
and

D! ={(u,v) eR*:0 < e" <€},
D?:{(u,v)€R2:0<e”<e},

D?:{(U,U)ER2:6”+6”>1}.
€

Then E\ U = D} |JD?|J D2. So we consider &7*V in three regions respectively as follows:



Z. Cao, W. Cao, X. Xu, Q. Han, D. Jiang, J. Nonlinear Sci. Appl. 9 (2016), 4909-4923 4918

2
Case 1: When (u,v) € Del, we have &/*V] < _% + B o+ 0;21’ and

A Vo + Vs < M[Be" + We”] + (A+p)(@+1)(e" +e +1)°

2
—(0+1)(n— @1\/202)9)(6“ +e¥ 4 1)1
S Ml)

where

M, = sup [M[Be"+ ’We”] + (A +p) (0 +1)(e 4 e’ +1)°
(u,v)ER?

—(0+1)(p— {01V o) \/202)2

In view of (2.16)), we get &/*V < —1 on D..
2
Case 2: On D%, o7*V; < §+u+ %1, d*Vy < =AM + W6+M6QE, and

0)(e" + e’ + 1)1

6+1 V 02)? 0+ 1 V 03)?
JZ{*Vg < (A+M)(0+ 1)(eu+€v + 1)9 _ ; (,U— (0'1 20'2) 9)(6”4—6”—!— 1)9+1 _ —; ( _ (0'1 20’2) 9)
According to (2.14) and (2.15)), it follows that
M 1 2
AV < AM 4 (M o)+ LPETEEN g 9‘5 (u— ("1\/2"2) 0) < -1

on D?.

2
Case 3: For any (u,v) € D3, we have &/*V; < §+u+ 0—21, d*Vy < We” + M Be", and

. 6+1 V og)?
of V3<(A—|—,LL)(9—|—1)(€u—}—€v—|—1)0— : (M_ (01 202) 0)(€u+ev+1)9+1
0+1 (O’1V0’2)2 1
Denote
2
M
Ms = sup [i—i—u—k?—kB(Hwe”—|—Mﬁe"+(A+u)(9+1)(e"+e”+1)9
(u,v)€R?
0+1 2
_ ;L (N_ (0'1 \/202) 0)(€u+ev+1)9+1]'

From (2.16)), we have &*V < —%il(u - %0)69& + M3 < —1 on D2. Summarizing the results above,
we get

sup AV (u,v) < —1.
(u,v)EE\Ue

So the semigroup is not sweeping from the set U, by the theory in [22]. According to Lemma in Appendix
A, the semigroup {P(t)}, is asymptotically stable. O

2.2. Extinction

2
93

Theorem 2.8. If ’%\ —(u+e+7)— 5 <0, then limy ;o v(t) = —00 a.e. and the distribution of u(t)
converges weakly to the measure which has the density

fe(z) = Cexp(2[—c1z — Ae ™) /o),
where C = [(2A/02)~2/71T(2¢1 o)) L.

Remark 2.9. The proof of Theorem is almost the same to the proof of Lemma 3.5 in [I3] by using ergodic
theorem and comparison theorem. The reader may refer to [13] for details.
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3. Existence of the positive periodic solution of system (|1.5)

3.1. Erxistence and uniqueness of the global positive solution

Theorem 3.1. For any given initial value (So, Io) € R2., there is a unique solution (S(t),1(t)) to (L) and
the solution will remain in Ri with probability 1.

In the proof of the existence and uniqueness of the positive solution in [29], the independence of B;,i =
1,2, 3 is not essential, and the procedure is standard, so we omit the proof here.

3.2. Eristence of w-periodic solution

In this section, on account of the biological significance of the model, we will discuss the existence of
w-periodic solution of system ([1.5)) in Ri. In the first place, we present some useful definitions and lemmas
about the existence of periodic Markov process.

Definition 3.2 ([11]). An stochastic process {(t) = £(t,w)(—00 < t < 4+00) is said to be periodic with
period 6 if for every finite sequence of numbers 1, to, ..., t,, the joint distribution of random variables £(¢; +
h),....&(tn, + h) is independent of h, where h = k6 (k = £1,+2,...).

Remark 3.3. Khasminskii [IT] shows that a Markov process z(t) is #-periodic if and only if its transition
probability function is #-periodic and the function Py(t, A) = P{z(t) € A} satisfies the equation

PO(SvA): Po(S,dZ)P(S,Z,S+9,A)EP0(8+(9,A),
RI!
where A € B and B is g-algebra consisting of all Borel measurable sets.

Consider the following equation

t ko nt
X(t) = X(to) + / b(s, X(s))ds + Z/ or(s, X (8))d&(s). (3.1)
to r=1 to

Lemma 3.4 ([11]). Suppose that the coefficients of (3.1) are continuous and -periodic in t and satisfy the
conditions below (here B is a constant):

k k
[b(s,2) = b(s, 2)| + D low(s, 2) = on(s, 2)| < |2 = 2], [b(s, 2)| + D low(s, 2)| < B(L +|z])

r=1 r=1

in every cylinder I x U, where U is an open set. Suppose further that there exists a function V(t,z) € C?
in RY which is 0-periodic in t and satisfies the following conditions:

inf V(t,2) = o0 as R — oo, (3.2)
|z|>R
LV (t,z) < —1 outside of some compact set, (3.3)

where the differential operator L is defined by

0 ! 0 1 & 0?
[ — E - E E k J
= ot a fk(Z,t) aZk 2 ; Oy (t’ Z)UT(t) Z) aZij :

g=1r=1

Then there exists a solution of (3.1]) which is a 0-periodic Markov process.
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Remark 3.5. Assume t(t) is the unique positive w-periodic solution of equation ¢/(t) = u(t)y(t) — B(t), it
follows from [I5] that

S exp{ [7 u(r)dr}B(s)ds

L ety EATC T

Let

o5(t
olt) = AU = (1) + () +9(0) + Z2).
Then A\o(t) is also an w-periodic function.
Theorem 3.6. If (\g), > 0, then the system (1.5 has a positive w-periodic solution.

Proof. Since the coefficients of ([1.5) are continuous bounded positive periodic functions, they satisfy the
local Lipschitz condition. So we only need to show conditions (3.2) and (3.3) hold. Define a C?-function
V1 [0,+00) x RZ — R by

V(t,8,1) = —logS + M*[—logI —(t)(S+1)— p(t)] + (S +I+1)"*

we choose ¥ € (0,1) and M* > 0 such that

_ (61 Va2

=M M)+ 220+ 1) | A+ fi — 2(j1 — -2, (3.4)

and here f is given in the passage and we let
P (t) = (o) — Ao(t). (3.5)

By integrating (3.5)) from t to t + w, we get
t+w t+w
plt+w)—pw) = [ Fo)s= [ (o = Nalo)ds
t t
w t+w
= / Ao(s)ds — / Ao(s)ds = 0.
0 t

Obviously, p(t) is an w-periodic function on [0, +00). So V(¢, S, I) is w-periodic in ¢ and the condition
in Lemma [3.4] holds.

Let Vi = —log S, Vs = M*[—logI — (t)(S + 1) — p(t)], Vs = (S + I +1)"*!. Now we prove in
Lemma [3:4] In the same way as in Lemma [2.7] by directly calculating we have

A BI 2

_ 4 91
=—gtia ity
EV_M* 7/851 U% / /
5 = tutety)+ o — A —pS—(pt+e+NI) —¢(S+1)—p
1+al 2
|05 L B8+ B+ (e ) — (o)
- 1+ al ery 07w

9+ 1)

5 (S+1+1)""Yo1S + 0o)?

LVs=0+1)(S+T+1)"(A—puS—(u+e+~)I)+
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(01 V 0'2)2

<)@+ D+ T+ 17 - @+ 1) (- T

19) (S+1+1)"*!

<2V (A +p) (9 +1) {Sﬁ +(I+ 1)’1 — o0F1 <19 + 1) (e — Wﬁ) {519“ +(I+ 1)“1} .

The above inequality generates

A 53 &BSI

<_7 -1 *
LV S+6I+M+2+M1+AI
+22(A+ )@+ 1)[SY + (T +1)"] — 219+119+1( (’”02 19> [5ﬂ+1+(1+1)ﬂ+1]

+M[(B+9(E+)] = (o)l

where

f(8) =- % it TR )0+ )87 — 29+ 1)(ﬂ - (5’1V2&2)279>S19+1’

g(I) =BI + M*[(B + P + DI — Mo)o] + 27 (A + @) (9 + 1)(I +1)”

— 2719+ 1) </l - Wﬁ) (I+1)"*,

and h(S,I) = M* ‘f‘f‘g Define a closed set
D={(S,I)eR;:e<S<1/e,e<I<1/e},
where € > 0 is a sufficiently small number. By direct analysis, we get the following results:
Case 1. while S — 0, we have h(S,I) — 0, and f(S) + § — —o0;
Case 2. as I — 0, then h(S,1) — 0, and f + g(I) — f — M*(o)w + 27 (0 + 1)[A + 2 — 2( — 22272 y));
Case 3. when S — 400, we get h(S,I) < M*3S, moreover, f(S)+ M*BS + § — —o0;

Case 4. if I — +o00, then h(S,I) < M*afBS/é. Let f*(S) = M*aBS/a + f(S), then f* 4+ g(I) — —oo;
Based on the discussion above and ({3.4]), we obtain that

LV (t,8,1) < -1, for all (t8,1I)e [0,+00) x DE.
Therefor (3.3) in Lemma is satisfied. Thus the system (|1.5) has a positive w-periodic solution from

Lemma and the proof is completed. O
4. Analysis
The threshold of deterministic SIR epidemic model (1.1) is Ry = m We denote
R = BA o3

plp+e+y)  2pt+e+y)

For our stochastic SIR model , from Theorem and Theorem we obtain that if Rj > 1, the disease
prevail; if R§ < 1, the disease extinct. The results are the same to the corresponding deterministic system.
Besides, the system has a stationary distribution. Without imposing any extra restricted condition,
we obtain the threshold of system , which are beautiful results.

Non-autonomous system is a more general type of , when we choose ¥(t) = (/u, and the
coefficients are constant, the results of two systems are consistent. Furthermore, (\g),, similarly determines
the persistence or extinction of disease I in system ((1.5). This theory can be used to investigate the other
stochastic epidemic models.

It is worth to discuss the system with generalized non-linear incidence, but the support is a hard problem.
In the future, we will try best to investigate this problem.
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5. Appendix A

We will show some auxiliary definitions and results about Markov semigroups ([23],[24]). Assume the
triple (X, %, m) is a o-finite measure space. D is the subset of the space L' = L'(X, %, m), its definition
can be found in (2.4). A linear mapping P : L' — L! is called a Markov operator if P(D) C D.

Definition 5.1 ([23]). If there exists a measurable function k : X x X — [0, 00) such that

/ kE(x,y)m(dz) =1 (5.1)
X

for all y € X and
Pf@) = [ k)f@midy)

for every density f, then the Markov operator P is called an integral or kernel operator.

Definition 5.2 ([23]). A family {P(t)}+>0 of Markov operators which satisfies conditions:

(a) P(0) = 14,
(b) P(t+s)= P(t)P(s) for s,t >0,
(c) for each f € L' the function ¢ — P(t)f is continuous with respect to the L'-norm,

is called a Markov semigroup. A Markov semigroup {P(t)}+>0 is called integral, if for each ¢ > 0, the
operator P(t) is an integral Markov operator.

There are some definitions about the asymptotic behaviour of a Markov semigroup. A density f. is
called invariant if P(t)f. = f« for each t > 0. The Markov semigroup {P(¢)}+>0 is called asymptotically
stable if there is an invariant density f, such that

lim [|[P(t)f — f«]| =0 for fe D.
t—o0
A Markov semigroup {P(t)}+>0 is called sweeping with respect to a set A € ¥ if for every f € D

lim [ P(t)f(x)m(dz) = 0.

t—o0 A
In Lemma 5.3 we will give the conclusion about asymptotic stability and sweeping.

Lemma 5.3 ([23]). Let X be a metric space and ¥ be the o-algebra of Borel sets. Let {P(t)}+>0 be an
integral Markov semigroup with a continuous kernel k(t,x,y) for t > 0, which satisfies (5.1) for all y € X.
We assume that for every f € D we have

/Oo P)fdt >0 a.e.
0

Then this semigroup is asymptotically stable or is sweeping with respect to compact sets.

Remark 5.4 ([23]). The property that a Markov semigroup {P(t)}+>0 is asymptotically stable or sweeping
for a sufficiently large family of sets (e.g. for all compact sets) is called the Foguel alternative.
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