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Abstract

We establish some best proximity points for various a-proximal contractive non-self-mappings in the class
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1. Introduction and preliminaries

The notion of a metric-like (or a dislocated metric) was rediscovered by Harandi [I]. In the last years,
many (common) fixed point results by using the concept of metric-like have been proved, see for example

26].

Definition 1.1. Let X be a nonempty set. A function o : X x X — R is said to be a b-metric-like (or a
dislocated b-metric) on X if for any z,y, z € X, the following conditions hold:

(01) o(x,y) =0 =z =1y;

(02) o(x,y) = oly,z);
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(03) o(,2) <o(a,y) +a(y, 2).

Then the pair (X, o) is called a metric-like space.

Example 1.2. Let X = [0,00). Consider the mapping o : X x X — [0, 00) defined by o(z,y) = (x +y) for
all z,y € X. Then (X, 0) is a metric-like space.

Mention that each metric-like on X generates a Ty topology 7, on X which has a base the family of
open o-balls {Bs(x,¢) : v € X, e > 0}, where By(z,¢) ={y € X : |o(z,y) —o(z,z)| < e}, for all z € X and
e > 0.

Definition 1.3. Let (X, o) be a metric-like space, {z,} be a sequence in X and z € X. The sequence {x, }
converges to x if and only if

nl;ngo o(xp,x) =o(x,z).

In a metric-like space, the limit for a convergent sequence is not unique in general.

Definition 1.4. Let (X, o) be a metric-like space and {z,,} be a sequence in X. We say that {z,} is Cauchy
if and only if lim o(z,,x,) exists and is finite.
n,m—oo

Definition 1.5. Let (X, o) be a metric-like space. We say that (X, o) is complete if and only if each Cauchy
sequence in X is convergent.

In what follows, we recall some notations and definitions which will be needed in the sequel. For A and
B two nonempty subsets of a metric-like space (X, o), define

o(A, B) = inf{o(a,b) : a € A, b€ B},
Ap =inf{a € A:0(a,b) = 0(A, B), forsomeb € B},
By =inf{b € B :0(a,b) = 0(A, B), forsomea € A}.

The concept of (P)-property was introduced by Raj and Veeramani [14]. This concept was weakened
later by Zhang et al. [I8] where the concept of weak P-property was introduced. In the class of metric-like
spaces, we have the following.

Definition 1.6. Let A and B be nonempty subsets of a metric-like space (X, o) with Ay # (). The pair
(A, B) is said to have the weak (P)-property if and only if

where x1,z9 € A and y1,y2 € B.

Example 1.7. Let X = {(1,2),(0,1),(1,3),(3,1)} endowed with the metric-like o((z1,z2), (y1,¥2)) =
1+ x2 +y1 +yo for all (z1,22), (y1,y2) € X. Let A={(1,2),(0,1)} and B ={(1,3),(3,1)}. We have

o((0,1),(1,3)) =5 = 0(A,B) and o((0,1),(3,1)) = (A, B).

Moreover,

o((0,1), (0,1) = 2 < 8 = o((1,3), (3, 1).
Also, Ay # (). Hence, the pair (A, B) satisfies the weak (P)-property.

As in [§], we introduce in the setting of metric-like spaces the following.
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Definition 1.8. Let A and B be nonempty subsets of a metric-like space (X,0) and o : X x X — [0, 00).
A mapping T : A — B is named a-proximal admissible if

a(ry,z2) > 1,
o(ur,Tz1) = 0(A,B), = ofui,u)>1,
O'(UQ,T:IZQ) = O'(A,B),

for all x1, zo,u1,us € A.

If 0(A, B) = 0, mention that 7" is a-proximal admissible implies that 7" is a-admissible [17].
We introduce the following notions.

Definition 1.9. Let A and B be nonempty subsets of a metric-like space (X,0) and o : X x X — [0, 00).
A mapping T : A — B is named triangular a-proximal admissible if

(T1) T is a-proximal admissible;

(T2) afz,y) >1and a(y,z) > 1= az,z) > 1, x,y,z € A

Now, let ¥ be the set of functions 1) : [0, 00) — [0, 00) satisfying:

(11) 1 is nondecreasing;

o0
(12) Z Y™ (t) < oo for each t € RT, where 9" is the nth iterate of .
n=1

Consider also ® as the set of functions ¢ : [0,00) x [0, 00) — [0, 00) satisfying:
(¢1) ¢ is continuous;
(¢2) d(z,y) =0 if and only if z =y = 0.

In the following, we give some generalized a-proximal contractions.

Definition 1.10. Let A and B be two nonempty subsets of a metric-like space (X, o). Consider a non-self-
mapping 7' : A — B and a given function a: X x X — [0, 00).

(i) T is called an a-proximal contraction if
a(z,y)o(Tz,Ty) < ¢(o(z,y)) (1.1)
for all z,y € A, where ¢ € .

(ii) T is called an a-proximal C-contraction if

o(x,Ty) +o(y,Tx) — 20(A, B)
2

a(z,y)o(Tz, Ty) < —¢(o(z,Ty) =0 (A, B),o(y, Tx)—0(A, B)) (1.2)

for all z,y € A, where ¢ € .

On the other hand, the definition of a best proximity point is as follows.

Definition 1.11. Let (X, 0) be a metric-like space. Consider A and B as the two nonempty subsets of X.
An element a € X is said to be a best proximity point of T : A — B if

o(a,Ta) =o(A, B).
Note that a fixed point coincides with a best proximity point in the case of (A, B) = 0. For some
results on above concept, see for example [7), 9-13], [15] [16].
In this paper, we establish some existence results on best proximity points for various a-proximal con-

tractions in the setting of metric-like spaces. We will support the obtained theorems by some concrete
examples. Some nice consequences are also provided.



H. Aydi, A. Felhi, J. Nonlinear Sci. Appl. 9 (2016), 5202-5218 5205

2. Main results
The first main result is:

Theorem 2.1. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that
Ao # 0. Let T : A — B be a given non-self-mapping. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is a-proximal admissible;
(iii) there exist elements xo and x1 in Ao such that

o(x1,Txy) =0(A,B), and «afxg,x1) > 1;
(iv) T is a continuous a-proximal contraction.
Then, there exists u € A such that o(u,u) = 0. Assume in addition that
(v) a(z,z) > 1 for each z € Ay such that o(z,z) = 0.
Then, such u is a best proximity point of T, that is,
o(u,Tu) = (A, B).
Proof. By assumption (iii), there exist z¢p and x; € Ay such that
o(x1,Txg) =0(A,B), and «(zg,z1) > 1. (2.1)
From condition (i), we have T'(Ap) C By, so there exists zo € Ay such that
o(xe,Tx1) = 0(A, B). (2.2)
By , and the fact that T is a-proximal admissible, we have
a(zy,z2) > 1.

By repeating the above strategy, by the induction, we arrive to construct a sequence {z,} in Ay such
that

o(zpy1,Txy) =0(A,B), and o(zy,xny1) >1, forall n>0. (2.3)
From condition (i), the pair (A, B) satisfies the weak (P)-property, so
o(xn,xpt1) < o(Txp_1,Txy,), forall n>1. (2.4)
The non-self-mapping 7" is an a-proximal contraction, so for all n > 1, by using and

U(xnaxn+1) (Tmnflﬁrmn)
(fn—lvxn)acr$n—lﬁr$n)
(0(zn-1,2n))

"(o(z0,21))-

Since 1 € ¥, so the right-hand side of above inequality tends to 0 as n — oo, that is,

<
<
<
<

o
o
G
(8

nlingo o(zp, Tpt1) = 0.

For all k£ € N, we have

n+k—1 n+k—1

o (xp, Tpgp) < Z O (T Timg1) < Z V" (0 (0, 71))

m=n m=n
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o
< Z Y™ (o(xg,x1)) = 0, asn — 0.
m=n

It follows that le 0(xp, xpyx) = 0 for all k € N, that is, {z,} is a Cauchy sequence in A. Since A is a

closed subset of the complete metric-like space (X, o), then there exists u € A such that x,, — u as n — oo,

that is,

TLILH;O o(xn,u) =o(u,u) = mlTllglooo(wn,xm) =0. (2.5)

We have obtained o(u,u) = 0. Thus, by condition (v), a(u,u) > 1. Consequently, from condition (iv),
o(Tu, Tu) < o(u, u)o(Tu, Tu) < (o (u,u)) =1¥(0) =0,
which implies that o(T'u, Tu) = 0. The mapping 7" is continuous at u, so

lim o(Tzy, Tu) = o(Tu,Tu) = 0. (2.6)

n—oo

On the other hand, by triangular inequality and by using (2.3)),

(A, B) <o(u,Tu)
(u, Zpt1) + 0(Tnt1, Txy) + o(Txp, Tu)
=0(u,Tnt1) + (A, B) + o(Txy, Tu).

By letting n — oo in above inequalities, by (2.5)) and ([2.6)),

o0(A,B) <o(u,Tu) < o(A, B),

<o
<o

that is, 0(A, B) = o(u, Tu), i.e., u is a best proximity point of 7. O]
In the next result, we replace the continuity hypothesis by the following condition in A:

(H) if {x,} is a sequence in A such that a(z,,x,+1) > 1 for all n and z,, - z € A as n — oo, then there
exists a subsequence {z,)} of {z,} such that a(z,u),z) > 1, for all k.

Theorem 2.2. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that
Ag#0D. Let T : A — B be a given non-self-mapping. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is a-proximal admissible;
(iii) there exist elements xo and x1 in Ay such that

o(x1,Txy) =0(A,B) and «(xg,z1) > 1;

(iv) T is an a-proximal contraction;
(iv) (H) holds.
Then, there exists u € A such that
o(u,Tu) =0(A,B) and o(u,u) =0.

Proof. By following the proof of Theorem there exists a sequence {z,} in Ap such that holds.
Also, {z,} is Cauchy in the subset A, which is closed in the complete metric-like space (X, o), then there
exists u € A such that z, — u as n — oo. By hypothesis (H), there exists a subsequence {zy)} of {zn}
such that a(xy ), u) > 1 for all k. Now, from condition (iv), we have

0 (Txny, Tu) < aTppy, W)o (TTpry, Tu) < Y(o(Tpm), u))-
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On the other hand, we have

o(A, B)

Therefore,
o(A,B) < o(u,Tu) < o(u, Tpy+1) + (A, B) + (0 (Tns), u))-

By (2.5) and a property of ¢, as n — oo, we get
o(A, B) < o(u, Tu) < o(A, B),
that is, 0(A, B) = o(u,Tu), i.e., u is a best proximity point of 7' O

Now, we prove the uniqueness of such best proximity point. For this, we need the following additional
condition.

(U) For all z,y € B(T), we have a(x,y) > 1, where B(T), denotes the set of best proximity points of 7.

Theorem 2.3. By adding condition (U) to the hypotheses of Them’em (resp. Theorem , we obtain
that u is the unique best proximity point of T.

Proof. We argue by contradiction, that is, there exist u,v € A such that o(A, B) = o(u,Tu) = o(v,T)
with u # v. By assumption (U), we have a(u,v) > 1. So, as the pair (A, B) satisfies the weak (P)-property,

then by , we have
0<o(u,v) <o(Tu,Tv) < a(u,v)o(Tu, Tv) < P(o(u,v)) < o(u,v),

which is a contradiction. Hence, u = v.

We provide the following example.
Example 2.4. Let X = {0,1,2,3} endowed with the metric-like o given as

o(0,0) = g o(1,1) = 0(3,3) = 0, (2,2) =2,

3

0(0,1) =0(1,0) =2, 0(0,2) =0(2,0)=0(3,1) =0(1,3) = 3
)

0(0,3) =0(2,3) = 5

Take A = {1,2} and B = {2,3}. Consider the mapping 7' : A — B defined by

and o(1,2) =0(2,1) =3,

T2=2, and T1=3.

Remark that o(A, B) = o(1,3) = 3. Also, Ay = {1} and By = {3}. Note that T((A4y) C Bo. Now, let
x1,22 € A and y1,y2 € B such that

)

{am,yl) =0(A,B) =
0(952, y2) = U(Av B) =

NI Nl

Then, we have (z1 = 1,51 = 3) and (z2 = 1,y2 = 3). In this case,

U(le, x2) =0= J(ylay2)7
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that is, the pair (A, B) has the weak (P)-property.

Take 9(t) = 15t, for all t > 0. Define a:: X x X — [0, 00) as follows

{a(x,w =1, if (z.9)e€{(L2),(21), (L1}

a(zr,y) =0, if not.

Let x1,z2,u; and ug in A = {1,2} such that

a(zy,x9) > 1,
o(uy, Tz1) =0(A,B) = %,
O'(’U,Q,Txg) = U(A, B) = %

Then, necessarily, we have (x1 = 9 = u; = ug = 1). So
O[(Ul,’UQ) Z 17

that is, T is a-proximal admissible. By the symmetry of a and o, it suffices to study the cases (x = 1,y = 2)
and (x =y =1).

If (z =1,y =2), we have

| Ot

oz, y)o(Tx, Ty) = 0(3,2) = 5 <¥(3) =Y(o(1,2) = ¢(o(x,y)).

If (xr =y =1), we have
a(z,y)o(Tz, Ty) = 0(3,3) = 0 =(0) = P(a(1,1) = P(o(z,y)).

Thus, (1.1)) is satisfied for all z,y € A. Moreover, the conditions (H) and (iii) with z9p = 1 = 1 in
Theorem are verified. So T has a best proximity point which is w = 1. It is also unique and verifies

o(u,u) = 0.

Theorem 2.5. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that
Ao # 0. Let T : A — B be a given non-self-mapping. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is triangular a-proximal admissible;
(iii) there exist elements xg and x1 in Ay such that

o(x1,Txg) =0(A,B), and o(xg,x1) > 1;
(iv) T is a continuous a-proximal C-contraction.
Then, there exists u € A such that o(u,u) = 0. Assume in addition that
(v) a(z,z) > 1 for each z € A such that o(z,z) = 0.
Then, such u is a best proximity point of T, that is,
o(u,Tu) = o(A, B).

Proof. By following the proof of Theorem [2.1, we construct a sequence {z,} in Ay such that (2.3)) holds,

that is,
o(xpy1,Txy) =0(A,B), and o(zy,xn1) >1, forall n>0.
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Since T is triangular a-proximal admissible, then
a(Tp, Tpt1) > 1, and a(Tpt1, Tnt2) > 1= a(zn, Tnie) > 1.
Thus by the induction, we get
a(Tp, Tym) > 1, forall m>n>0.
Again, is satisfied, that is,
o(xp,xpni1) < o(Txp—1,Txy,), forall n>1.
By condition (iv), T" is an a-proximal C-contraction, so

o(Txp—1,Txy)
a(xn—1,2n)0(Txp_1,Txy)
o(xp_1,Txy) + o(xn, Trn_1) — 20(A, B)
2

— ¢(o(xp-1,Txy) — (A, B),0(xpn, Txn_1) — (A, B))
o(xp-1,Txzy,) — (A, B)

2
< o(xp_1,Tzy,) —0(A, B)
- 2
0(Tp-1,2n) + 0(Tpn, Tpni1) + 0(Xpi1, Txy) — o(A, B)

2

O'(xn—la xn) + O'(xn’ xn—i—l)

5 .

U(ana xn-{—l) <
<

—¢(o(xp-1,Tzy) — (A, B),0)

IN

One can write
0(Tny Tpny1) < 0(Tp—1,2n), forall n>1,

which allows to say that {o(zy,2n+1)} is an nonincreasing sequence in [0, 00). Then, there exists ¢ > 0 such
that

lim o(zy,Tni1) = t. (2.7)

n—o0

‘We obtained

(s 1) < 0'($n—17T1’7;) —0(A,B) < 0(Tn_1,Tn) ;g(xmxnﬂ)

By (2.7)), we have
lim o(xy—1,Tx,) —0(A,B) = 2t.

n—oo

Moreover, we have

U(mn—h xn) + U(.%'n, Tni1)
2

G(xn’xn+1) < - qb(O’(l‘nfl,Tl‘n) - U(AaB)>O)

By letting n — oo, we get
t<t—p(2t,0),

which holds unless ¢(2t,0) = 0, so by a property of ¢, t =0, i.e.,

lim o(zy,zpt1) = 0. (2.8)

n—o0
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Now, we shall prove that

lim o(zp,2m) =0.
n,m—00

(2.9)

Suppose to the contrary that there exists ¢ > 0 for which we can find subsequences {x, )} and {z;,)}

of {zy} with m(k) > n(k) > k such that for every k

O-(xn(k)vl'm(k)) > €.

(2.10)

Moreover, corresponding to n(k) we can choose m(k) in such a way that it is the smallest integer with

m(k) > n(k) and satisfying (2.10]). Then
O-(:En(k)a xm(k)—l) <ée.
By using (2.10)), (2.11)) and the triangular inequality, we get

€ <0 (Znk)s Tmk)) < (k) Tmk)—1) + O (Tmr)—15 Tm(k))

< J(wm(kz)—h xm(k)) te.

By letting k — oo in the above inequality and using (2.8)), we obtain

dim (), Tm(e) = B0 0 (Tn(k), Tmr)-1) = &

Also, by the triangular inequality, we have
O (Tn(k)s Tmk)-1) = O (Tnk)s Tnk)—1) — O (Tm@)s Tmk)—1) < 0(Tnk) -1, Tm(k))-

U(mn(k)—la xm(k)) < U(mn(k)—la xn(k)) + O-(‘/En(k)a xm(k))
By letting k — oo in the above inequalities and by using (2.8) and (2.12]), we obtain

li =e.
Jim o (21, Tmi)) = €
On the other hand, we have
() TTnky—1) = 0(A, B), and o(zp ), TTm)—1) = 0(A, B), forall k > 1.
Since the pair (A, B) satisfies the (P)-property, it follows that
U(.Z‘n(k), xm(k)) < U(Txn(k)_l,Txm(k)_l), forall k& > 1.
Consider
ar := 0(Tp)—1, TTm@)—1) — 0(A, B), and by = o(Tpp)—1, TThr)—1) — 0 (4, B).
By and as (T k)1, Tmk) — 1) = 1 for all k > 1, we get

< J(T$n(k)—1aTxm(k)—l) < a(xn(k)—17$m(k) - 1)0-(T$n(k)—1a Txm(k)—l)
< 27 o (@n(t) 1> TZm(e)—1) + 0 (Em()—1, TTn(y)—1) — 20(A, B)]

= (0 (Znk)—1, TTm@r)—1) — 0(A, B), 0 (@ piy—1, TTpk)—1) — 0 (A, B))
< 27 o (T (k)15 Tmh)) + O (Tonhys TZm(r)—1)

+ (T =15 Tk)) + (@) TTny—1) — 20(A, B)] — ¢(ay, by)
= 2_1[U(xn(k),1, Tr(k)) + O (Tm(k)—15 Tn(r))] — ¢(ak, bk)
< 27N o (T ()—1 Tim(k)) T O (Tm()—1> Tn(i)))-

(2.11)

(2.12)

(2.13)



H. Aydi, A. Felhi, J. Nonlinear Sci. Appl. 9 (2016), 5202-5218 5211

By letting k — oo and taking into account (2.12)) and (2.13)), we get

e<2 e +¢e] - klim o(ak,br) <e.
—00

Thus,
lim ¢(ag,br) = 0.
k—o0
Also
lim (ak + bk) = 2¢. (2.14)
k—o00

By (2.14)), {ax} and {b;} are bounded in [0, 00). Then, {(ag,bx)} is bounded in [0,00) % [0,00). Con-
sequently, there exists a subsequence of {(ag,bx)} denoted by {(an,,bn,)} and to be convergent. It follows
that {ay, } and {b,,} are convergent. Again, by (2.14)), we have

Since ¢ is continuous, then

o Hm an, lim bn,) =0.

From the fact that ¢(z,y) = 0 if and only if z = y = 0, we obtain
kli}rgo Qp, = klglolo bp, = 0. (2.15)
By (2.14) and (2.15),
2¢ = lim (ag + b)) = lim (an, + by, ) = 0.
k—o00 k—o00

This yields € = 0, which is a contradiction. This completes the proof of (2.9). It follows that {z,} is a
Cauchy sequence in A. Since A is a closed subset of the complete metric-like space (X, o), then there exists
u € A such that x, — u as n — oo, that is,

lim o(zn,u) =0c(u,u) = lm o(zy,zm) =0. (2.16)
n—00 n,m—00

We have obtained o(u,u) = 0. Thus, by condition (v), a(u,u) > 1. Consequently, from condition (iv),
o(Tu, Tu) < a(u,u)o(Tu,Tu) < o(u,Tu) — (A, B) — qb(a(u,Tu) —0(A,B),o(u, Tu) — o(A, B))
The mapping 7' is continuous at u, so

lim o(Txy, Tu) = o(Tu, Tu). (2.17)

n—o0

On the other hand, by triangular inequality,
o(u,Tu) <o(u,xp+1) + 0(tnt1, Txy) + o(Txp, Tu)
=0(u,Zpy1) +0(A, B) + o(Tzp, Tu).
By letting n — oo in above inequalities, by and ,
o(u,Tu) < o(A,B)+ o(Tu,Tu).
Then
o(u,Tu) —o(A,B) < o(Tu,Tu) < o(u,Tu) — (A, B)
- qﬁ(a(u, Tu) — o(A, B), o(u, Tu) — o (A, B))
<o(u,Tu) —o(A, B).
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We deduce that qS(o(u,Tu) —0(A,B),o(u,Tu) — o(A, B)) = 0. Again from the fact that ¢(z,y) =0
if and only if z = y = 0, we obtain o(u,Tu) — 0(A, B) = 0, that is, 0(A, B) = o(u,Tu), i.e., u is a best

proximity point of T
O

Theorem 2.6. Let A and B be nonempty closed subsets of a complete metric-like space (X,0) such that
Ao # 0. Let T : A — B be a given non-self-mapping. Suppose that

(i) T'(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is triangular a-proximal admissible;
(iii) there exist elements xo and x1 in Ay such that

o(x1,Tzg) =0(A,B), and o(xg,x1) > 1;

(iv) T is an a-prozimal C-contraction;

(v) (H) holds.

Then, there exists u € A such that u is a best proximity point of T and o(u,u) = 0.

Proof. By following the proof of Theorem there exists a sequence {x,} in Ay such that
o(xpt1,Txy) =0(A,B), and o«(zy,zy) >1, forall m>n>0.

Also, {x,} is Cauchy in the subset A, which is closed in the complete metric-like space (X, o), then there
exists u € A such that z, — u as n — oo. By hypothesis (H), there exists a subsequence {zy)} of {zn}
such that a(xy ), u) > 1 for all k. Now, from condition (iv), we have

Ty (), w)o (T 1y, Tu)

2_1[0(a:n(k),Tu) + o(u, Txn(k)) —20(A, B)]

Tpk)s Tu) — 0(A, B),o(u, Txpp) — o(A, B))
Ty (ks w) + o (u, Tu) + o (u, Tpy11) — 0 (4, B)].

On the other hand, we have

G(Aa B) < O'(U, TU) SO’(U, xn(k)-l—l) + U(wn(k)-‘rlv Txn(k:)) + O—(Txn(k)aTu)
=0 (U, Tpgy41) + (A, B) + o (T, Tu).

Therefore,
o(A, B) < o(u, Tu) < o(u, Ty 1) + o(A, B)
+ 2_1[0(:Un(k),u) +o(u, Tu) + o(u, Ty ky+1) — o (A, B)].
By , as n — 0o, we get
0(A,B) < o(u,Tu) < o(A, B) + 2 o(u, Tu) — o(A, B)] = 27 o (u, Tu) + (A, B)].

Hence
o(A,B) < o(u,Tu) < o(A, B),

that is, 0(A, B) = o(u, Tu), i.e., u is a best proximity point of 7. O

Theorem 2.7. By adding condition (U) to the hypotheses of Theorem (resp. Theorem , we obtain
that u is the unique best proximity point of T'.
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Proof. Suppose that there exist u,v € A such that (A, B) = o(u,Tu) = o(v,Tv). By assumption (U), we
have a(u,v) > 1. So, as the pair (A, B) satisfies the weak (P)-property, then by (1.2), we have

o(u,v) < o(Tu, Tv) < alu,v)o(Tu, Tv) < 27 o(u, Tv) + o(Tu,v) — 20(A, B)]

—¢(o(u,Tv) —o(A,B),o(v,Tu) —o(A, B))

< 27 Yo (u,v) + o (v, Tv) + o(v,u) + o(u, Tu) — 20(A, B)]
— ¢(o(u, Tv) —o(A,B),o(v,Tu) — (A, B))

=o(u,v) — ¢(o(u, Tv) — o(A, B),o(v,Tu) — o(A, B))

< o(u,v).

Therefore,
¢(U(u7 TU) - O-(Au B)7 U(/Uv TU) - U(A’ B)) =0.

From the fact that ¢(x,y) = 0iff 2 = y = 0, we obtain o(u, Tv)—0o(A, B) = 0 and o (v, Tu)—0c(A, B) = 0.
Then, we have o(u,Tu) = o(v,Tu) = o(A, B), and since the pair (A, B) satisfies the weak (P)-property,
then

o(u,v) < o(Tu,Tu).

Also

a(u,v) > 1,
o(u,Tu) = o(A, B),
o(u,Tv) = o(A, B).

The mapping 7' is a-proximal admissible, then a(u,u) > 1. It follows from (1.2]) that
o(u,v) < o(Tu, Tu) < a(u,w)o(Tu, Tu) < 2720 (u, Tu) — 20(A, B)]
- ¢(U(u7 Tu) - G(Au B)? O'(U, TU) - U(A7 B))
= —¢(0,0) =0.
This yields that o(u,v) = 0 and so, u = v. O

The following example illustrates Theorem [2.6

Example 2.8. Let X = [0,00) x [0,00) endowed with the metric-like o : X x X — [0, 00) given as

|561—Z/1|+|»T2—?/2|, if (Ilax2)7(y17y2) € [O) 1]27
0'((1'1,.%’2), (yl,yQ)) = .
1+ x2 + Y1 + Y2, if not.

It is easy to prove that (X, o) a complete metric-like space. Take A = {0} x [0,00) and B = {1} x [0, c0).
Remark that o(A, B) = ¢((0,0),(1,0)) = 1. Also, Ay = {0} x [0,1] and By = {1} x [0,1]. Consider the
mapping T : A — B defined by

T0,2) = (1,%), ¥z >0

4)’
We have T'(Ap) C By. Now, let (0,21),(0,z2) € A and (1,u1), (1,us) € B such that

(A,B) =1,
(4,B) = 1.

Necessarily, (1 = u; € [0,1]) and (z2 = uz € [0,1]). In this case,

U((Ov xl)? (07'%'2)) = U((17u1)7 (1, u2))7
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that is, the pair (A, B) has the weak (P)-property.
Take ¢(u,v) = 55(u+ v) for all u,v > 0. Define a : X x X — [0, 00) as follows

o((m9), (5,6) =1, i (,9), (,4) € [0,1] x [0,1],
a((z,y),(s,t)) =0, if not.
Let (0,21), (0,22), (0,u1) and (0,uz2) in A such that
a((0,21), (0,z2)) > 1,
U((O, 1 0 1‘1)) = O'(A,B) = 1,
O’((O, 2 O .TUQ)) = U(A,B) =1.
Then, necessarily, (x1,x2) € x [0,1]. Also, we have (u1 = % and ug = %2). So
O[(’LLl,UQ) Z 17

that is, T' is a-proximal admissible. Moreover, the condition (T3) in Deﬁnitionis satisfied, so the mapping
T : A — B is triangular a-proximal admissible.
Let (0,z) and (0,y) € A such that a(z,y) = 1. Then, z,y € [0,1]. In this case, we have

a((0,2),(0,9))o(T(0,2),T(0,y)) = o(T(0,2), T(0,y))

Y
o((1, ) (1Y)

X
2-4
On the other hand, we have
AONTOMAGNION20AB) _ g 7((0, 2), T(0,)) — 7(A, B), 0((0,), T(0,2)) — o(4, B))
O AINODOED2 G (5(0,0), (1,4)) - 1,0((0,9), (1,3) — 1)
=(1+le—Y+1+ly -5 -2) —o(1+]o— Y -11+ly—%|-1)
= 3(le = Y+1ly - 41) = ole - 41,1y — %1).

Without loss of generality, take © < y. We have the following cases:
Case 1: If < ¥, we have

0—((07aj)7T(Ovy))+a((()27y)7T(01$))_20-(A73) _ ¢<0’((0,$>

T
(-0 1) oft-n-)
y— 37— 55(3y — 32)

(y — ).
We deduce from above that (1.2) holds.
Case 2: If > ¥, we have

(0,9)) —a(A, B),0((0,y), T(0,2)) — o (A, B))

ool D=

a\«>

U((O,m)vT(O,y))JrU((O,y)y (0,2))=20(A,B) ¢< (0, z),

T
%@_ﬂ i) ol —tv—3)

:c)

(O7y)) - U(Aa B)7J((Oa y),T(O,ZE)) - J(Av B))

7
Again, (1.2) holds.

We conclude that (1.2)) is satisfied for all z,y € A. Moreover, the conditions (H) and (iii) in Theorem
are verified. So, T" has a best proximity point which is u = (0,0). It is also unique and verifies o(u, u) = 0.
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3. Consequences

In this paragraph, we present some consequences on our obtained results.
3.1. Some classical best proximity point results

We have the following results.

Corollary 3.1. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that
Ao # 0. Let T : A — B be a given non-self-mapping such that

o(Tx,Ty) < ¢(o(z,y))

for all x,y € A, where ¢» € V. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) there exist elements xg and x1 in Agy such that

o(x1,Txo) = o(A, B);
(iv) T is continuous.
Then, there exists a unique u € A such that
o(u,Tu) =o(A,B), and o(u,u)=0.
Proof. 1t suffices to take a(x,y) = 1 in Theorem The uniqueness of u holds since (U) is satisfied. O

Corollary 3.2. Let A and B be nonempty closed subsets of a complete metric-like space (X,0) such that
Ao # 0. Let T : A — B be a given non-self-mapping such that

o(x,Ty) +o(y,Tz) — 20(A, B)
2

o(T, Ty) < — é(0(2, Ty) — (A, B),o(y, Te) - (A, B))

for all x,y € A, where ¢ € . Suppose that

(i) T'(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) there exist elements xo and x1 in Ay such that

o(x1,Tzy) = o(A, B).
Then, there exists u € A such that
o(u,Tu) =0(A,B), and o(u,u)=0.
Proof. Tt suffices to take a(z,y) =1 in Theorem O

8.2. Some best proximity results on a metric-like endowed with a partial order
Let (X, 0) be a metric-like space endowed with a partial order <. We introduce the following definition.

Definition 3.3. Let A and B be nonempty subsets of a metric-like space (X, o) and < a partial order on
X, T : A — B is named a proximal nondecreasing mapping if

1 < Z2,
o(u,Txy) =0(A,B), = u; < uy,
O'(UQ,TCCQ) = O'(A, B),

for all x1,T2,Ul, U2 € A.
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Wa also need the following hypothesis.

(Hy) if {x,} is a sequence in A such that z, < z,,4; for all n and z,, - x € A, as n — oo, then there exists
a subsequence {x, )} of {x,} such that z, ) < for all k.

We state the following.

Corollary 3.4. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that
Ao # 0. Let T : A — B be a given non-self-mapping such that

o(Txz, Ty) < ¢(o(z,y))
for all x,y € A such that x <y, where ¥ € V. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is a prorimal nondecreasing mapping;
(iii) there exist elements xo and x1 in Ao such that

o(x1,Txy) =0(A,B), and xzy < x1;
(iv) T is continuous or (Hy) holds.

Then, there exists u € A such that

o(u,Tu) =o(A,B), and o(u,u)=0.

Proof. Tt suffices to consider o : X x X — [0, 00) such that

(z.1) 1 if z<y,
alz,y) =
Y 0 if not.

All hypotheses of Theorem (resp. Theorem are satisfied. This completes the proof. O

Similar to Corollary we may state:

Corollary 3.5. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that

Ao # 0. Let T : A — B be a given non-self-mapping such that

O'(Q?, Ty) + U(ya T'I") 7 QU(A’ B)
2

o(Tw, Ty) < — é(0(2, Ty) — o(A, B),o(y, Te) - (A, B))

for all z,y € A such that x <y, where ¢ € . Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is a prorimal nondecreasing mapping;
(ii) There exist elements xg and x1 in Ay such that

o(x1,Txg) =0(A,B), and x¢ < x7;

(iv) T is continuous or (Hy) holds.

Then, there exists u € A
o(u,Tu) =o0(A,B), and o(u,u)=0.
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3.8. Some best proximity results on a metric-like with a graph

Let (X,0) be a metric-like space and let G = (V(G), E(G)) be a directed graph such that V(G) = X
and F(G) contains all loops, ie., A := {(z,z) : * € X} C E(G). We need in the sequel the following
hypothesis:

(Hg) if {x,} is a sequence in A, such that (z,,zn+1) € E(G) for all n and z,, - =z € A as n — oo, then
there exists a subsequence {z,y)} of {xn} such that (z,),r) € E(G) for all k.

Again, we introduce the following definition.

Definition 3.6. Let A and B be nonempty subsets of a metric-like space (X, o) endowed with a graph G.
T : A — B is named a G-proximal mapping if

(331,1’2) € E(G),
U(ul,T.%'l) = U(A,B), = (ul,uz) S E(G),
o(ug, Txe) = o(A, B),

for all x1, zo,uq,us € A.
We also introduce the following.

Definition 3.7. Let A and B be nonempty subsets of a metric-like space (X,0) and o : X x X — [0, 00).
A mapping T : A — B is named triangular G-proximal admissible if

(T1) T is G-proximal admissible;
(T2) (z,y) € E(G) and (y,2) € E(G) = (2,2) € E(G), ©,y,z € A.
We have the two following best proximity point results on a metric-like endowed with a graph.

Corollary 3.8. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that
Ag# 0. Let T : A — B be a given non-self-mapping such that

o(Tz, Ty) < P(o(z,y))
for all x,y € A such that (x,y) € E(G), where ¢ € V. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is a G-prozimal mapping;
(iii) there exist elements xo and x1 in Ay such that

o(x1,Txo) =0(A,B), and (xg,z1)€ E(G);

(iv) T is continuous or (Hg) holds.

Then, there exists u € A such that
o(u,Tu) =o(A,B) and o(u,u)=0.

Proof. Tt suffices to consider a: X x X — [0, 00) such that

)1 it (x,y) € B(G),
a(x’y)_{o if not.

All hypotheses of Theorem (resp. Theorem are satisfied. This completes the proof. O
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Similar to Corollary we may state the following.

Corollary 3.9. Let A and B be nonempty closed subsets of a complete metric-like space (X, o) such that

Ag#0D. Let T : A — B be a given non-self-mapping such that

J($7 Ty) + J(ya TIE) — QU(Aa B)
2

o(Tz,Ty) < —¢(o(x,Ty) —0(A,B),o(y, Tx) — (A, B))

for all x,y € A such that (x,y) € E(G), where ¢ € ®. Suppose that

(i) T(Ap) C By and (A, B) satisfies the weak (P)-property;
(ii) T is a triangular G-prozimal mapping;
(ii) there exist elements xg and x1 in Ay such that

o(x1,Txg) = 0(A,B), and (x9,21)€ E(G);

(iv) T is continuous or (Hg) holds.

Then, there exists u € A
o(u,Tu) =o(A,B), and o(u,u)=0.
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