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Abstract
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1. Introduction and preliminaries

Let K be a nonempty subset of a real Banach space E. Let T: K — K be a nonlinear mapping, then
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we denote the set of all fixed points of T' by F/(T'). The set of common fixed points of four mappings Si, Sa,
T7 and 15 will be denoted by F' = F(Sl) ﬂ F(SQ) ﬂ F(Tl) ﬂ F(Tg).

A mapping T: K — K is said to be asymptotically nonexpansive in the intermediate sense [I] if it is
continuous and the following inequality holds:

limsup sup (| T"(x) = T"(y)l| - |}z — y]|) < 0.

n—oo zyekK

From the above definition, it follows that an asymptotically nonexpansive mapping must be an asymp-
totically nonexpansive mapping in the intermediate sense. But the converse does not hold as the following
example shows.

Example 1.1. Let £ = R be a normed linear space and K = [0, 1]. For each = € K, we define

| kx, ifx#0,
T(x)_{ 0, ifz=0,

where 0 < k < 1. Then
T"x —T"y| = k" |z — y| < |z — y|

for all z,y € K and n € N.
Thus T is an asymptotically nonexpansive mapping with constant sequence {1} and

limsup{|T"z — T"y| — |x — y|} = limsup{k"|z — y| — |z — y|} <0,
n—oo

n—oo

because lim, ;o k" = 0 as 0 < k < 1, for all z,y € K, n € N and T is continuous. Hence T is an
asymptotically nonexpansive mapping in the intermediate sense.

Example 1.2. Let E =R, K = [-1 1] and || < 1. For each = € K, consider

[ Azsin(l/z), if x #0,
T(z) = { 0, if 2 = 0.

Clearly F/(T') = {0}. Since

1
Tx = Azxsin(1/x), T?z = M zsin(1/x) sin (m), ce
we obtain {T"x} — 0 uniformly on K as n — co. Thus

lim sup {||T% Ty — |l —y|| v o} =0
n—o0

for all z,y € K. Hence T is an asymptotically nonexpansive mapping in the intermediate sense (ANI in

short), but it is not a Lipschitz mapping. In fact, suppose that there exists A > 0 such that |Tax — Ty| <

Mz — vyl for all z,y € K. If we take x = % and y = %, then

2 . /o7 2 . /3w 16\
|Tx — Ty| = ’)\57 snl(?) —)\S—W sm(7)‘ =15
whereas 0 ) 4)\
Ne ol == o] = 5

and hence it is not an asymptotically nonexpansive mapping.

Definition 1.3. A subset K of a Banach space E is said to be a retract of F if there exists a continuous
mapping P: E — K (called a retraction) such that P(z) = x for all x € K. If, in addition P is nonexpansive,
then P is said to be a nonexpansive retract of E.
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If P: E — K is a retraction, then P2 = P. A retract of a Hausdorff space must be a closed subset.
Every closed convex subset of a uniformly convex Banach space is a retract.

In 2004, Chidume et al. [3] introduced the concept of non-self asymptotically nonexpansive mappings in
the intermediate sense as follows.

Definition 1.4. Let K be a nonempty subset of a real Banach space E and let P: E — K be a nonexpansive
retraction of ¥ onto K. A non-self mapping T: K — FE is said to be asymptotically nonexpansive in the
intermediate sense if T is uniformly continuous and
limsup sup_ (||I7(PT)""(2) = T(PT)" " (y)]| - o ~ ] ) <0,
n—oo z,yek
For the sake of convenience, we restate the following concepts and results.

Let F be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of E
is the function dg(e): (0,2] — [0, 1] defined by

) 1
op(e) = inf {1 = 5@ +y)l < ol = 1, gl = 1, & = |z =yl }.

A Banach space E is uniformly convex if and only if 0z(¢) > 0 for all € € (0, 2].
Let S = {z € E : ||z|| = 1} and let E* be the dual of E, that is, the space of all continuous linear
functionals f on E. The space F has:

(i) Gateaux differentiable norm if

ety — e
t—0 t

exists for each  and y in S.

(ii) Fréchet differentiable norm [I1] if for each = in S, the above limit exists and is attained uniformly for
y in S and in this case, it is also well-known that

1 1
(h, J(@)) + 5 lz]* < 5 llz+ h|)® (1.1)

< (h, J(x)) + % l]* + b(Jl2)

for all z, h € E, where J is the Fréchet derivative of the functional 3 |||* at = € E, (--) is the pairing

M — o,

between E and E*, and b is an increasing function defined on [0, c0) such that lim; o =~

(iii) Opial condition [7] if for any sequence {z,} in E, x,, converges to x weakly it follows that

limsup ||z, — z|| < limsup ||z, — y|| for all y € E with y # .

Examples of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces IP(1 < p < 00).
On the other hand, L?[0, 27| with 1 < p # 2 fails to satisfy Opial condition.

A mapping T: K — K is said to be demiclosed at zero, if for any sequence {x,} in K, the condition
converges weakly to x € K and T'x,, converges strongly to 0 imply Tx = 0.

A mapping T: K — K is said to be completely continuous if {7z, } has a convergent subsequence in K
whenever {z,} is bounded in K.

A Banach space E has the Kadec-Klee property [10] if for every sequence {x,} in E, z, — x weakly
and ||z,| — ||z|| it follows that ||z, — x| — 0.

In 2003, Chidume et al. [2] studied the following iteration process for non-self asymptotically nonexpan-
sive mappings:

r1 =z € K,
Tnp1 = P((1 — an)zn + 0, T(PT)" '2,), n>1, (1.2)

where {«a,,} is a sequence in (0, 1) and proved some strong and weak convergence theorems in the framework
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of uniformly convex Banach spaces.
In 2004, Chidume et al. [3] studied the following iteration scheme:

r1 =z € K,
Zny1 = P((1 = an)zn + 0 T(PT)" '), n>1, (1.3)

where {a;,} is a sequence in (0,1), and K is a nonempty closed convex subset of a real uniformly convex
Banach space E, P is a nonexpansive retraction of E onto K, and proved some strong and weak convergence
theorems for asymptotically nonexpansive non-self mappings in the intermediate sense in the framework of
uniformly convex Banach spaces.

In 2006, Wang [13] generalized the iteration process (1.2)) as follows:

T1 =€ K7
Tn+1 = P((l - O‘n)xn + OénTl(PTl)nilyn)a
Yo = P((1 = Bn)xn + B To(PT2)" 'a,), n>1,

where T1, To: K — E are two asymptotically nonexpansive non-self mappings and {a,}, {8,} are real
sequences in [0, 1), and proved some strong and weak convergence theorems for asymptotically nonexpansive
non-self mappings.

In 2012, Guo et al. [5] generalized the iteration process as follows:

1=z € K,
Tn1 = P((1 = an)Stan + anTi(PTV)" ), (1.4)
Yn = P((1 — Bn)SYxp + BuTo(PT2)" ta,), n>1,

where S1, So: K — K are two asymptotically nonexpansive self mappings and 71, T5: K — E are two
asymptotically nonexpansive non-self-mappings and {«a,, }, {3, } are real sequences in [0, 1), and proved some
strong and weak convergence theorems for mixed type asymptotically nonexpansive mappings. Recently,
Wei and Guo [I5] studied the following.

Let F be a real Banach space, K a nonempty closed convex subset of £ and P: F — K a nonexpansive
retraction of E onto K. Let Sy, So: K — K be two asymptotically nonexpansive self mappings and
Ty, To: K — FE two asymptotically nonexpansive non-self-mappings. Then Wei and Guo [15] defined the
new iteration scheme of mixed type with mean errors as follows:

r1=z €K,
Tp+1 = P<an ?xn + /BnTI(PTI)nilyn + ’Ynun)a (15)
Yn = P(O‘;zsgxn + B;LT2(PT2)n_1$n + ’7’:1”;1)7 n>1,

where {u,}, {u,} are bounded sequences in E, {a,}, {Bn}, {1}, {&L}, {BL}, {1} are real sequences in
[0, 1) satisfying ay, + Bn + v = 1 = o, + ], +~,, for all n > 1, and proved some weak convergence theorems
in the setting of real uniformly convex Banach spaces. If v, = 7/, = 0, for all n > 1, then the iteration
scheme reduces to the scheme .

The purpose of this paper is to study iteration scheme for the mixed type asymptotically nonexpan-
sive mappings in the intermediate sense which is more general than the class of asymptotically nonexpansive
mappings in uniformly convex Banach spaces and establish some strong and weak convergence theorems for
mentioned scheme and mappings.

Next we state the following useful lemmas to prove our main results.

Lemma 1.5 ([12]). Let {an}22, {Bn}o2; and {r,}°2, be sequences of nonnegative numbers satisfying the
inequality
an+1 < (14 Bn)an + 1, ¥n>1.

If 07, Bn < oc0and Y ry, <00, then



G. S. Saluja, M. Postolache, A. Ghiura, J. Nonlinear Sci. Appl. 9 (2016), 5119-5135 5123

(1) limy, 00 vy exists;
(i) in particular, if {a,}5° ; has a subsequence which converges strongly to zero, then lim,, o ay, = 0.

Lemma 1.6 ([9]). Let E be a uniformly convex Banach space and 0 < a < t,, < < 1 for alln € N. Suppose
further that {z,,} and {y,} are sequences of E such that limsup,,_, . ||z.|| < a, limsup,,_, ||yn|]| < a and
limy, 00 |[tn2n + (1 — t3)yn|| = a hold for some a > 0. Then lim, ||z, — yn| = 0.

Lemma 1.7 ([I0]). Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee property. Let
{zy} be a bounded sequence in E and p, ¢ € wy,(zy,) (Where wy,(x,) denotes the set of all weak subsequential
limits of {z,,}). Suppose lim,,_, ||tz + (1 — t)p — ¢|| exists for all ¢t € [0,1]. Then p = q.

Lemma 1.8 ([I0]). Let K be a nonempty convex subset of a uniformly convex Banach space E. Then there
exists a strictly increasing continuous convex function ¢: [0, 00) — [0,00) with ¢(0) = 0 such that for each
Lipschitzian mapping T: K — K with the Lipschitz constant L,

T + (1= Ty — T(t + (1~ )| < L6 (Jlz — gl — 7T~ Ty

for all z, y € K and all t € [0, 1].

2. Strong convergence theorems

In this section, we prove some strong convergence theorems of iteration scheme ((1.5)) for the mixed type
asymptotically nonexpansive mappings in the intermediate sense in real uniformly convex Banach spaces.
First, we shall need the following lemma.

Lemma 2.1. Let E be a real uniformly convex Banach space, K a nonempty closed convex subset of
E. Let S1, So: K — K be two asymptotically nonexpansive self-mappings in the intermediate sense and
Ty, To: K — F two asymptotically nonexpansive non-self-mappings in the intermediate sense. Put

Go=max{0, sup (ISfz =iyl — e —yl), s (IS5e-Sgyl—le—yl)},  (@1)
z,ye K, n>1 z,ye K, n>1
and
H, =mwax {0, sup  (IT(PT)" " (z) - TPT)" " W) - [l - y1]), (2.2)
z,ye K, n>1
s (ITa(PTy)" " (@) - To(PT2)" " (1)) },
z,ye K, n>1

such that > >° | G, < oo and > oo H, < oo. Let {z,} be the sequence defined by (L.5), where {uy},
{ul,} are bounded sequences in E, {a,}, {Bn}, {m}, {al}, {6}, {7} are real sequences in [0, 1) satisfying
an + B+ =1=a,+p8,+7, foralln > 1, > v, < ocoand ) 7,7, < oo. Assume that
F=F(S1)NF(S2)NF(Th) N F(T2) # 0. Then limy,_oo ||zn — ¢|| and limy, o0 d(zy, F') both exist for any
qgeF.

Proof. Let ¢ € F. From (1.5)), (2.1) and ({2.2)), we have

1yn — ql| = |1P(a, S50 + By To(PTo)" 2 + vjpus,) — P(q)]]
< [0}, S5 an + B, To(PT2)"  an + vpu;, — 4l
< oy [|S52n — qll + By | To(PT2)" @ — ql| + 7wy, — g (2.3)
< aplllzn — gl + Gul + Bulllzn — all + Hu] + 33wz, — 4l
< (apy + Bp)llzn — gl + G + Hy + 5, [|uz, — 4l
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= (1= v)lzn — qll + Gn + Hn + 7, ||ul, — 4|
< ||~Tn - QH + An;

where A, = Gp+ H,, +,||u], —ql|. Since by assumptions > > | G, < 00, Y o~ H, <ocoand )y >~ < 00,

it follows that » > | A, < co. Again from (1.5), (2.1) and (2.2), we have

[Zn41 = qll = [|1P(anSTen + B Ti(PT1)"  yn + ynun) — P(q)||
< e St en + BnTh (PTl)nilyn + Yntn — q||
< an||Stan — qll + Bul T (PTH)" ™y — all + Yallun — gl (2.4)
< anllln — gl + Gn] + Balllyn — all + Hu] + vnllun — 4l
< anllzn —qll + Gn + Hy + Bollyn — qll + wllun — 4.

By using equation (2.3)) in (2.4), we obtain

[#n41 = qll < anllzn — gl + Bulllzn — gqll + An]
+ G + Hy, + Yollun — 4|
= (an + Bn)llzn — gll + BndAn + Gn + Hi + Yallun — q|| (2.5)
= (1 =v)llzn — qll + BnAn + G + Hp + yallun — 4
< llzn — gl + Bn,

where By, = 8, An+Gn+Hp+7 | un—ql|. Since by hypothesis > 07 | Gy, < 00, > 07| Hy, < 00, Y 00 | Y < 00
and Y 2 A, < o0, it follows that > >°, B, < oo. For any ¢ € F, from (2.5]), we obtain the following
inequality

d(zp41, F) < d(zpn, F) + By. (2.6)
By applying Lemma in (2.5) and (2.6, we have lim,, o ||z, — ¢|| and d(x,, F) both exist. This
completes the proof. O

Lemma 2.2. Let E be a real uniformly convex Banach space, K a nonempty closed convex subset of
E. Let S1, S3: K — K be two asymptotically nonexpansive self-mappings in the intermediate sense and
Ty, To: K — FE two asymptotically nonexpansive non-self-mappings in the intermediate sense and G,, and
H, be taken as in Lemma Assume that F = F(S1)F(S2) NF(Th) N F(Tz) # 0. Let {z,} be the
sequence defined by (L.5), where {u,}, {u),} are bounded sequences in E, {an,}, {Bn}, {7}, {4}, {85}
{1} are real sequences in [0, 1) satisfying o, + Bp +vn =1 = o, + 0], + 7, foralln > 1, 3" | ~, < co and
> oo v < 0o. If the following conditions hold:

(i) {Bn} and {B),} are real sequences in [p,1 — p] for all n > 1 and for some p € (0, 1),

(i) [lz — T(PT)" ty|| < ||Spa — Ti(PT)"'y| for all z,y € K and i = 1,2,
then limy, o0 |2y, — Sizn|| = im0 |20 — Tixy|| = 0 for i =1, 2.

Proof. By Lemma lim,, o ||z, — q|| exists for all ¢ € F' and therefore {x,} is bounded. Thus, there
exists a real number r > 0 such that {z,} C K’ = B,(0) N K, so that K’ is a closed convex subset of K.
Let limy, 0 ||zn, — ¢|| = ¢. Then ¢ > 0 otherwise there is nothing to prove. Now (2.3)) implies that

limsup [ly, — gl < e. (2.7)

n—oo

Also, we have

Hsgxn - QH < ||$n - QH +Gpn, Vn2>1,
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|ITo(PTo)" 2 — gl < |2 — all + Hoy V> 1,
and
[S12n — gl < llzn — gl + Gpny VR > 1.
Hence
limsup ||S5z, — ¢q|| < ¢,
n—oo
limsup || T (PT2)" 'z, —q|| <,
n—oo
and
limsup ||STzy, —¢f] < c. (2.8)
n—oo
Next,
HTl(PTl)nilyn - qH < Hyn - QH + Hy,
gives by virtue of (2.6]) that
lim sup HTl(PTl)”_lyn —q| <e.
n—oo
Also, it follows from
c= lim [[zn11 —ql]
= lim Hans?xn + /BnTl(PTl)nilyn + YnUn — QH
n—oo
_ N g N
= M flan[Sten — g+ 5 = (un —q)]
+ Bl T3 (PT1)" g — g + 22 (un — )|
26n
_ LTS (R
= lim [Jan[ST@, — ¢+ Sor (un — q)]
+ (1= o) [TLU(PT)" g — g+ o (wn — )],
26n
and Lemma [L.6] that
T gt (22— 22— ) =
Jim |8}z — T(PT2)" g+ (5 = 520 (un = a)]| =0,
Since limy, o0 || (2%” — ;ﬁ) (un — q)|| = 0, we obtain that
lim ||STa, — Ty (PT1)" ty,| = 0. (2.9)
n—oo
By condition (ii), it follows that
2 = Ty (PT)™ Yyl < 15720 — To(PT)™ iyl
and so, from ([2.9), we have
lim |z, — T1(PTy)" Yy, = 0. (2.10)
n (o)

Now

||xn+1 - QH = ||an {an + /BnTl(PTl)nilyn + YnUn — QH

= |lan(STTn — q) + /Bn(Tl(PTl)n_lyn — ST2n) + Yn(un — ST x,)||
< apl|STzn — gl + BnHTl(PTI)n_lyn — STnll + Ynllun — STzl
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yields that
¢ < liminf ||STx, — ¢l
n—oo
so that (2.8) gives
lim ||STa, —q|| = c.
n—oo
On the other hand,
1720 — all < 157 @n — T1(PT)" ynll + | T2 (PT2)" ™ yn — dl|
< |[SF@n = T(PT)™ Yyl + lyn — all + Ha,
so, we have
¢ < liminf ||y, — ¢||. (2.11)
n—oo
By using (2.7)) and (2.11)), we obtain
lim ||y, —¢|| =c.
n—oo
Thus
¢ = lim |y, —qf
n— oo
= lim ||lo;, 5w, + B, To(PTo)" a4 ypui, — 4
n—oo
,.Y/
. / /
/
BT (PT2)" e — g+ 52 (), = )|
24!
’7,
= Jm o [S5n — g+ 5 5 (un — 0)]
/
+ (1= o) [To(PT2)" e — g+ 55 (= )
24!,
and Lemma [I.6] implies that
1 ot Yy
: n _ n— n _ _In r _
Jim (S50 — T(PT)" e + (515 — o) ()l =0
Since limy, 0 || <276£1,n — Q'Yé‘%)(u;l —q)|| = 0, we obtain that
lim ||SYa, — To(PT2)" || = 0. (2.12)
n—oo
By condition (ii), it follows that
|z — To(PT2)" " an| < [|S5an — Ta(PT2)" tanll,
and so, from (2.12]), we have
lim_fla, — To(PTy)" 2, = 0. (2.13)
n—oo

Since Syx, = P(S3xy,) and P: E — K is a nonexpansive retraction of £ onto K, we have

1Y — S5 @n| = o), S5 an + B To(PT2)" '@y + ypu), — S3an,||
= |(1 = B}, = V) S5an + By To(PT)" & + ), — S5y
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< BullS3xn — To(PTo)"  aull + 7 luy, — S5,
and so
lim ||y, — Syz,|| = 0. (2.14)
n—o0
Again, we have
lyn = @all < llyn — S5zl + 1320 — To(PT2)" ™ @l + | To(PT2)" 2 — 2.
Thus, it follows from (2.12)), (2.13)) and (2.14) that
Jim lyn — am| = 0. (2.15)
Since ||z, — T1(PTy)" Yo, | < 1S, — Ty (PTy)" y,|| by condition (ii) and
15720 — T (PT)"™ Y| < (ST 20 — Ta(PT1)" |
+ | TL(PT)™  yn — Ty (PT1)™ |
< |[STxn — T (PT)"™ 'yl + llyn — 2]l + Ha
By using (2.9)), (2.15) and H,, — 0 as n — oo, we have
lim ||STx, — Ty (PT)" ‘2, = 0, (2.16)
n—oo
and
lim ||z, — Ty (PTy)" ‘2, = 0. (2.17)
n—oo
It follows from
[Zn+1 — ST = [|[P(anSTan + IBnTl(PTl)n_lyn + Yntn) — P(STTy)||
< Han ?xn + ﬁnTl(PTl)nilyn + YnUn — S?an
< BnllSTxs — TI(PTI)n_lynH + Ynllun — STan|;
and (2.9) that
lim [|z,41 — STzy| = 0. (2.18)
n—oo
In addition, we have
[ 21 = To(PT)" | < @1 — STanll + (|57 @ — T (PT1)" ynl-
By using (2.9)) and (2.18)), we have
lim ||zne1 — T3 (PTY)™ Yyall = 0. (2.19)
n—oo
Now, by using (2.16)), (2.17) and the inequality
1T @0 — 2|l < [[STn — Ti(PTL)" g || + | T2 (PT1)" g — @all,
we have lim,, o ||ST@n — || = 0. It follows from (2.13) and the inequality
15720 = To(PT2)" || < ||ST@n — 2]l + |20 — To(PT2)" all,
that
lim ||STx, — To(PT2)" ‘a,| = 0. (2.20)
n—oo
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Since

len1 = T(PT)" " ynll < llnst = SPanll + [STan — To(PT)" ™ an| + [l = yall + Ha,

from ([2.15)), (2.18), (2.20) and H,, — 0 as n — oo, it follows that

lim ||zpy1 — To(PT)" 'ya|| = 0. (2.21)
n—oo
Since T; for ¢ = 1,2 is uniformly continuous, P is nonexpansive retraction, it follows from (2.21]) that
|IT:(PT)"  yn—1 — Tiwnll = | LI(PT)(PT)" ) yn-1] = T;(Pzy)| = 0 as n— oo (2.22)
for i = 1,2. Moreover, we have

21 = yall < lensr = TL(PT)"  yall + 1T (PT)™ Y — @l + (20 — yall.
By using (210), (2-15) and (219), we have
lim ||zp41 — ynl = 0. (2.23)
n—oo
In addition, we have

2 = Thwn|| < [J2, — To(PT)" 20|l + [T (PT)™ 2 — T (PT)™ g |
+ | T (PT)" Y1 — Ty
<|lzn — Tl(PTl)nilan + |20 — Y1l + Hn
+ [T (PT)" Y1 — Thn |-

Thus, it follows from (2.17)), (2.22)), (2.23) and H,, — 0 as n — oo, that

lim |z, — Thzy| = 0.
n—oo

Similarly, we can prove that
lim ||z, — Toz,|| = 0.
n—oo

Finally, we have

|20 = S12n|| < [ — Ty (PTY)" @nl + | S12n — T (PT)" |
<||lzn — Tl(PTl)"*la:nH + || STz, — Tl(PTl)"*lsan (by condition (ii)).

Thus, it follows from (2.16)) and (2.17]) that

lim ||z, — Sizy,| = 0.
n—oo
Similarly, we can prove that
lim ||z, — Sazn|| = 0.
n—oo
This completes the proof. O

Theorem 2.3. Under the assumptions of Lemma if one of S, So, T and Ty is completely continuous,
then the sequence {z,} defined by (1.5 converges strongly to a common fixed point of the mappings Si,
Sy, T1 and T5.
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Proof. Without loss of generality we can assume that S; is completely continuous. Since {x,} is bounded
by Lemma there exists a subsequence {Sizy, } of {S1z,} such that {Siz,, } converges strongly to some
q1- Moreover, by definition of complete continuity and from Lemma [2.2] we have

lim ||z, — Si1zp, | = lim ||z, — Sozy, || =0,
k—o00 k—o0

and
klggo Hxnk - Tlx”k” = klinc}o ”xnk - TankH =0,

which implies that
2, = qull <z, = S1za, | + 15120, — a1l =0,

as k — oo and so z,, — ¢q1 € K. Thus, by the continuity of S, S2, T1 and 75, we have
lgr = Siqnll = lim [[z5, = Sizn, || =0,

and
o — Tigi|| = kh—?;o |y, — Tixp, || =0

for ¢ = 1,2. Thus it follows that ¢; € F(S1) N F(S2) N F(T1) N F(T2). Again, since lim,_,« ||z, — q1] exists
by Lemma we have lim,, o ||z, — ¢1]| = 0. This shows that the sequence {z,} converges strongly to a
common fixed point of the mappings S1, S, T1 and T5. This completes the proof. O

For our next result, we need the following definition.

A mapping T: K — K is said to be semi-compact if for any bounded sequence {z,} in K such that
|xn — Txy|| — 0 as n — oo, then there exists a subsequence {x,,.} C {x,} such that z,,, — z* € K strongly
as r — 00.

Theorem 2.4. Under the assumptions of Lemma if one of S1, S, T1 and T is semi-compact, then the
sequence {z,} defined by (1.5 converges strongly to a common fixed point of the mappings S1, Sa, 71 and
Ts.

Proof. Since we know that from Lemma limy, o0 |27 — Sizp|| = limy oo |2, — Tizy|| = 0 for @ =
1,2 and one of Si, S, T1 and T3 is semi-compact, there exists a subsequence {x,,} of {z,} such that
{7p,} converges strongly to some g. € K. Moreover, by the continuity of Si, So, T1 and T3, we have
g — Sigsll = limj o0 [|2n; — Sizn, |l = 0 and |lgx — Tig«|| = lim;j o0 ||2n; — Tizn,|| = 0 for i = 1,2. Thus it
follows that g. € F(S1) N F(S2) N F(T1) N F(T). Since limy, o0 ||z — g«|| exists by Lemma we have
lim,, 00 ||Zn — g«|| = 0. This shows that the sequence {z,,} converges strongly to a common fixed point of
the mappings S1, S2, 11 and 7. This completes the proof. O

Theorem 2.5. Under the assumptions of Lemma[2.2] if there exists a continuous function f: [0, 00) — [0, 00)
with f(0) =0 and f(t) > 0 for all ¢t € (0, 00) such that

fld(z, F)) < ay || = Siel| + ag ||z — Syzl| + as [l — Thz|| + ag [l — Tox|]

for all x € K, where F' = F(S1) N F(S2) N F(T1) N F (1) and ai, as, as, a4 are nonnegative real numbers
such that a; + ag + as + a4 = 1, then the sequence {z,} defined by (1.5) converges strongly to a common
fixed point of the mappings Sy, So, 11 and T5.

Proof. From Lemma we know that lim, e ||2n — Sizn| = limy oo ||2n — Tixn|| = 0 for i = 1,2, we
have limy, o f(d(zn, F)) = 0. Since f: [0,00) — [0,00) is a nondecreasing function satisfying f(0) = 0 and
f(t) > 0 for all ¢t € (0,00) and lim,,_, o d(x,, F) exists by Lemma we have lim,,_,o, d(zy, F) = 0.

Now, we show that {z,} is a Cauchy sequence in K. Indeed, from , we have

|zns1 —qll < [Jzn —q| + By
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for each n > 1 with Y2 | B, < o0 and ¢ € F. For any m, n, m > n > 1, we have

me - QH < me—l - QH + Bm—l
< me—Q - QH + Bp—1+ B2

m—1

< Jlaw—all + 3. B;
=n

o
< Jlan —ql + 3 B.

i=n

Since limy, o0 d(xy, F') = 0 and Zfin B; < oo, for any given € > 0 there exists a positive integer ng such
that

[e.e]
€ €
1=n0
Therefore, there exists g1 € F' such that
€ > €
lny = arll < 3 ZBi<Z.

1=ng

Thus, for all m,n > ng, we get from the above inequality that
[#m — anl| < [lom — @1l + [lon — a1

o0
<t -+ 3 Bi

i=ng

o0
+llzng — il + ) Bi

i=ng

oo
=2z — il + Y B)

i=ng
g g
2(5+9) -
< 4+4 €

Thus, it follows that {z,} is a Cauchy sequence. Since K is a closed subset of E, the sequence {z,}
converges strongly to some ¢’ € K. It is easy to prove that F'(S1), F(S2), F(T1) and F(T5) are all closed and
so F'is a closed subset of K. Since lim,, o d(xy,, F') = 0, we have ¢’ € F. Thus, the sequence {x,,} converges
strongly to a common fixed point of the mappings Sy, So, T1 and T5. This completes the proof. Ul

3. Weak convergence theorems

In this section, we prove some weak convergence theorems of iteration scheme (1.5 for the mixed type
asymptotically nonexpansive mappings in the intermediate sense in real uniformly convex Banach spaces.

Lemma 3.1. Under the assumptions of Lemma for all p1, p2 € F = F(S1) N F(S2) N F(T1) N F(Ty),
the limit

lim ||tz + (1 —t)p1 — po|
n—oo

exists for all ¢ € [0, 1], where {xz,} is the sequence defined by (|1.5]).
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Proof. By Lemma limy, o0 ||n, — 2|| exists for all z € F and therefore {z,} is bounded. By letting
an(t) = [[tzn + (1 = 1)p1 — po

for all t € [0,1], we conclude that lim, ,~ a,(0) = ||p1 — p2|| and lim, o an(1) = ||zn — p2|| exists by
Lemma It, therefore, remains to prove Lemma for t € (0,1). For all z € K, we define the mapping
Wy K — K by:

Un(z) = P!, S + B To(PT)" 1o 4+~ ul),

and
Wy (x) = P(anSta + B, T1(PTy)" ' Un(z) + yntn).

Then it follows that z,+1 = Wyx,, W,p = p for all p € F. Now from ([2.3) and (2.5 of Lemma we
see that
[Un(z) = Un)| < [z — yll + An,

and
[Wa(z) = Wa(y)ll < llz = yll + B, (3.1)

with Y >° | B, < co. By setting
Qn,m = Wn+m—1Wn+m—2 cee WTH m > 11 (32)
and
bn,m = HQn,m(tl'n + (1 - t)pl) - (th, mTn + (1 - t)Qn,mPQ)”-
From (3.1)) and (3.2)), we have
||Qn,m($) - Qn,m(y)H = ||Wn+m71Wn+mf2 s Wn(x) —Whitm-1Whim—2... Wn(y)H
< [ Whsm—2. .. Wa(x) = Wigm—2 ... Wa(y) || + Bntm—1
S ||Wn+m,3 e Wn(ﬂ?) — Wn+m73 e Wn(y)H
+ Bnerfl + Bn+m72

n+m—1

<le-yl+ > B

j=n
forall x,y € K, Qn,mTn = Tntm and Qn, mp = p for all p € F. Thus

antm(t) = [[txnym + (1 —t)p1 — pa|

< bn,m + ||Qn,m(t1'n + (1 - t)pl) _p2”
ntm—1 (3.3)

<bpm+an(t)+ Y B
j=n

By using [4, Theorem 2.3], we have
brm < 0™ ([2n — ull = 1Qnmn — Quanull)
< ¢ lzn = ull = l2ntm — w+u — Quumul)
< ¢ (lwn = ull = ([nsm = ull = |Qumu — ul)),

and so the sequence {b,,,} converges uniformly to 0, i.e., by, — 0 as n — oco. Since lim, 00 By, = 0,
therefore from (3.3]), we have

limsupa,(t) < lLm by + liminf a,(¢) = liminf a, (¢).
N—00 n,m— o0 n—o00 n—oo

This shows that lim, o ay(t) exists, that is, lim, o [[tx, + (1 — t)p1 — p2|| exists for all ¢ € [0,1]. This
completes the proof. O
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Lemma 3.2. Under the assumptions of Lemma if £ has a Fréchet differentiable norm, then for all
p1, p2 € F = F(S1)NF(S2) N F(Ty) N F(T3), the following limit exists

lim (xna J(pl - p2)>7

n—o0

where {x,} is the sequence defined by (|L.5)), if W, ({x,}) denotes the set of all weak subsequential limits of
{zn}, then (I1 —la, J(p1 — p2)) = 0 for all p;, ps € F and Iy, Iy € Wy, ({zn}).

Proof. Suppose that © = p; — ps with p; # pe and h = t(x,, — p1) in inequality (1.1). Then, we get
1 s 1 )
t(zn = p1, J(p1 = p2)) + 5 1 = 2" < Slltwn + (1 = )p1 = pof
1
< tlwn —p1 (01— p2)) + 5 llor = p2l® + b(tllzn — pr)-

Since sup,,>1 ||z — p1|| < M’ for some M’ > 0, we have

. 1 1 .
tlimsup (w, —p1, J(p1 = p2)) + 521 —pa* < 5 Jim[ltzn, + (1= t)py — pall?
n—oo

n—o0

.. 1
<t liminf (x, — p1, J(p1 — p2)) + §Hp1 — pol? + b(tM).

n—oo
That is,
. .. b(tM'’
limsup (z,, — p1, J(p1 — p2)) < liminf (x, — p1, J(p1 — p2)) + ( ,)M’.
n—00 n—00 tM

If t — 0, then lim,,_,oc (zn, —p1, J(p1 —p2)) exists for all p;, po € F; in particular, (I —la, J(p1 —p2)) =0
for all I3, lo € Wy, ({zn}). O

Theorem 3.3. Under the assumptions of Lemma[2.2] if F has Fréchet differentiable norm, then the sequence
{zy} defined by (|1.5)) converges weakly to a common fixed point of the mappings Si, Sz, 11 and Tb.

Proof. By Lemma we obtain (I1 — la, J(p1 —p2)) = 0 for all Iy, Iy € Wy, ({x,,}). Therefore, ||g* — p*||* =
(¢* —p*, J(¢* —p*)) = 0 implies ¢* = p*. Consequently, {x,} converges weakly to a common fixed point in
F = F(S1)NF(S2) N F(T1) N F(Ty). This completes the proof. O

Theorem 3.4. Under the assumptions of Lemma if the dual space E* of E has the Kadec-Klee (KK)
property and the mappings I — .S; and I — T; for i = 1,2, where I denotes the identity mapping, are
demiclosed at zero, then the sequence {z,} defined by converges weakly to a common fixed point of
the mappings S1, Sz, 71 and T5.

Proof. By Lemma {xn} is bounded and since E is reflexive, there exists a subsequence {z,;} of {z,}
which converges weakly to some ¢; € K. By Lemma we have

lim ||z, — Sizn,l| =0, and |Zn; — Tizn,|| =0
j—o0

lim
j*)OO
for i = 1,2. Since by hypothesis the mappings I —.S; and I —T; for ¢ = 1,2 are demiclosed at zero, therefore
Siq1 = q1 and T;q1 = q1 for ¢ = 1,2, which means g1 € F' = F(S1) N F(S2) N F(T1) N F(T2). Now, we show
that {x,} converges weakly to gi. Suppose {zy,} is another subsequence of {z,,} converges weakly to some
g2 € K. By the same method as above, we have g2 € F' and q1, ¢2 € Wy, ({z,,}). By Lemma the limit

lim ||tz, + (1 —t)q1 — g

n—oo

exists for all ¢ € [0,1] and so ¢; = g2 by Lemma Thus, the sequence {x,} converges weakly to q; € F.
This completes the proof. O
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Theorem 3.5. Under the assumptions of Lemma[2.2] if E satisfies Opial condition and the mappings I —.S;
and I —7T; for i+ = 1,2, where I denotes the identity mapping, are demiclosed at zero, then the sequence
{zy,} defined by (1.5 converges weakly to a common fixed point of the mappings S1, S2, 71 and T».

Proof. Let ¢, € F, from Lemma the sequence {||z, — q«||} is convergent and hence bounded. Since
FE is uniformly convex, every bounded subset of F is weakly compact. Thus, there exists a subsequence
{n,} C {@,} such that {z,,} converges weakly to z* € K. From Lemma [2.2] we have

H:Enk - Slx”k” =0 and ||$nk - TlajnkH =0

lim lim
k—o00 k—o00
for i = 1,2. Since the mappings I —.5; and I —T; for i = 1,2 are demiclosed at zero, therefore S;x* = z* and
Tix* = x* for i = 1,2, which means z* € F. Finally, let us prove that {z,,} converges weakly to z*. Suppose
by the contrary that there is a subsequence {xy;} C {x,} such that {z,,} converges weakly to y* € K and
x* £ y*. Then by the same method as given above, we can also prove that y* € F. From Lemma the
limits limy,, o0 |25, — *|| and lim, o ||z — y*|| exist. By virtue of the Opial condition of E, we obtain

lim ||z, —2%|| = lim ||x,, — "
n—00 N —00

< lim |lzn, — ¥
N —r00

= lim [lz, —y||
n—oo

T
Nnj—r00

< lim |[z,; — 2"
n;j—r00

= lim ||z, — 2],

n—oo

which is a contradiction, so z* = y*. Thus, {z,,} converges weakly to a common fixed point of the mappings

S1, Sa, 11 and T5. This completes the proof. O

Example 3.6. Let R be the real line with the usual norm | - | and let K = [—1,1]. Define two mappings
S, T: K — K, respectively, by the formulas

—2sing, if x € [0,1],

2sin§, if x € [-1,0),

T(zx) = {

and

B xz, ifxel0,1],
S(z) = { —z, ifze[-1,0).

Then both S and T are asymptotically nonexpansive mappings with constant sequence {k,} = {1} for
all n > 1 and uniformly L-Lipschitzian mappings with L = sup,,~;{k,} and both are uniformly continuous
on [-1,1] and hence they are asymptotically nonexpansive mappings in the intermediate sense. Also the
unique common fixed point of S and T, that is, F' = F(S) N F(T) = {0}. Furthermore, S and T satisfy the
condition (ii) in Lemma (see, [0, Example 3.1]).

Now, we give some more examples by taking two mappings, 71 =15 =T and S; = So = S as follows.

Example 3.7. Let £ =R, K = [—%, %], |[A\| <1 and P be the identity mapping. For each z € K, define
the mappings S, T: K — K by the formulas

[ Az sin(l/z), ifxz#0,
T() = { 0, if © =0,
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and L
_ 5, ifx#0,
S(@) {Q if 2 = 0.

Then {T"x} — 0 uniformly on K as n — oco. Thus

lim sup {||T”:z: —T"y|| = ||z —yl| v 0} =0
n—oo

for all z,y € K. Hence T is an asymptotically nonexpansive mapping in the intermediate sense (ANI in

short), but it is not a Lipschitz mapping and S is an asymptotically nonexpansive mapping with constant

sequence {k,} = {1} for all n > 1 and uniformly L-Lipschitzian with L = sup,,~;{kn}. Also, F(T) = {0} is

the unique fixed point of 7" and F(S) = {0} is the unique fixed point of S, that is, F = F(S) N F(T) = {0}

is the unique common fixed point of S and 7.

Example 3.8. Let E =R, K = [0, 1], and P be the identity mapping. For each z € K, define the mappings
S, T: K — K by the formulas

kzx, if0<z<1/2,
T(x) =< is(k—=), if1/2<z <k,
0, ifk<z<l,

and

oz, ifx#0,
ﬂw—{o,ﬁx:Q
where 1/2 < k < 1. Then F(T) = {0} and {T"x} converges uniformly to 0 on K. Obviously, T is uniformly
continuous. It follows that 7" is an asymptotically nonexpansive mapping in the intermediate sense (ANI in
short). Further, 7" is uniformly Lipschitzian. Indeed, if 0 < x < 1/2 and 1/2 < y < k, then T"z = k"x and
Ty = 5~ (k — y). Therefore, we see that

. ot lin Ln kn Ln
T =Ty = [k"e = o + 5 — 5 (k yﬂ
o1 K 1

=[i"(e - 3) + =g (k= 3) ~ )]

<k”x—1‘+ ul .

= 2l Tk —11Y T 2

< _

< gp g/t -l

< — .

< gp—qle vl

Hence T' is uniformly Tk_l—Lipschitzian and S is an asymptotically nonexpansive mapping with constant
sequence {k,} = {1} for all n > 1 and uniformly L-Lipschitzian with L = sup,,>1{kn}. Also, F(S) = {0} is
the unique fixed point of S. Thus, F' = F(S) N F(T') = {0} is the unique common fixed point of S and T'.

4. Concluding remarks

In this paper, we study the mixed type iteration scheme for two asymptotically nonexpansive self-
mappings in the intermediate sense and two asymptotically nonexpansive non-self-mappings in the inter-
mediate sense and establish some strong convergence theorems by using some completely continuous and
semi-compactness conditions and some weak convergence theorems by using the following conditions:

(i) the space E has a Fréchet differentiable norm;
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(ii) dual space E* of E has the Kadec-Klee (KK) property;

(iii) the space E satisfies Opial condition.

Our results extend and generalize the corresponding results of Chidume et al. [2, 3], Guo et al. [5,[6], Saluja
[8], Schu [9], Tan and Xu [12], Wang [13], Wei and Guo [14} 15].
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