Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 5252-5258

Research Article

NS AT Journal of Nonlinear Science and Applications
agp= b

Print: ISSN 2008-1898 Online: ISSN 2008-1901

B

Strong convergence theorem for common solutions
to quasi variational inclusion and fixed point
problems

Xianzhi Tang?, Huanhuan Cui®*

?Department of of basic courses, Yellow River Conservancy Technical Institute, Kaifeng 475004, China.

bDepartment of Mathematics, Luoyang Normal University, Luoyang, 471022, China.

Communicated by Y. H. Yao

Abstract

In this paper, we consider a problem that consists of finding a common solution to quasi variational
inclusion and fixed point problems. We first present a simple proof to the strong convergence theorem
established by Zhang et al. recently. Next, we propose a new algorithm to solve such a problem. Under
some mild conditions, we establish the strong convergence of iterative sequence of the proposed algorithm.
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1. Introduction

In this paper, we consider a quasi variational inequality problem that requires to find a point v € H so
that
0 € A(u) + M(u), (1.1)

where # is a real Hilbert space, A : H — H is a single-valued mapping and M : H — 2™ is a multi-valued
mapping. The solution set of problem ((1.1)) is denoted by VI(#H, A, M). We recall one of special cases of
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such problem. If M = 9d¢c with C a nonempty closed convex subset of H, and d¢c : H — [0, +0o0] is the
indicator function of C, that is,

50(36):{0, x e,

+oo0, z¢&C.
In this case, problem ([1.1)) is reduced to finding a point u so that
(A(u),v —u) >0, YveC, (1.2)

which is called Hartman-Stampacchia variational inequality problem. A fixed point problem requires to find
a point u so that
Su = u, (1.3)

where S : H — H is a nonlinear mapping. The set of fixed points of S is denoted by F'(S).
Takahashi and Toyoda [6] considered the problem for finding a common solution to Hartman-Stampacchia
variational inequality problem (|1.2)) and fixed point problem (]1.3]), that is, find a point u such that

u € F(S) and (A(u),v —u) >0, Yve C. (1.4)

Since then much efforts have gone into constructing algorithms to solve such a problem; see e.g., [3] 5] 6] [10]
and references therein. Recently, Zhang et al. [11] considered a problem to find a common solution of

problems (|1.1)) and ((1.3)), that is, find a point u such that
ue F(S)NVI(H, A, M). (1.5)

It is obvious that problem ([1.5)) is an extension of the problem ([1.4)) considered by Takahashi and Toyoda
[6]. In [II], Zhang et al. constructed an algorithm, which generates a sequence (z,,) by

ro=x € H,
Yn = Jua(zn — AAy,), (1.6)
Tpg1 = A + (1 — @) Syn,

where J)y y is the resolvent related to M with A a positive constant. Under some certain assumptions, they
proved the sequence (x,,) generated by converges in norm to a solution of problem .

The aim of this paper is to introduce some new iterative algorithms to solve problem . We first prove
the strong convergence of algorithm by employing a new simple proof. Some other iterative schemes
to approximate the solution of problem are proposed and also the strong convergence properties for
these new algorithms are proved.

2. Preliminaries

Throughout this paper, I denotes the identity operator on H, “—” strong convergence, “—” weak
convergence, and wy,(z,) the set of weak cluster points of the sequence (z,). Let Po denote the projection
from H onto a nonempty closed convex subset C' of H, that is,

Pox = argmin|z —y||, x€H.
yeC

It is well-known that Pox is characterized by the inequality:
(x — Pox,c— Pex) <0, ceC. (2.1)

Let T' be a mapping defined on H. Recall that T is contractive if there is a x € (0, 1) so that | Tz —Ty| <
kllz — y|| for any z,y € H; and nonexpansive if ||Tz — Ty|| < ||z — y|| for any x,y € H. The fixed point
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problem (1.3) for the nonexpansive mapping has been widely investigated and studied. There are two
iterative schemes with strong convergence for approximating a fixed point of a nonexpansive mapping. One
is the Halpern iteration, which generates an iterative sequence by

Tnt1 = an® + (1 — @) Sxy, © € H. (2.2)

This iteration is originally constructed by Halpern [2] and further studied by Wittmann [7] and Xu [§]. It
is well-known that if F(S) # 0, then the sequence (z,) generated by (2.2]) converges strongly to Prs)z,
whenever («y,) is a sequence in (0, 1) satisfying the following conditions:

(C1) limp oo =0, D07y = 00;

(C2) either > > |ant1 — | < 00 or limy, 00 |ng1 — |/, = 0.

Another is viscosity approximation method, which generates an iterative sequence by
Tpt1 = anf(xn) + (1 — ap)Sxy, x € H, (2.3)

where f is a contraction. This iteration is originally proposed by Moudafi [4] and further studied by Xu [9].
It is well-known that if F/(S) # (), then the sequence (x,) generated by converges in norm to Ppg)f.

A mapping T is called v-averaged if there exist a constant v € (0,1) and a nonexpansive mapping S
such that T'= (1 —v)I + vS; and v-inverse strongly monotone (v-ism) if there is a constant v > 0 such that
(Tx — Ty,r —y) > v||Tx — Ty|? for any x,y € H. The following lemma collects some useful properties of
averaged and inverse-strongly mappings.

Lemma 2.1 ([1]). The following assertions hold.

(i) T is averaged if and only if I — T is v-ism for some v > 1/2;
(ii) The composition of two averaged mappings is also averaged;
(i) If T is v-ism with v > 0 and if X > 0, then \T' is (v/\)-ism;
(iv) If T is 1-ism with v > 0, then it is averaged;

(v) If T is v-averaged with v € (0,1), there holds the inequality:

1—v

T2 — 2] < ||z — 2|* - 1Tz — ||,

where x € H and z € F(T).

Let M : H — 2™ be a multi-valued maximal monotone mapping. Then the mapping J M, defined by
Jua(u) = +AM) " (u), u € H,

is called the resolvent operator associated with M, where A is any given positive constant. The mapping
Ju,x has the following properties:

Lemma 2.2. Let A be a-ism and let X € (0,2«a). Then the following assertions hold.

(i) Jan is single-valued and 1-ism;
(i) VI(H, A, M) = F(Ja(I — A\A));
(ili) Jara(I —AA) is averaged.
Proof. Assertions (i) and (ii) are proved in [I1]. Since A is a-ism, AA is a/A-ism (Lemma 2.1 (iii)). It is easy
to check that /A > 1/2, and hence by Lemma (i), I — AA is averaged. Since Jys ) is 1-ism, then it is

also averaged (Lemma [2.1 (iv)) and therefore by Lemma [2.1] (ii), the composition Jys \(I — AA) is averaged,
too. [l

The following lemmas will be used in the subsequent section.
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Lemma 2.3 (demiclosedness principle). Let T : H — H be a nonexpansive mapping with F(T) # 0. If (xy,)
is a sequence in H so that x,, = x and (I —T)z, — 0, then x € F(T).

Lemma 2.4 ([§]). Let (a,) be a nonnegative real sequence satisfying
An+41 < (1 - an)an + Qpfin,

where the sequences (ay,) C (0,1) and (un) satisfy the conditions:

(ii) either ZZO:() |an pin| < 00 or limy, o0 i, < 0.

Then lim,,_.so an, = 0.

3. Main results

In this section we first give a simple proof of [I1, Theorem 2.1]. The key of the proof is the following
lemma.

Lemma 3.1. Let A be a nonexpansive operator and B a v-averaged operator. If F(A) N F(B) # 0, then
F(A)NF(B) = F(AB).

Proof. Tt is obvious that F(A)NF(B) C F(AB). To see the converse, let x € F(AB). Since F(A)NF(B) # 0,
we can pick u € F(A) N F(B). Hence

1—v

1—
o = ull? + =Bz — al|” = | A(Bx) - ul* + —Z|| Bz -
1—
14

2| Bz — z|)?

— ||A(Bz) — Au|* + —Z|| Bz — x|®

< ||Bx — qu +

v
<l = ull?,

where the last inequality follows from Lemma (v). This implies that |Bx — z|| < 0, or equivalently,
Bz = z and further
x = A(Bzx) = Ax.

Altogether we get the result as desired. O

Remark 3.2. In [I], Byrne proved that if A and B are averaged and if F(A)NF(B) # (), then the intersection
F(A)N F(B) and F(AB) are coincident. So our result is an extension of this assertion.

Theorem 3.3. Let A : H — H be a-ism with a > 0, M : H — 2" a mazimal monotone mapping, and
S : H — H a nonexpansive mapping. If (o) is chosen in (0,1) so that the conditions (C1) and (C2) are

satisfied, then the sequence (x,) generated by (1.6) converges strongly to x* = Pp(s)nv1(#,4,0m)T, whenever
FS)NVI(H,A, M) # 0.

Proof. Set T' = SJy (I — AA). Since S and Jy (I — AA) are both nonexpansive, the operator 7' is
nonexpansive, too. Thus algorithm (|1.6)) has the following form:

Tnt1 = an® + (1 — o) Ty,

which is a standard iterative scheme of Halpern iteration. Since Jys (I — AA) is averaged, it follows from
Lemmas B.1] and that
F(T)=F(S)NVI(H,A M) # 0.

The sequence (z,,) therefore converges in norm to Pr(s)nvi(3,a,0)T. O
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Remark 3.4. Here we choose A € (0,2«), while it is assumed that A € (0,2¢] in [II]. We show that A can
not be equal to 2a. In fact, it is proved in [11} page 577, line 11]

(1 — an)A(2a — \)|| Az, — Au®* = 0, as n — oo,

from which they obtained ||Ax,, — Au|| — 0 as n — oo. So, if A = 2a, one can not deduce ||Az, — Au|| — 0
as n — oo.

Theorem 3.5. Let A : H — H be a-ism with o > 0, M : H — 2 a mazimal monotone mapping and
S : H — H a nonexpansive mapping. Choose X € (0,2a) and define a sequence (x,) by the iterative
procedure:

ro=x € H,
Yn = JM,A(fEn - AAxn)a (3.1)
Tnt1 = S(anx + (1 — an)yn).

If (o) is chosen in (0,1) so that the conditions (C1) and (C2) are satisfied, then the sequence (x,) generated
by (B.1)) converges strongly to x* = Pp(g)nvi(m,a.m)®, whenever F(S)NVI(H,A, M) # 0.

Proof. Take u € F(S)NVI(H,A, M). We divide our proof into several steps.

STEP 1. The sequence (x,) is bounded.
Since Jyr (I — AA) is nonexpansive, we have

[yn — ull = [|TpA(T = AA)zn —ul| < [z —ul,
which implies that

|zt — ul < |lanz + (1 — on)yn — ul|
< apllz —uf + (1 = an)llzn —ul

< max{|lx — u|, [|[zn — ul}

< max{[|zo — ull, [l — u|[} = |z = ul|

This shows (x,,) is bounded and so is (yy).

It follows from ({3.1)) that

[yn = yn-1ll = [T (I = AA)zn — Ty (I — AA)zp-a| < |2 — 2],
and also that

[Zn+1 — znll < [[lan® + (1 — an)yn] — [an—12 + (1 — an—1)yn—1]]
= ll(en — an—1)(@ = yn—1) + (1 = an)(yYn — yn-1)||
< lan — an—1lllz — yn-1ll + (1 — an)|lzn — Tn-1]]
< Mlan — ap—1| + (1 — o) |20 — 21,

(3.2)

where M = (||z| + sup,>q [|yal]). By virtue of conditions (C1) and (C2), we can apply Lemma to (3.2)
to obtain z,41 — x, — 0. Consequently, we also have

nh_}rgo |zrn — ynll = 0. (3.3)
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In fact, since Jas (I — AA) is averaged, we may assume that it is k-averaged for some x € (0,1). Then it
follows from Lemma (v) that

Tt — uH2 < lanz + (1 — an)yn — u||2
< anllz —ul® + (1= an)|lyn — ul®

< aylx — uH2 + T — XAz, — uH2
1—«x

< anlle — ul® + [|lzn — ul? - 1217 (T = AA)zp — 2|2

K
1—«x

= anflz —ul]* + [lon — ul* - lyn — 2.

Letting L = 2sup,,>¢ [|[zn|, we get

11—k
g0 — 2l < llen — ull® = [lznsr — ull® + anllz — ul?

< LHwn - l'n—s—lH + ap,

and therefore (3.3)) follows from (3.4) by tending n — co.

STEP 3. If 2z € wy(zy), then z € F(S)NVI(H, A, M).
To see this, we set z, = apz + (1 — ay,)y,. Then we conclude that

lzn — 2ol < ll2n = ynll + lyn — 2all = |20 — yull + anllz — yull — 0, as n — oo,
which further gives that
|1Szn — znll < ||Zn+1 — xn|| + |0 — 20| — 0, as n — co.

Take a subsequence (x,, ) of (x,) such that x,, — z; hence z,,, — z. By Lemma we have z € F(9).
Since

[T = AA)zy — @p|| = [lyn — 20|l = 0, as n — oo,

we get, by using Lemma again, z € F(JyaVg) = VI(H, A, M).
STEP 4. x, — x* 1= PF(S)OVI(H,A,M)m‘
It follows from the definition of z* that
241 = 2*|* < [lane + (1 — an)yn — «*||?
= (1= an)?|lyn — «*[” + o & — 2> + 200 (1 — an) (yn — 2™, 2 — 2¥)
< (1= an)2n — 271 + 0213 — 2 + 20n(1 — ) (g — ", 3 — )

=(1—ap)||z, — :1:*H2 + a,%Hx — x*H2 + 20, (1 — ap) (T, — ™, 2 — 2¥).
In view of Lemma if we show that

lim (x, — 2", 2 — 2*) <0,
n—oo

then the proof is finished. To this end, let (z,, ) be a subsequence of (z,) converging weakly to z and

lim (z, — 2%,z — 2%) = (xp, — ",z — ).

im
n—00 k—o0
By STEP 3, 2 € F(S) N VI(H, A, M). This together with (2.1)) and ™ := Pp(s)nv1(2,4,0)7 implies that

lim (z, — 2", 2 —2*) = (z —2*,0 — 2*) <0,
n— oo

which is the result as desired. O
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Analogously, by using the viscosity approximation method, one can easily get some other algorithms for
approximating a solution to problem ([1.5)).

Theorem 3.6. Let A : H — H be a-ism with o > 0, M : H — 2" a mazimal monotone mapping,
f:H — H a contractive mapping, and S : H — H a nonexpansive mapping. Choose X € (0,2«) and define
a sequence (xy,) by the iterative procedure:

rg=1x € H,
Yn = Jua(Tn — AAzy), (3.5)
Tpy1 = anf(2n) + (1 — an)Syn.

If (o) is chosen in (0,1) so that conditions (C1) and (C2) are satisfied, then the sequence (x,) generated
by (B.5) converges strongly to x* = Ppg)nviim,am)f, whenever F(S)NVI(H, A, M) # 0.

Theorem 3.7. Let A : H — H be a-ism with o > 0, M : H — 2" a mazimal monotone mapping,
f:H — H a contractive mapping, and S : H — H a nonexpansive mapping. Choose X € (0,2«) and define
a sequence (xy,) by the iterative procedure:

o= € H,
Yn = JM,A(xn - AAxn)a (36)
Tnt1 = Slan f(zn) + (1 — an)yn).

If (o) is chosen in (0,1) so that the conditions (C1) and (C2) are satisfied, then the sequence (x,) generated
by (B.6) converges strongly to x* = Pps)nvim,am)f, whenever F(S)NVI(H, A, M) # 0.
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