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Abstract

In this paper, we study a general iterative process strongly converging to a common fixed point of an
asymptotically nonexpansive semigroup {7T'(¢) : t € R*} in the framework of reflexive and strictly convex
spaces with a uniformly Gateaux differentiable norm. The process also solves some variational inequalities.
Our results generalize and extend many existing results in the research field. (©)2016 All rights reserved.
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1. Introduction

Throughout this paper, we assume that E is a real Banach space, E* is the dual space of E, C is a
nonempty closed convex subset of E, and RT and N are the set of nonnegative real numbers and positive
integers, respectively. Let J : E — 2% be the normalized duality mapping defined by

J(w) ={a" € B": (x,27) = ||2||* = |]a"|*}, Vo€ E.

Let T : C' — C be a mapping. We use F(T) to denote the set of fixed points of 7. If {x,} is a sequence in
E, we use z, — = ( x, — z) to denote strong (weak) convergence of the sequence {x,} to .
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Recall that a mapping f : C'— C is a contraction on C' if there exists a constant « € (0,1) such that

1f (@) = fWIl < alle —yll, Vo,yeC.

We use Il to denote the collection of mappings f verifying the above inequality. That is
IIc ={f: C — C | f is a contraction with constant a}.

Note that each f € Il has a unique fixed point in C.
A mapping T : C' — C is said to be nonexpansive if

[Ta — Ty|| < ||z — yll, Va,y e C.

T :C — C is said to be asymptotically nonexpansive (see [0]) if there exists a sequence {k,} C [1,00) with
lim,,_, K, = 1 such that

[|T"x — T"y|| < knllz —y||, Vz,y € C, ¥n>1.

Let H be a real Hilbert space, and assume that A is a strongly positive bounded linear operator (see
[17]) on H, that is, there is a constant 7 > 0 with property

(Az, J(x)) = F||z|]?, Y,y € H.
Then we can construct the following variational inequality problem with viscosity. Find * € C such that
(A=~f)z*,x—2*) >0, Ve F(T),
which is the optimality condition for the minimization problem

1
min —

A —
min 5 (dr.x) ~h(z).

where h is a potential function for v f, and ~ is a suitable positive constant.

Many investigations have been done on fixed point iterative algorithms (see [3H5], [0} 10, 2], 24-H29] [34], 36,
40]), as it is an important subject in nonlinear operator theory in a Banach space or a Hilbert space and has
application in many areas, in particular, in image recovery and signal processing (see [2, [19, 22| 35 37, 38]).
Early in 1967, Halpern [§] firstly introduced the following iteration scheme:

Tnt1 = apu+ (1 — ay)Tzy,, Yn >0, (1.1)

where T is a nonexpansive mapping from C' into itself, u and zg € C are both given points, and z,+1 € C.
The author proved that if {a,} satisfies ay, € (0,1),limy, 00 @, = 0 and 2 ) v, = 00, then the sequence
{zy} defined by converges strongly to a fixed point of 7. In 2004, Xu [31] studied the following iterative
algorithm:

Tnt1 = anf(xn) + (1 —ap)Tx,, ¥Yn>0,

where a,, € (0,1),29 € C, T is also a nonexpansive mapping and f is a contraction mapping from C into
itself, 11 € C. The author obtained a strong convergence theorem under some mild restrictions on the
parameters by using the so-called viscosity approximation method introduced by Moudafi [I§]. Afterward,
Marino and Xu [I7] considered the following iterative process on the basis of Xu [31]:

Tnt+1 = O‘n’Yf(xn) + (I - OénA)TfL’n, n Z 0)

where T is a self-nonexpansive mapping on H, {«,} satisfies certain conditions, and A is a strong positive
bounded linear operator on H. They proved that the sequence defined by the above iterative process
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converges strongly to a fixed point of 7" which is a unique solution of the variational inequality ((A —
vf)xz*, z* —x) <0, for all x € F(T).

On the other hand, in 2008, Lou et al. [15] introduced the viscosity iteration process for an asymptotically
nonexpansive mapping under the framework of a uniformly convex Banach space with a uniformly Gateaux
differentiable norm as follows:

Tp+1 = anf(fn) + ﬁnxn + (1 — Op — ﬁn)Tn-Tna Vn > 0,

where {ay,} and {f,} are two sequences satisfying certain conditions.

In fact, the Lipschitzian semigroups are closely allied to nonexpansive mappings and asymptotically
nonexpansive mappings of all time.

Recall that a one-parameter family 7 = {T'(t) : t € R"} is said to be a Lipschitzian semigroup on C
(see [32]) if the following conditions are satisfied:

T(0)x =z, Yz € C;
T(s+t)x =T(t)T(s)x, Vt,s e RT, Vz e C,;

i)
i)

iii) for each z € C, the mapping T'(-)z from RT into C' is continuous;
)

ii

iv) there exists a bounded measurable function L, : (0,00) — [0, 00) such that, for each ¢ > 0,
T (t)x — Tyl < Lil|lz —yll, Yo,y € C.

A Lipschitzian semigroup 7 is called a nonexpansive semigroup if L; = 1 for all ¢ > 0, and asymptotically
nonexpansive semigroup if limsup, ,., Ly < 1. Note that for asymptotically nonexpansive semigroup 7T,
we can always assume that the Lipschitzian constants {L;};~¢ are such that L; > 1 for each t > 0, L; is
nonincreasing in ¢, and lim;_,o, Ly = 1; otherwise we replace L; for each t > 0, by L; := max{sup,~; Ls, 1}.
Moreover, if ¢,, > 0 such that lim,_ t, = 00, we obtain L;, — 1 as n — oo. T is said to have a fixed point
if there exists zg € C such that T'(t)xg = x¢, for all t > 0. We denote by F(T), the set of fixed points of T,
Le, F(T) = Ner+ F(T(1)).

A continuous operator of the semigroup 7 is said to be uniformly asymptotically regular (in short u.a.r.)
on C if for all h > 0 and any bounded subset D of C, lim;_,oc sup,ep ||T(h)T(t)x — T(t)x|| = 0 (see [I1]).

In 2008, Song and Xu [23] introduced the following iteration scheme for nonexpansive semigroups:

Tntl = O‘nf(xn) + (1 - O‘n)T(tn)xna Vn >0,

where {a,} is a sequence in (0, 1) and {¢,,} is a sequence of nonnegative real numbers divergent to infinity.
Under certain restrictions to the sequence {«,}, they proved the strong convergence of {z,} to a member
of F(T) in a reflexive and strictly convex Banach space with a uniformly Gateaux differentiable norm.
Afterward, Zegeye and Shahzad [39] studied the sequence generated by the following algorithm

Tptrl = QpU + /BnSUn + (]— — Op — Bn)T(tn)xnv Vn > 0,

and proved strong convergence of {z,} to a member of F(T) in the same Banach space for asymptotically
nonexpansive semigroups. Very recently, Yang [32] proposed a generalized algorithm as follows:

Tpy1 = oV f(Tn) + Bazn + (1 — Bp)l — anA)T(tn)rn, Vn >0,

where f is a contraction mapping from C into itself and A is a strong positive bounded linear operator on C.
Under certain conditions, on the basis of [17] and [23], the authors established strong convergence theorem
for nonexpansive semigroups by using the above scheme in the framework of reflexive, smooth, and strictly
convex Banach space with a uniformly Gateaux differentiable norm. However, in the proof of Theorem 3.5
n [32], it is obviously impossible that

((Wam) — 250 ||um — anQ (705 = 200 (AU — Tn), §(Um — T5))
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with a control sequence {a,,} satisfying the condition lim,, o vy, = 0 which were also occurred in [16], 20].
In this paper, inspired by the existing results, we propose the more generalized iterative algorithm as

follows:
{ Ln+1 = O‘n')’fn(xn) + By + Onun + ((1 — Bn — 571)] - Oan)T<tn)yn, (1.2)

Yn = (1 — cn — on)xn + onvn + T (tn)Tn, Yn > 1,

where 7 = {T'(t) : t € R"} is an asymptotically nonexpansive semigroup, {f,}>2, is an infinite family of
contractive mappings from C' into itself, A is a strong positive bounded linear operator, and {uy}, {v,}
are two bounded sequences in C. We prove under certain appropriate assumptions on the sequences
{an}, A}, {00}, {cn}, {on}, and {t,}, that {z,} defined by converges strongly to a member of F'(7)
in the framework of a reflexive and strictly convex Banach space with a uniformly Géateaux differentiable
norm and correct the mistake above. Our results generalize and extend the corresponding results given by
Marino and Xu [I7], Lou et al. [15], Yang [32], Song and Xu [23], Zegeye and Shahzad [39], and many
others.

2. Preliminaries and lemmas

Recall that a Banach space E is said to be strictly convex if |[z|| = [|ly|| = 1, and = # y implies
||z 4+ y|| < 2. In a strictly convex Banach space E, we have that if ||z|| = ||y|| = ||tz + (1 —t)y|| for t € (0,1)
and z,y € E, then z = y.

Let E be a Banach space with dim £ > 2. The modulus of E is the function dg : (0,2] — [0, 1] defined
by

55(e) —inf{l— e+l gy = 1yl = 1l =y —s}.

A Banach space E is uniformly convex if and only if dg(g) > 0 for all € € (0,2]. Let S:={x € E : ||z|| =1}
denote the unit sphere of the Banach space E. Then the Banach space E is said to be smooth provided the
limit

ety el o)
t—0 t
exists for each x,y € S. In this case, the norm of F is said to be Gateaux differentiable. The space E is
said to have a uniformly Gateaux differentiable norm if for each y € S the limit is attained uniformly
for x € S. It is well-known that if ' is uniformly convex then FE is reflexive and strictly convex, and if E is
smooth then any duality mapping on F is single-valued and norm-to-weak* continuous. If F has a uniformly
Géateaux differentiable norm then the duality mapping is norm-to-weak™ uniformly continuous on bounded
sets and also E is smooth.
Let ;1 be a continuous linear functional on [*° and (ag,a1,...) € (. We write u(a,) instead of
p((ag,ai,...)). Recall that a Banach limit p is a bounded functional on [*° such that

|lpll =p(1) =1, liminfa, < p(an) <limsupan, p(anir) = plan)
n—00 n—o0

for any fixed positive integer r and for all (ag, ay,...) € I°.

Let D be a nonempty subset of C. A sequence {f,} of mappings of C into FE is said to be stable on
D (see [1]) if {fn(x) : n € N} is a singleton for every z € D. It is clear that if {f,} is stable on D, then
fn(x) = fi(x) for all n € N and x € D.

In a smooth Banach space, we say an operator A is strongly positive if there exists a constant 7 > 0
with the property

(Az, J(x)) 2 Flzl]?, |lal - bA|| = sup [{(al —bA)z, J(x))],

llz]|<1

where I is the identity mapping, a € [0,1], b € [-1,1], and J is normalized duality mapping.
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Lemma 2.1 ([32, Lemma 2.1]). Assume that A is a strongly positive linear bounded operator on a smooth
Banach space E with coefficient ¥ > 0 and 0 < p < ||A||7L, then ||1 — pA|| < 1 — p7y.

Lemma 2.2 ([39, Theorem 3.1]). Let C' be a nonempty closed convex subset of a reflexive and strictly
convex real Banach space E with a uniformly Gdteaux differentiable norm. Suppose that {x,} is a bounded
sequence in C, and T = {T(t) : t € R"} is an asymptotically nonexpansive semigroup on C with a sequence
{L} C [1,00) such that lim,_,c ||z, — T(t)xn|| = 0 for all t > 0. Define the set

K ={zeC: plle, —|* = min pllz, —y[|*}.
yeC

If F(T) #0, then KN F(T) # 0.

Lemma 2.3 ([7, Lemma 2.1]). Let C' be a nonempty closed convexr subset of a Banach space E with a
uniformly Gdteauzx differentiable norm and let S be a directed set. let {xo : a € S} be a bounded set of E.
Let u € C. Then p||xe — 2||? attains its minimum over C at u if and only if

w(iz —u, J(xe —u)) <0
for all z € C, where J is the duality map of E.

Lemma 2.4 ([33, Lemma 2.3]). Let {z,} and {yn} be bounded sequences in a Banach space E and let {3, }
be a sequence in [0,1] with 0 < liminf, o B, < limsup,,_, . Bn < 1. Suppose Tpi1 = Pnxn + (1 — Bn)yn for
all integers n > 0 and limsup,,_, o (||Yn+1 — Ynl| — ||[Zn+1 — 2n||) < 0. Then limy, o0 ||yn — zn|| = 0.

In [12, [13], by using different methods, Liu proved the following lemma, and also see [14].

Lemma 2.5 ([12, 13]). Let {an}, {bn}, and {c,} be three nonnegative real sequences and let {c,} be a real
sequence in [0,1] such that Y 7 | o, = +00. If there exists a positive integer ng such that

An+41 < (1 - an)an + bn +cn, N2> no, (22)
where by, = ayna), limy, o a) =0, and ZZO:O cn < +00, then lim,, s ay = 0.

Corollary 2.6 ([30, Lemma 2.5]). Let {a,} and {c,} be two nonnegative real sequences and let {c,} be a
real sequence in [0,1] such that > .2 | oy, = +00. If there exists a positive integer ng such that

An+1 < (1 - an)an + apop +cpy, N2 ng, (23)

where {o,} is a real sequence with limsup,,_, . o, < 0 and ZZO:O cn < oo, then lim, o0 ay = 0.

Proof. In fact, let

% On, Onp 2 0,
a =
0, on < 0.

Then af > 0 (n = 1,2,3...) and o, < a} (n = 1,2,3...). By limsup,_,,,0n < 0, we can easily get
lim,, 00 @ = 0. It follows from ([2.2)) that (2.3) holds. Hence, by Lemma we see that lim,,_,. a, = 0.
That is, Corollary [2.6] holds. O

3. Main results

Lemma 3.1. Let C be a nonempty closed convex subset of a reflexive and strictly convexr Banach space E
with a uniformly Gdteauz differentiable norm, C+C C C. Let T = {T(t) : t € R"} be a uw.a.r. nonexpansive
semigroup on C with a sequence {L;} C [1,00) such that F(T) # 0, and {f,} C Ilo is stable on F(T).
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Let A be a strongly positive linear bounded self-adjoint operator with coefficient 5, A(C) C C. Assume that
0 <y < 2, and a is contraction constant of all f,,. Let {x,} be a sequence defined by

T = anYfn(xn) + (I — anA)T (ty)xn, Yn >1 (3.1)

such that {an,} is a sequence in (0,1), lim, o0ty = 00, and limy, oo @, = limy, o0 Ltgn_l = 0. Then the
sequence {x,} converges strongly, asn — oo, to a point z* of F(T) which satisfies the variational inequality:

(A=rfi)a”,j(z" —p)) <0, pe F(T), fi € llc. (3.2)

Li,—1

n

Proof. Since lim,, o0 @, = limy

= 0, we may assume, without loss of generality, that

2 Ly —1 ~ —
an < i { 4] b ful 7o

= < , Vn>1.
Y a

Qi 2
For each n > 1 and t,, > 0, define a mapping S,, : C — E by
Snx = anyfu(x) + (I — a,A)T(ty)z, Vo e C.
Since C' £ C C C, it is easy to see S, : C — C. For all z,y € C, by Lemma 2.1, we have
[Sn@ — Snyl| =llany(fa(@) = fa(y) + (I — an A)(T(tn)z — T(tn)y)||
<o Y[ fa(@) = fa@)I] + [T — anA[[|[T(tn)z — T(tn)y|
<amvyollr —yl| + (1 = o) Ly, |z — yl|
=[1 - an(¥ —ya) + (Lt, — 1)(1 — an)] [z — |
an (¥ —ya) (1 + oy
<[1_ 7 72)( V)Mx_yH

g[l—““”;”aﬂnx—yw

Thus, S, : C — C is a contractive mapping. By the Banach contraction mapping principle, it yields a
unique fixed point z,, € C such that

In = an’an(xn) + (I - anA>T(tn)wn7 Vn > 1.
Let p € F(T), then

l|zn = pl| = lan(vfr(2n) — Ap) + (I — anA)(T(tn)zn — p)||
= Han(’}/fn(xn) - 7fn(p)) + (I - anA)(T(tn)xn - p) + an('yfn(p) - Ap)”
< apyallzn — pll + (1 — a¥) Le, ||zn — pl| + anllvfo(p) — Apl|-
It follows that

L, —1

(¥ —ya) - (1 = an¥) | llxn — pl| < |7 fnlp) — Apll.

n

Since {f,} is stable on F(T), that is f,(p) = fi(p) for all n € N, therefore,

2[[vfi(p) — Ap

oy < 205s0) = A9l
Yo

This implies that {z,,} is bounded, and so are {T'(t,)z,} and {f,(z,)}. Moreover, it follows from (3.1)) and

lim,, o0 o, = O that

lim ||z, —T(tn)zn|| = nh_)rgo an ||V fu(xn) — AT (tn)zs|| = 0.

n—oo
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Since {T'(t) : t € R*} is wa.r. on C and lim,,_,o t, = oo, then for any ¢ > 0,

lm ||T(6)T (tn)xn — T(tn)zyn|| < lim sup ||T(¢)T (tn)x — T(tn)z|| = 0,

where D is any bounded subset of C' containing {x, }. Hence

lzn = T()znl| <||n — T(tn)znll + [[T(tn)zn — T@)T (tn)zal| + [|T()T (tn)zn — T(t)zn|
<A+ Lo)llzn — T(tn)znll + [T (tn)2n — T()T (tn)wnll,

and therefore, ||z, — T'(t)z,|| — 0, as n — oo. Define the set

K ={zeC: plle, —2l* = minpllz, — yl*}.
yeC

By Lemma we get that there exists z* € K such that 2* € K(F(T). Since C £ C C C, we have
¥ +vfi(z*) — Az* € C, and then it follows from Lemma [2.3| that

which implies that
p{yfi(a®) — Az”, j(z, — 2*)) <0. (3-3)
Notice that

Hwn - x*HQ :<04n'7fn(xn) + (I = anA)T(tp)xn — 2%, j(zn — 27))
=(an(Vfu(wn) = vfn(2) + (I = n A)(T(tn)zn — %) + an(yful(z”) — Az™), (v, — 27))
<amyalln — 2|2 + (1 = anT) Ly llon — 27112 + anlrfn(s”) — Az, j(n — 7)),

Since {f,} is stable on F(T), that is f,(z*) = fi(z*) for all n € N, we derive that
[on (T = 7a) = (Le, = 1)(1 = an)]lzn — 2*[]* < an{vfi(a”) = Az*, j(zn — ).

Therefore,

llan — 2*[* < (vfi(@") = Az®, j(zn — 27)).

7«
This together with (3.3]) implies that
2

7 —1a

N’|$n_x*”2 < M<7f1(x*) —A$*,j(l‘n—l‘*)> <0.

Hence, there exists a subsequence {z,, } C {z,} such that z,, — =* as k — co. Again, since
T = Oln’)/fn(xn) + (I - anA)T(tn)xny

we derive that )
(A=vfa)an = —— — anA)(I = T(tn))zn.

Qp

Notice that

(I =T(tn))xn — (I = T(2n))p, j(@n — p)) =llzn — p|I> = (T(tn)xn — T(xn)p, j(zn — p))
>||zn — pl|* = L, ||z — pl?
== (L, — Dz — pl?,
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it follows that, for all p € F(T),

(A = fu ) § (g — D)) = — ai“f — g A)(I = Tty 3 (my, — )
= T = Tty — (T = T(tn))ps (g — D))
Ay, (3.4)
+ <A(I - T(tnk))l"nk’j(wnk - p)>
Ly, —1 .
<, — P (AT = b))y, — )

On the other hand, as {f,} is stable on F(7), that is, f,(2*) = fi(z*) for all n € N, we have

(A=vf)a", j(2" —p)) =((A =~ fr)z", j(@" —p) — j(an, —p))
+ (A= vfu)e™ = (A= v fn) 20, § (@0, — D)) (3.5)
Substituting (3.4)) into (3.5) and letting & — oo, we have
(A=7f1)z", j(@" —p)) <0, (3.6)
that is, * € F(T) is a solution of ([3.2).
Let {xy,} C {zn} be another subsequence such that z,, — p € F(T) as i — oco. Then from (3.6)) we get
((A=~f)p,jlp—2)) <0. (3.7)
Adding up (3.6) and (3.7), we have that
0>((A=vfi)e" — (A= vfu)p,j(z" — q))
=(A(z" = p),j(a" = p)) = ¥(f1(z") = fr(p), j(z" — p))
>7la* = pl|* =l fi(=z*) = Al - pl|
>(7 —ya)llz* — pl|*.
Hence p = x*. The proof is completed. O

Theorem 3.2. Let C be a nonempty closed convex subset of a reflexive and strictly convex Banach space E
with a uniformly Gdteauz differentiable norm, C+C C C. Let T = {T(t) : t € RT} be a u.a.r. nonexpansive
semigroup on C with a sequence {L;} C [1,00) such that F(T) # 0, and {f,} C Ilo is stable on F(T).
Let A be a strongly positive linear bounded self-adjoint operator with coefficient 7, A(C) C C. Assume that
0<vy< g Let {x,,} be a sequence defined by

T+l = O‘n')/fn($n) + ﬁnl‘n + 5nun + ((1 - Bn - 671,)-[ - anA)T(tn)yna (3 8)
Yn = (1 — Cnp — O'n)xn + opUn + CnT(tn)xny Vn > 17 '
satisfying
( ) (O 1)7 hmn%oo Qn = hmn%oo Ltg;1 = 07 220:1 Qp = 005
(2) Bn €(0,1), 0 < liminf, o By < limsup,,_,. Bn < 1;
(3) (5n,0n [0,1], D02 0p < 00, D00 0y < 005
(4) hytyn > 0,tpt1 =ty + h, limy,_,o0 t, = 00;
(5) ¢en €10,1], limy_yo0 [ent1 — cn| = 0, limsup,, o cn < 1.
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Suppose {un} and {v,} are bounded in C, then as n — oo, the sequence {x,} defined by (3.8]) converges
strongly to some common fixed point x* of F(T) which is the unique solution in F(T) to the variational

inequality (3.2)).
Proof. By the conditions (1) and (2), we may assume, with no loss of generality, that ay, < (1—8,—6,)||A[|™!
and Lgin_l < 5% for all n > 1. Since A is a linear bounded self-adjoint operator on E, then ||A|| =
sup{|(Az, J(x))| : x € E,||z|| = 1}. When ||z||=1, as
(1= Bn =) —anA)x, J(z)) =1 — By — 6p — an(Azx, J(2))
21 - 571 - 677, - anHAH
>0

we have
[1(1 = Bn — o) — anAl| =sup{{((1 — B — o) — apA)x,J(z)) : x € E, ||z|| = 1}
=sup{l — B, — 0 — an(Az, J(x)) : x € E,||z|| = 1}
Sl_ﬁn_én_anﬁ-
Taking a point p € F(T), from (3.8]), we obtain
yn — DIl = ||(1 = cn — 00) (0 — p) + on(vn — D) + en(T(tn)zn — D)||

< (L= cn = on)l[n = pl| + onllvn — pl[ + cnLy, |2 — pl| (3.9)
< [+ enl(Ly, = Dlffzn = pl| + onllvn = pl|-

By condition (1), there exists ng € N such that

2(L, —1 L, —1)2
7_70[_(2 )_(tna2)2 sl
n n

It then follows from the definition of {x,}, (3.9) and (3.10) that

n > ng. (3.10)

[|Znt1 = pl| =lloan(vfu(zn) = Ap) + Bu(zn — p) + On(un — p)
+ [(1 = Bn — )1 — an A|(T'(tn)yn — )|
=[lan(vfr(xn) = Vfn(p)) + Bn(n — D) + On(un — p)
+ [(1 — Bn — 5n)I - anA] (T(tn)yn —p)+ an(')’fn(p) - AP)H
<apyalzy — pl| + Bullzn — pl| + 0nllun — pl|
+ (1= Bn — 0n — a¥) L, [lyn — pl| + anllyfn(p) — Apl|
<apyal|zn, —pll + Ballzn — pll + anllvfu(p) — Apl|
+ (1= Bn = 0n — an¥)[L + cn(Le, — V)] Ly, || — pl|
+ (1= Bn— 0 — an¥)onLy, ||vn — pl| + Onllun — pl|
=apyal|zn = pl| + Bullzn — pl| + anl|vfn(p) — Apl|
+ (1= Bn = 0n — a1+ cn(Ly, — D][1 + (L, — V][ — pl|
+ (1 = Bn — 0n — an¥)onLi, ||vn — pl| 4 Onllun — pl|
<[1 = an(¥ = ya)l|zn — pl| + [(en + 1) (Lt, — 1)
+ en(Le, = 1)?)l|an — pll + o7 fn(p) = Apl| + oL, |[vn — pl| + 6nlun — pl]
<[ —an(¥ —ya)l|zn — pl + [2(Lt, — 1)
+ (Lt,, — 1)?]||zn — pll + anl[vfu(p) = Apl| + 0nLi, [[on — pl| + 0n]lun — pl|
2
2(Ly, —1)  (Le, —1) >] 2 — p|

§|:1_an(7_’7a_ - 2
an a2
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+ an|[vfa(p) — Apl| + on L, |[vn — pl| + 0n||un — pl|

< [1 _ (¥ —na) (Y — ya) ‘2(71"1(1?) — Ap)
2 2 !

an—pru H+anLtn||vn—p||+5n|\un—p|r

2(vf1(p) — Ap)
Y-y«

gmax{uxn—pu, H} oL llvn = pll + ballun —pll, > no.

By the induction, we have

2(]%(}?) ;aAp) H} + <Z OnLs, + Zan> M, VYn>1,
n=1 n=1

where M = max,en{||un — p||, ||vn — p||}. Hence {z,,} is bounded, and so are {f,(zn)}, {T(tn)xn}, {yn},
{T(tn)yn}. Now we claim that

llenst —pll < max{nxno ol

[|Zp+1 — xn|] = 0 as n — oo.

Putting {l,,} as a sequence that
Tpt1 — BnTn

= - @ - > .
L, e Vn > 1, (3.11)

then, we get

oy — 1, =52 = Prs1®nil  Tngl — PnZn
1- /BnJrl - ﬁn
1V 1 (@nt1) + Ongrtngr + (1= Bny1 — Sng1)] — a1 A)T (1) Y1
B 1- BnJrl
anY frn(xn) + dpun + (1 — Bn — 0n)I — an A)T (tn)yn

- 16,

_ ang1(Vfrt1(@ns1) — AT (tn41)Yn+1) n On+1(Uns1 — T(tnt1)Yn+1)
1= Bnt1 1= Bnt1
- an('yfn(xf)_ BfT(t")yn) - 5n(unl _jgjn)yn) + T (tn+1)Yn+1 — T(tn)Yn,

(3.12)

and notice that

Ynt1 = Yn =(1 = o1 = 0nt1)Tnt1 + Ong1Vns1 + o1 T (tng1)Tn1 — (1 — en — on)zn

— onUn — T (ty)xn

=1 = cpt1)Tnt1 — (L — ep)xn + cnp1 T (tns1)Tns1 — enT(tn) Ty
+ 0nt1(Vn41 — Tnt1) + 0n(Tn — vn)

=(1 = cnt1)(Tnt1 — Tn) + (cn — cnt1)Tn + 1 (T (tng 1) Tngr — T(tn)Tn) (3.13)
+ (ent1 = )T (tn)Tn + Ont1 (Vo1 — Tnt1) + on(Tn — vn)

=(1 = 1) (Tnt1 — Tn) + (en — cnt1)Tn + 1 (T (tng1)Tnp1 — T(tnt1)Tn)
+ ent1(T(tns1)Tn — T(tn)Tn) + (ent1 — cn) T (tn)Tn

+ O'n—l—l(vn-‘rl - xn—&—l) + Un(xn - vn)-

Substituting (3.13)) into (3.12]), we have

« )
g1 — ball <=~y fast (@nr1) = AT (b))l + — |l — Ttn )yl
1—- /Bn—f—l 1-— Bn
o Ont1
+ 1 7715 ”'an(l'n) - AT(tn)ynH + 1 771;’ 1 Hun—i-l - T(tn+1)yn+1||
n n

+ HT(tn—&-l)@/n—i-l - T(tn)ynH
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<N (Ent1)Yn+1 — Tt )ynll + [T (Ent1)yn — T(tn)ynl| + Fr
SLthHyn—l-l = Yull + [T (tn + h)yn — T(tn)ynl| + Fa
=|Yns1 — Ynl| + (Ltn+1 = Dl[yn+1 — ynll + [ T(R)T (tn)yn — T(tn)ynll + Fr
<1 = eng)l|ntr — znl[ + [en — cnalllznl] + [en1 — cnl[[T(En) 20|
+ en1||T(tnt1)n — T(tn)znll + cnta[|T (tns1)Tns1r — T (tns1)Tal|
+ ont1l|vnt1 — Tpga|l + onllrn — vall + (Ltn+1 = Dllynt+1 — yall
T ()T (tn)yn — T (tn)ynl| + Fn
<1 = ens1)llzntr — 2ol + len — cnvall|@nl] + env1 L,y |[Tng1 — 24|
+ o1 |[T(R)T (tn)n — T(tn)znl| + [ens1 — cal [T (tn)znl|
+ on1l|vns1 — Tpya|| + onl|Tn — val| + (Ltn+1 = D[|yn+1 — ¥nl|
+ T (R)T (tn)yn — T (tn)ynll + Fn
<[zns1 = 2ol + cna|[T(R)T (tn) 2 — T(tn)n|
FTR)T (tn)yn — T (tn)ynll + cng1 (Lt — Dllangr — znl]
+ Lty = Dllyntr — ynll + lengr — enl([|znl| + [T (En)zal])
+ Ont1/|vn1 — Tng1|] + onllzn — vnl[ + Fr
<#nt1 — zal| + cn [[T(R)T (tn)zn — T'(tn)znl|
+ T (R)T (tn)yn — T(tn)ynll + Fn + G,

where
QAn+1 5n+1
F, :7”’an+1($n+1) - AT(tn+1)yn+1)H + 7Hun+1 - T(tn+1)yn+1H
1 — Bnt1 1 — Bny1
o 1)
+ 7n|’7fn($n) - AT(tn)ynH + = Hun - T(tn)yn”v
1—0Bn 1—fBn

Gn :Cn+l(Ltn+1 — Dl|znt1 — zal| + (Ltn+1 = Dllyn+1 = Yall + onllzn — vnl|
+lens1 = eal([|zall + 1T (#n)2nll) + ontillvner — Tngall-

It follows that
i1 = Inll = [lznt1 = @al| Scnd|[T(R)T (tn)2n — T (tn)2n||
=+ HT(h‘>T(tn)yn - T<tn)ynH + F, + G,.

Since {T'(t) : t € RT} is w.a.r. and lim, o t, = o0, it follows that

(3.14)

n—oo

lm ||T(h)T (tp)xn — T(tn)xn|| < tli)m sup ||[T'(h)T(t)x — T(t)z|| = 0,
X zeB

n—o0

lim || T ()T (tn)yn — T(ta)yn|| < lim sup [[T(R)T(t)x —T(t)z|| = O,
X zreB

where B is any bounded set containing {z,}. Moreover, since {z,}, {yn}, {T(tn)xn}, {T(tn)yn}, {fu(zn)},
{un}, {vn} are bounded, by conditions (1), (2), (3), (5), (3.14) implies that

limsup(||ln+1 = lnl| = [|Zny1 — zal]) < 0.
n—o0
Hence by Lemma we have limy, oo ||l — zn||] = 0. Consequently, it follows from (3.11) that
limy, o0 [|Tnt1 — @n|| = limy 00 (1 — Bn)||ln — @n|| = 0. Again since
[yn — znl| = [|(1 = ¢n — on)Tp + onvn + T (tn) 20 — 20|

< onllvn — xal| + enl|T(tn) 20 — 20|,
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we have

|20 — T'(tn)znl| <l|Tn — Togal] + [[2ns1 — T(tn)wal|
:H.I‘n — .1'n+1H + "Oén’}’fn(xn) + ann + Opup + ((1 - ﬁn - 5n)I - anA)T(tn)yn - T(tn)an
=z — Tp1 || + llan(Vfr(zn) — AT (tn)20) + Bo(wn — T(tn)zn)
+ 0n(un — T(tn)rn) + (1 = Bn — 0n) I — anA) (T (tn)yn — T (tn)zn)||
<lwn — 2ppa|| + |V fr(zn) — AT (tn)zn|| + Bullzn — T(th) ||
+ 0nl|un — T(tn)zal| + (1 = Bn — 0n — ) Lt, ||yn — zal
<|zn — Tpga|] + anllvfulzn) — AT (tn)zal| + Bullzn — T(th) 4|
+ 0nl|un — T(tn)znl| + (1 = B — 0n — ) L, (onl|vn — zal| + cnl|T(tn) 0 — 24l)
<[Bn + (1= Br)enLi, I T (tn)Tn — Tul| + |77 — Tpga]]
+ anllvfu(@n) — AT (tn) 20| + Onllun — T(tn)znl| + on L, ||vn — 20l
it then follows that
(1= Bn)(L = en L )T (tn)2n — @nl| <|lan — Tnga || + anl[vfrl@n) — AT (tn)2a||
+ Onllun = T(tn)n|| + onLe, |[vn — nl|.
By the conditions (2) and (5), it is easy to see that there exists N > 0, we have
(1 =081 —=cply,) >c>0, n>N,
where c is a constant. It follows that
nlggo T (tn)2n — zn|| = 0,
and hence for any ¢ > 0,
= T@)aall <llan — Ttn)zall + [T (tn)an ~ TET ()]l +1TOT ()0 — T(0)ral
<||xn = T(tn)xnl| + | T (tn)xn — T()T (tn)zn|| + Le||xn — T(tn)znl] — 0, n — o0,
that is ||z, — T'(t)xn|| = 0,n — oco. For each m > 1, let z,, € C be the unique fixed point of the contraction

mapping
S = amY fm () + (I — o A)T (),

where t,,, and «, satisfy the conditions of Lemma[3.1} Then it follows from Lemmal[3.1]that limy,— o 2m = z*.
Since
||Zm - $n+1”2 :<am7fm(zm) + (I - amA)T(tm)Zm - $n+1,j('zm - xn+1)>
:<am(7fm(zm) - Azm) + am(AZm - AT(tm)Zm)
+ (T(tm)zm — T(tm)Tnr1) + (T(tm)Tnr1 — Tnt1), J(Zm — Tos1))
Sam<7fm(zm) - Azma]<zm - mn—l—l)> + Lthzm - xn+l‘|2
+ am|[All|lzm — T(tm)zml|||zm — Total| + 1T (Em) Tos1 — Togallllzm — Toall,
we have '
(Vfm(2m) = Azm, §(@n+1 — 2m)) <||Allllzm — T (tm) 2ml||2m — Tna |
1
+ — T (tm)Tnt+1 — Tos1l|[|2m — Tnga]|
Om

Ly, —1 2
+ WHZWL = Tn1l| (3.15)
Ly, =1,
S M +|’A‘|Hzm_T(tm)ZmHM
am

1
+ ||T(tm)xn+1 - xn+1||M’
Qo
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where M > 0 is a constant such that M > ||z, — xp41]|. Therefore, firstly, taking upper limit as n — oo,
and then as m — oo in (3.15)), we obtain that

lim sup lim SuP<7fm(Zm) - Azmaj(anrl - zm)> <0. (3'16)

m—00 n—oo

On the other hand, since lim,,— o 2z, = * due to the fact that the duality map J is single-valued and
norm topology to weak* topology uniformly continuous on bounded sets of E, we obtain lim,,—co(Zn+1 —
Zm) = Tpy1 — x*, thus

(Vfi(a") = Az (@it — 2m)) = (7F1(@") = A®, (@ — ) uniformly for n, as m — .

Therefore

lim H(xy, zm) = 0 uniformly for n,
m—0o0

where H(wn, zm) = (11(2%) — Az, j(2ns1 — 2%) = j(@ns1 — 2m)). Moreover, by f(a®) = fi(a®) for all
m € N, we have

(1f1(@%) = Az", j(zngr — 27)) =(v/1(@") — Az", j(@ns1 — %) = J(Tnt1 — 2m))
+ (Yfm(@™) = vfm(zm), J(@nt1 — 2m)) + (Vfm(zm) — Azm, (@nt1 — 2m))
+ (Azm — A", §(Tpy1 — 2m))
<(vfi(z") = Az, j(zng — 27) = J(Tng1 — 2m))
+ (Vm(zm) — Azm, §(@nt1 — 2m)) + vl [2m — 2¥|[|[2m — Zpta]|
+ [1Allzm — 2" |l[|2m — Znga]]-

Now we prove

lim sup lim sup H (2, 2 ) = 0.
Since lim sup,,,_, o, imsup,, o, H(Zn, 2m) exists, we can assume that there exist {x,, } C {zn}, {zm,} C {zm}
such that

limsup limsup H(zy, 2n) = lim lim H(zy,, 2m;)
m—o00 n—00 j—o0 k—oo

and we can define
lim H(zp,,2m;) = Wj.

k—o0

Since
lim H(%p,, 2m;) = 0, uniformly for &
J—00

there exists J € N, when j > J, we have
|H (21,5 2m;)| < €, uniformly for k,

which means
W;| <e, k— oo.

Therefore
lim sup lim sup H (2, 2m,) = lim W; = 0. (3.17)

m—oo  Mn—oo Jj—o0

Combining (3.16)) and (3.17)), we get

lim sup lim sup((yf1 — A)a*, j(@ns1 — 2%)) < 0.
m—0o0 n—oo
Thus
limsup((71 — A)a*, j(wns1 — 7)) < 0. (3.18)

n—00
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Now, it follows form (3.9 that
yn — 2*[| < [1 + cn(Le, = D]llzn — 27| + onllvn — 27,
which together with the iterative process (3.8) implies the following estimates

|| Tn41 — x*HQ =(an(Vfn(n) — A") + Bn(zn — %) + (1 = Bn — dn)1
— anA)(T(tn)yn — %) + 6n(un — %), j(Tn41 — 27))
=(an(vfalwn) = vfu(2®)) + Bu(n — %) + (1 = B — 6n)1
— an A)(T(tn)yn — 27) + 6n(up — %) + an(vfu(2") — A2%), j(Tn41 — 27))
<amyellen — & |||zne — 27| + Bullzn — 2*[||Jangr — 27|
+ Onllun — 2*[|[Jnt1 — 27| + an((vf1(2") — A27), j(zn1 — 27))
+ (1 = Bn = 0n — 7)) L, [|lyn — 27[||| 2041 — 27|
<omyallzn — 2*||[|znr1 — @7 + Ballen — 2¥(|[|zne — 27|
+ Onllun — &¥|[||zntr — 27| + an((vf1(27) — Az7), j(Tng1 — 27))
+ (1= Bn = 0n — an¥)on Ly, [|vn — 2¥||[|zn41 — 27|
+ (1= Bn = bn — anV)[1 + cn(Ly, — D][1
+ (Lt, = Dl|lzn — 2™[|l|#n1 — 2]
<[ —an(¥ =va)llen — 2*|[[|lzns1 — ™| + (Le, —1)(1
+ enLe,)|zn — 2¥(|[|ona1 — 27| + an((vf1(27) — Az"), j(2n41 — 27))
+ Onllun — 2*[|[|ent1 — 27| + on Ly, |[on — 2| |J2ng1 — 27|

T — ¥ 2+ T —r* 2
<1 — g e lEn =TIt e ']

+ (Lo, = D)1+ enLi)lan — 2 2nss — 27l + anl(vf1(@") = Aa™), j(@ass — 7))
+ ullun — & lllzns1 — 2*[] + o Le, v — " [[|enss — 27,

and thus

g1 — 2*)]* <[1 = an(¥ = ya)]| |z — 2"
+ 200, [(Lt, — Doy, (14 Ly, ) [|on — *||[|2n41 — 27|
+H(vfi(z") — Ax™)  j(xps1 — %)) + 20, M + 20, Ly, M,

where M" = maxp{||un — z*||||zn+1 — 2*||, ||vn — 2*||||2n+1 — 2*||} > 0. Consequently, by Corollary [2.6{ and

(3.18]), we obtain that

lim z, = z*.
n—oo

The proof is completed. O
Remark 3.3.

(i) Theorem [3.2| extends Theorem 3.4 of Marino and Xu [I7] from a real Hilbert space to a reflexive and
strictly convex Banach space with a uniformly Géateaux differentiable norm and from nonexpansive
mappings to asymptotically nonexpansive semigroups.

(ii) Theoremextends Theorem 4.2 of Song and Xu [23] from nonexpansive semigroups to asymptotically
nonexpansive semigroups.

(iii) Taking T'(t1) = T,h = t1,0, = ¢, = 0, = 0,A = I,y = 1, and f, = f1 in Theorem and then
C £ C C C is not necessary. We get Theorem 2.2 of Lou et al. [I5] and generalize it from a uniformly
convex Banach space to a reflexive and strictly convex Banach space.
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(iv) Taking 6, = ¢, =0, = 0,A =1,y =1, and f,, = u in Theorem and then C = C C C is not
necessary. We get Theorem 3.3 of Zegeye and Shahzad [39)].

(v) Our results completely generalize the results of Yang [32].

Corollary 3.4. Let C' be a nonempty closed convex subset of a uniformly convexr Banach space E with a
uniformly Gdteauz differentiable norm, C = C C C. Let T = {T(t) : t € R™} be a u.a.r. nonexpansive
semigroup on C with a sequence {L;} C [1,00) such that F(T) # 0, and {f,} C Ilo is stable on F(T).
Let A be a strongly positive linear bounded self-adjoint operator with coefficient 7, A(C) C C. Assume that
0<vy< z Let {x,,} be a sequence defined by satisfying

(1) Op € (07 1)7 hmn—)oo Qan = 11mn—>oo Ltgn_l = 07 Z;.Lozl Qn = 00;

(2) Bn € (0,1), 0 < liminf, o B < limsup,,_,o Bn < 1;
(3) Onyon €10,1], D078, <00, Dol on < 00;

(4) hytn, >0, tyyr =tn +h, lim, o0 t,, = 00;

(5) ¢n €10,1], limy_yo0 [Cnt1 — cn| = 0, limsup,, o cn < 1.

Suppose {un} and {v,} are bounded in C, then as n — oo, the sequence {x,} converges strongly to some
common fixed point x* of F(T) which is the unique solution in F(T) to the variational inequality (3.2)).

Corollary 3.5. Let C' be a nonempty closed convexr subset of a Hilbert space H, C £ C C C. Let T =
{T'(t) : t € RT} be a u.a.r. nonexpansive semigroup on C with a sequence {L;} C [1,00) such that F(T) # 0,
and {fn} C I¢ is stable on F(T). Let A be a strongly positive linear bounded self-adjoint operator with
coefficient 5, A(C) C C. Assume that 0 <y < g Let {z,} be a sequence defined by satisfying

(1) ap € (07 1)7 limy, 00 0 = limy, 00 t;fn 1 — 0, Zzozl Qp = 00O;

(2) Bn€(0,1), 0 <liminf, o B < limsup,, . Bn < 1;
(3) Onyom €0,1], D0 16, <00, D02 op < 00;

(4) h,ty, >0, tpe1 =tn, + h, limy,_ o0 t, = 00;

(5) ¢p €[0,1], limy, 500 |ep+1 — ¢n| =0, limsup,, . cn < 1.

Suppose {un} and {v,} are bounded in C, then as n — oo, the sequence {x,} converges strongly to some
common fized point x* of F(T) which is the unique solution in F(T) to the variational inequality (3.2]).

Remark 3.6. Since every nonexpansive semigroup is asymptotically nonexpansive semigroup, our theorems
hold for the case when T = {T'(t) : t € R*} is simply nonexpansive semigroup.
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