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Abstract

The purpose of this paper is to prove an existence and uniqueness theorems of the multivariate best
proximity point in the complete metric spaces. The concept of multivariate best proximity point is firstly
introduced in this article. These new results improve and extend the previously known ones in the literature.
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1. Introduction and preliminaries

The Banach contraction mapping principle is a classical and powerful tool in nonlinear analysis, which
first appeared in 1922. This principle has been generalized in many ways over the years. In 1969, Fan [2]
introduced and established a classical best approximation theorem which is regarded as a natural general-
ization of fixed point theorems. Let (X, d) be a complete metric space and let T' be a contraction mapping.
Then T has a unique fixed point, i.e., the equation Tx = x has a unique solution. The point x € X such
that = Tz is called a fixed point of T'. However, if T" is a non-self-mapping from A to B, it is plausible
that the equation x = Tz has no solution. In this situation, we may find an element x in A such that the
error d(x,Tx) is minimum, where d is the distance function. A point x in A for which d(z, Tx) = d(A, B)
is called a best proximity point of 7. Research on the best proximity point is an important topic in the
nonlinear functional analysis and it has been studied by several authors (see [1HI2]).
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Let (A, B) be a pair of nonempty subsets of a metric space (X,d), consider a mapping 7' : A — B.
The best proximity point problem is whether we can find an element zyp € A such that d(xg,Tzg) =
min{d(z,Tz) : € A}. In fact, if A = B, then d(A, B) = 0 and hence a best proximity point of 7" becomes
a fixed point of 7. Since d(x,T'z) > d(A, B) for any x € A, the optimal solution to this problem is the one
for which the value d(A, B) is attained. We denote the following sets by Ag and By,

Ag={z € A:d(z,y) = d(A, B) for some y € B},
By ={y € B:d(z,y) = d(A, B) for some z € A},

where d(A, B) = inf{d(z,y) : x € A and y € B}.

It is interesting that Ay and By are contained in the boundaries of A and B, respectively, provided A
and B are closed subsets of a normed linear space such that d(A, B) > 0 [111 [12].

Let (X, d) be a metric space, T : X — X be a N variable mapping, an element p is called a multivariate
fixed point of T if p = T'(p,p, ...,p). In [7], Su and his partners proved the existence and uniqueness of the
multivariate fixed point for contraction type mappings in complete metric spaces. If (A, B) is a pair of
nonempty closed subsets of a complete metric space (X,d) and T : AN — B is a N variable mapping, then
T does not necessarily have a multivariate fixed point. Eventually, it is quite natural to seek an element p
such that d(p, T'(p, p, ..., p)) is minimum, which implies that p and T'(p, p, ..., p) are in close proximity to each
other. The purpose of this paper is to prove an existence and uniqueness theorems of the multivariate best
proximity point in the complete metric spaces. The concept of multivariate best proximity point is firstly
introduced in this article in the complete metric spaces. These new results improve and extend the previous
known ones in the literature.

Definition 1.1 ([I1]). Let (A, B) be a pair of nonempty subsets of a metric space (X,d), with Ay # 0.
Then the pair (A, B) is said to have the P-property if and only if for any =1, 22 € Ag and y1,y2 € By,

{ d(mlayl) = d(AvB)
d(x2,y2) = d(A, B)

Any pair (A, B) of nonempty closed convex subsets of a real Hilbert space H satisfies the P-property,
(see [1I]).

Definition 1.2 ([I1]). Let (A, B) be a pair of nonempty subsets of a metric space (X,d), with Ay # 0.
Then the pair (A, B) is said to have the weak P-property if and only if for any x1,z2 € Ap and y1,y2 € Bo,

{ d(xl,yl) = d(A,B)
d(z2,y2) = d(A, B)

In [I1], P-property was weakened to weak P-property and an example satisfying P-property can be
found there.

Example 1.3 ([11]). Consider (R?,d), where d is the Euclidean distance and the subsets A = {(0,0)} and
B ={y=1++1-22}. Obviously, Ag = {(0,0)}, Bo = {(~1,1),(1,1)} and d(A, B) = v/2. Furthermore,

d((ov 0)7 (_17 1)) = d((O, 0)> (L 1)) = \/5;

= d(z1,x2) = d(y1,y2)-

= d(zy,x2) < d(y1,y2).

however,

We can see that the pair (A, B) satisfies the weak P-property but not the P-property.

Definition 1.4 ([8]). Let (A, B) be a pair of nonempty subsets of a metric space (X, d), with Ay # 0. Then
the pair (A, B) is said to have the (¢, p)-P-property if and only if for any 1,29 € Ay and y1,y2 € By,

d(z1,y1) = d(A, B)
{ d(w;g;) _dA By = Yld@nz)) < eldng),

where 9, ¢ : [0, +00) — [0, +00) are two functions.
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In 2016, Su and his partners [7] proved the existence and uniqueness of the multivariate fixed point for
contraction type mappings in complete metric spaces. The following concepts are useful in the discussion.

Definition 1.5 ([7]). A multiply metric function A(ay,as,...,an) is a continuous N variable non-negative
real function with the domain

{(al,ag, ...,aN) € Ry:a; >0,i € {1,2,3, ...,N}},

which satisfies the following conditions:

(1) A(ay,az,...,an) is non-decreasing for each variable a;,7 € {1,2,3,..., N};
(2) A(al + b1,a2 + ba,...,an + bN) < A(al,ag, ...,aN) + A(bl,bg, ...,bN);

(3) A(a,a,...,a) = a;

(4) A(ay,a2,...,an) >0 a; — 0,0 € {1,2,3,...,N} for all a;,b;,a € R,

where R denotes the set of all real numbers.

Example 1.6 ([7]). The following are some basic examples of multiply metric functions.
(1) Aq(ay,ag,....,an) = % Z a; ;

N N
(2) Ag(ar,az,....an) =+ > ¢a;, i €[0,1),1<i <N, 0<h:=) ¢ <1;
; =1

N
(3) As(ay,ag,....,an) = % Z “12 ;
(4) A(CLl,(ZQ, ...,(ZN) = max{al,a2,“.7aN}'

Definition 1.7 ([7]). Let (X, d) be a metric space, T : XV — X be a N variable mapping, an element p is
called a multivariate fixed point of T if p = T'(p, p, ..., p).

In 2016, Su et al. [7] proved the following result.

Theorem 1.8 ([7]). Let (X,d) be a complete metric space, and T : XN — X be an N wariable mapping
that satisfies the following condition:

d(T%T?J) S hA(d(x17y1)7d(x27y2)7 7d(xN7yN))7
where A is a multiply metric function,
r = (x1,T2,..,ZN) € XN, y=(y1,y2, .-, UN) € XV,

and h € (0,1) is a constant. Then T has a unique multivariate fized point p € X and, for any py € XV, the
iterative sequence {pn} C X defined by

pP1 = (Tp07Tp07"'7Tp0)7
D2 = (Tplvalv'-'va1)7
p3 = (Tp27Tp27"'7Tp2)7

Pn+1 = (Tpn7 Tp?’m ceey Tp’rl)7

converges, in the multiply metric A, to (p,p,....,p) € XV and the iterative sequence {Tp,} C X converges,
with respect to d, top € X.
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In 2015, Su et al. [§] proved the existence and uniqueness of the fixed point for the generalized contraction

type mappings in complete metric spaces.

Theorem 1.9 ([8]). Let (X,d) be a complete metric space, and T : X — X be a mapping such that
(d(Tz, Ty)) < ¢(d(z,y)), Yo,y e X,
where 1, ¢ : [0,+00) — [0,4+00) are two functions satisfying the conditions:
(1) Pla) < (b)) = a<b;
<

ap —>&,bp, — €

Then T has a unique fized point and, for any given xg € X, the iterative sequence T™xg converges to this

fized point.
Example 1.10 ([§]). The following functions satisfy conditions (1) and (2) of Theorem

Pi(t) =t,
o {0 e
where 0 < a < 1 is a constant;
Pa(t) =
@ | ¢§<t> i 1)
t
(3) 3(t)

t

t2, 0<t<g,
31 i
-8 §<t<+OO,

~

0<t<,
1 <t < 400,
0<t<,
1 <t < 4o0;

’

H ||
H‘l\?\w ~+
l\.’)h—\

Cﬂ\ﬂk

0<t<1,

at2 1<t < o0
0<t<1,

\ ¢5(t) = {Bt, 1<t < +oo.

L
(4) {
o-{
-1

()

In 2015, Su et al. [8] also proved the following best proximity point theorem for the generalized contrac-
tion type mappings in complete metric spaces.

Theorem 1.11 ([8]). Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d)
such that Ag # 0. Let ¥, p, ¢ : [0,+00) — [0, +00) be three functions satisfying the conditions:

(1) ¥(a) <9(b) = a<b;
(2) { ¥lan) < ¢(bn) = =0

ap — &, by, —e
(3) ¥(t,) -0 = t,—0;
(4) t, =0 = @(t,) — 0;

(5) ¢la) <) = a<b
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Let T : A — B be a mapping, such that

V(d(Tz,Ty)) < ¢(d(z,y)), Y,y € A

Suppose that the pair (A, B) has the (¢, ¢)-P-property and T(Ao) C By, then there exists a unique z* € A
such that d(z*,Tx*) = d(A, B).

Theorem 1.12 ([8]). Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d)
such that Ag # 0. Let ¥, ¢ : [0,+00) — [0,+00) be two functions satisfying the conditions:

(1) P(a) < (b)) = a<b;

ap =€, by, —e
3) ¥(t,) -0 < t,—0;
and ¥ (t) is nondecreasing. Let T : A — B be a mapping such that

P(d(Tx, Ty)) < ¢(d(x,y)), Va,y € A

Suppose that the pair (A, B) has the weak P-property and T(Ag) C By, then there exists a unique x* € A
such that d(x*, Tz*) = d(A, B).

2. Main results

In the following, the concept of multivariate best proximity point is firstly introduced in this section.

Definition 2.1. Let (A4, B) be a pair of nonempty subsets of a metric space (X, d) with Ag # 0, T : AN — B
be an N variable mapping, an element p € A is called a best proximity point of multivariate T if

d(p, T(p,p, ...,p)) = d(A, B).

Now, we prove an existence and uniqueness theorems of the multivariate best proximity point in the
complete metric spaces which generalizes the results [§] and [7].

Theorem 2.2. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d) with
Ag# 0, T : AN — B be an N variable mapping, that satisfies the following condition:

d(Tvay) < hA(d(xlayl)vd(a:Q?yQ)a ad(xN7yN))7
where A is a multiply metric function,
z= (21,20, ....xn) € AN, y=(y1,y2, ..., yn) € AV,

and h € (0,1) is a constant. Suppose that the pair (A, B) has the weak P-property and T(AY) C By, then
there exists a unique p in A such that

d(p,T(p,p,-..,p)) = d(A, B)
and, for any py € AN, the iterative sequence {p,} C AN defined by:

pP1 = (PTp()aPTpO?’ . '7PTp0)7
P2 = (PTplaprb' : '7PTp1)7
p3 = (PTPQaPTPQf : '7PTp2)7

DPn+1 = (PTpnu-PTpnu te aPTpn)7
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converges, in the multiply metric A\, to (p,p,---,p) € AN and the iterative sequence {PTp,} C A converges,
with respect to d, to p € A, where

d(PTp;,Tp;) =d(A,B), i=0,1,2,--- N.

Proof. We first prove that By is closed. Let y, C By be a sequence such that y, — ¢ € B. It follows from
the weak P-property that
d(yna ym) —- 0= d(xmxm) —0

as n,m — oo, where x,, T, € Ag and d(zp,yn) = d(A, B), d(Tm,ym) = d(A, B). This implies that {z,} is
a Cauchy sequence so that {x,} converges strongly to a point p € A. By the continuity of metric d we have
d(p,q) = d(A, B), that is, ¢ € By, and hence By is closed.

Let Ag be the closure of Ag. We claim that, T(Zév) C By. In fact, if x € Zév \ AZ, then there exists a
sequence {z,} C Aév such that z,, — x. This together with the fact that By is closed implies that,

lim Tx, =Tx € By.

n—oo

That is, T(Ap ) C By.
Define an operator Py, : T(Zév) — Ay,

Pay={x € Ay :d(xz,y) =d(A,B)}.

This shows that Py,T : Xév — Ag is an N variable mapping from Zév into a complete metric subspace Aj.
Since the pair (A, B) has the weak P-property, then we have

d(PAOTI', PAOTy) < d(T'r: Ty) < h‘A(d(xla yl): d(.%'g, y2)7 EREE) d(xNv yN))>
where A is a multiply metric function, h € (0, 1) is a constant, and
z = (21,3, ....,2n) € AV, y= (y1,92,....yn) € AV.

By using Theorem we can get that Ps,T has a unique fixed point p € Ay, and, for any py € Zév , the
iterative sequence {p,} C Zév defined by

P1= (PAOTPO7PA0Tp07 ceey PAOTp0)7
p2 = (PAOTPLPAOTPM ceey PAoTp1)7
b3 = (PAoTp27PA0Tp27 ceey PAoTp2)7

Pn+1 = (PAoTpna PAOTpm ceey PAoTpn)

converges in the multiply metric A to (p, p, ...,p) € A, , and the iterative sequence { P4,Tpn} C Ao converges,
with respect to d, to p € Ag. That is, p = Pa,T(p,p, ..., p). It implies that

d(p, T(p7p7 "'vp)) = d(A7 B)

It is easy to see that p is also the unique one in Ag such that d(p,T(p,p,...,p)) = d(A, B). This completes
the proof. m

By Theorem [1.11] we can get the following results.

Theorem 2.3. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d) such that
Ay #0. Let 1, 0,0 :]0,+00) — [0,+00) be three functions satisfying the conditions:
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(1) ¢(a) <¢(b) = a<b;

(0
{ (an) < é(bn) = =0

ap —>&,bp, — €
(3) Y(tp) =0 = t, —0;
4) t, -0 = o, — 0
() ¢la) <pb) = a<b.
Let T : AN — B be an N variable mapping, such that
(d(Tx, Ty)) < ¢(Ad(z1,51), d(@2, 42), -, d(@N, YN)),
where A is a multiply metric function, and
z= (1,22, ...,xn) € AN, y=(y1,y2,...,yn) € AV,

Suppose that the pair (A, B) has the (1, p)-P-property and T(AY) C By, then there exists a unique p in A
such that

d(p, T(p,p; .-, p)) = d(A, B)
and, for any po € Zév, the operator Py, : T(Zév) — Ao defined by
Payy ={z € Ao : d(z,y)) = d(A, B)},
the iterative sequence {py,} C Zév defined by
p1 = (Pa,Tpo, Pa,Tpo, ..., PayT'po),

p2 = (PayT'p1, Pa,Tpr, ..., Pa,Tp1),
p3 = (PAOTP% PAOTPQ) ceey PAoTp2)7

Pn+1 = (PAOTpna PAoTpnv X PAoTpn)a

. . . —N . . —
converges, in the multiply metric A, to (p,p,...,p) € Ay , and the iterative sequence {Pa,Tpn} C Ao con-
verges, with respect to d, to p € Ag.

By Theorem [1.12] we can get the following results.

Theorem 2.4. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d) such that
Ay #0. Let 1, ¢ :[0,+00) — [0,+00) be two functions satisfying the conditions:

(1) (a) <o(b) = a<b;

ap = &,b, — €
(3) ¥(tp) =0 & t, —0.
Let T : AN — B be an N variable mapping such that
(d(Tz, Ty)) < ¢(A(d(z1,51), d(w2,92), -, d(xN, YN)),
where A is a multiply metric function, and
z = (r1,22,....,2n8) € AN, vy = (y1,12,...,yn) € AV,

Suppose that the pair (A, B) has the weak P-property and T(AY) C By, then there exists a unique p in A
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such that
d(p,T(p,p,...,p)) = d(A, B)

and, for any py € Z[])V, the operator Py, : T(Zév) — Ag defined by

Paoy ={z € Ao : d(z,y)) = d(A, B)},
the iterative sequence {pn} C Zév defined by

p1 = (PayTpo, Pa,Tpo, -, Pa,Tpo),
P2 = (PA()Tp17 PAOpr ceey PAoTp1>7
p3 = (PAOTP2> PAoTp27 ceey PA()Tp2>7

Pn+1 = (PAOTpm PAoTpna ceey PAOTpTL)u

converges, in the multiply metric A, to (p,p,...,p) € Zév, and the iterative sequence {Pa,Tpn} C Ao con-
verges, with respect to d, to p € Ag.

If we choose 3, ¢3 in Example by Theorem we can get the following result.

Theorem 2.5. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d) such that
Ag#0. Let T : AN — B be an N variable mapping such that

(1) 0< A(d($17y1),d($2ay2)7 7d(xN7yN)) < % = d(Tﬂf,Ty) < (A(d(xhyl)vd(x%yQ)v ,d(l‘N,yN)))2,
(2) % < A(d<m17y1)7d($27y2)7 7d(xN7yN)) = d(TQ?,Ty) < A(d(ml,yl),d(.%'g,yg), T 7d($N7yN)) - %7
where A is a multiply metric function, and
z = (21,2, ....,an) € AV, y= (y1,y2,...,yn) € AV,

Suppose that the pair (A, B) has the weak P-property and T(AY) C By, then there exists a unique p in A
such that

d(p,T(p,p,...,p)) = d(A, B)
and, for any py € Z[])V, the operator Py, : T(Zév) — Ag defined by

Payy = {z € Ao : d(z,y)) = d(A, B)},
the iterative sequence {pn} C Zév defined by

p1 = (PayTpo, Pa,Tpo, -, Pa,Tpo),
P2 = (PA()Tp17 PAOpr ceey PAoTp1>7
p3 = (PAOTP2> PAoTp27 ceey PA()Tp2>7

Pn+1 = (PAOTpm PAoTpna ceey PAOTpTL)u

converges, in the multiply metric A, to (p,p,...,p) € Zév, and the iterative sequence {Pa,Tpn} C Ay con-
verges, with respect to d, to p € Ag.



Y. Luo, Y. Su, W. Gao, J. Nonlinear Sci. Appl. 9 (2016), 5756-5765 5764

If we choose 4, ¢4 in Example by Theorem we can get the following result.

Theorem 2.6. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X,d) such that
Ag#0. Let T : AN — B be an N variable mapping such that

(1) 0 < A(d(x17y1)>d(x27y2)7 ,d(l’N,yN)) < 1= d(Tl‘,Ty) < %(A(d('xl:yl)ad(vayQ): ,d(l’N,yN))),
(2) 1< A(d(xlayl)vd('x%yZ)a ad(xNayN)) = d(T‘T7Ty) < A(d(xlayl)ad(x%yQ)a ,d((L‘N,yN)) - %7
where A is a multiply metric function, and
x = (r1,22,...,ZN) € AN oy = (y1,Y2, -, YN) € AN,

Suppose that the pair (A, B) has the weak P-property and T(AY) C By, then there exists a unique p in A
such that

d(p, T(p,p, ....p)) = d(A, B)
and, for any py € Zév, the operator Py, : T(Zév) — Ag defined by

Pay ={z € Ao : d(z,y)) = d(4, B)},
the iterative sequence {pn} C Zév defined by

pP1 = (PAOTp07 PAoTp07 ceey PAoTpO)v
P2 (PAOTphPAUTph"'7PAoTp1)7
p3 (PAOTP2>PA0TP27-~-7PA0TP2)>

DPn+1 = (PAOTpm PAoTpTw ceey PAQTpTL)a

converges, in the multiply metric A, to (p,p,...,p) € Zév, and the iterative sequence {Pa,Tp,} C Ay con-
verges, with respect to d, to p € Ay.

If we choose ¥5, ¢5 in Example by Theorem we can get the relatively result, which we omit it
here.
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