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Abstract

The aim of this paper is to investigate the oscillation and asymptotic behavior of a class of third-
order nonlinear neutral differential equations with distributed deviating arguments. By means of Riccati
transformation technique and some inequalities, we establish several sufficient conditions which ensure that
every solution of the studied equation is either oscillatory or converges to zero. Two examples are provided
to illustrate the main results. (©2016 All rights reserved.
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1. Introduction

During the past few decades, an increasing interest in obtaining sufficient conditions for oscillatory
and nonoscillatory behavior of different classes of differential equations has been stimulated due to their
applications in natural sciences and engineering (see Hale [9] and Wong [24]). This resulted in publication
of several monographs [I, [11], numerous research papers [2H6} 8, 10l [12H23] 25] 26], and the references cited
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therein. Analysis of qualitative properties of neutral differential equations is important not only for the sake
of further development of the oscillation theory, but for practical reasons too. In fact, neutral differential
equations are used in modeling of networks containing lossless transmission lines (see, for instance, the paper
by Driver [7]).

In what follows, let us present some background details which motivate our study. Assuming that

0 <p(t) <py < o0, (1.1)
the oscillation of second-order neutral differential equation

[r(®)(@(t) + pO)2[r @) + a(t) f(2(o(2))) = 0,

and its particular cases were investigated by Baculikovd and Dzurina [4, 5], Fisnarova and Maiik [8], Li
and Rogovchenko [I4), [15], Li et al. [16], and Xing et al. [25]. For the oscillation of second-order neutral
differential equations with distributed deviating arguments, Li et al. [I12] and Li and Thandapani [17]
established several oscillation criteria for

b
(T(t)IZ’(t)Ia_lz'(t))’Jr/ q(t,€) |elg(t, )17 x[g(t, )ldo(€) = 0,

where z(t) := z(t) + p(t)z[7(t)]. Compared with second-order neutral differential equations, there are few
oscillation results for third-order neutral differential equations. Baculikovd and Dzurina [2], 3], Jiang and Li
[10], and Li et al. [18] examined an equation of the form

(r(®)((x(t) + p()x(7(1)))")) + q(t)a7 (o (t)) = 0, (1.2)

under the assumption that

whereas Li and Rogovchenko [I4], Thandapani and Li [20], and Xing et al. [25] deduced oscillation of
assuming that condition is satisfied.

On the basis of the ideas exploited by Li et al. [12] 18], the objective of this paper is to establish several
oscillation criteria for

b
(T’(t)\Z”(t)l"‘12”(t))’+/ a(t,€) |z[g(t, N [y (t, )ldo(€) = 0, (1.3)

a

where t > tg > 0, o > 0 is a constant, and z(t) := z(t) + p(t)z[7(t)]. As usual, a solution x of (1.3) is called
oscillatory, if the set of its zeros is unbounded from above, otherwise, it is said to be nonoscillatory.

In order to accomplish these tasks, it is necessary to make the following assumptions hold throughout
this paper:

(A1) € Cl([to, 0), (0,00)) and p € C([to, 00), [0, 00));
As) g € C([tp, ) x [a,b],[0,00)) and ¢(t,£) is not eventually zero on any [t,,c0) x [a,b], t, € [to, 00);

)
)
As) g € C([to, 00) X [a, b], R) is a nondecreasing function for & satisfying lim inf;_,~ g(¢,£) = oo for £ € [a, b];
Ay) 7€ Cl([to, ), R), 7/(t) > 10 > 0, limy—s00 7(t) = 00, and g(7(t), &) = 7[g(t, &)];

)

(
(
(
(As) o € C([a,b],R) is nondecreasing and the integral of is taken in the sense of Riemann—Stieltijes.

Main results in this paper are organized into two parts in accordance with different assumptions on the
coefficient r. In Section |2} oscillation results for (1.3]) are established in the case where

/OO V4 dt = . (1.4)

to
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By assuming that
o
/ ) dt < oo, (1.5)
to
oscillation criteria for ([1.3)) are obtained in Section [3| To illustrate the results reported in Sections |2| and
we give two examples in Section [4]
In the sequel, we use the following notations for a compact presentation of our results:

QU €) = min{q(t, ), a(r(1),€)}, R(t) := max{r(t), r[r (1))},
oy (1) = max{0, ¢/ ()}, 00 = [ s
¢@)

where p and ¢ will be explained later, and all functional inequalities are tacitly assumed to hold for all ¢
large enough, unless mentioned otherwise.

2. Oscillation criteria for the case (|1.4)

In this section, we consider two cases g(t,a) < 7(t) and g(t,a) > 7(t). Let us start with the first case.

Theorem 2.1. Let conditions (A1)-(As), (1.1), (1.4), and o« > 1 be satisfied. Suppose that g(t,a) €
Cl([to,0),R), ¢'(t,a) > 0, g(t,a) < t, and g(t,a) < 7(t) for t > tq. If there exists a function p €

Cl([to, 00), (0,00)) such that, for all sufficiently large t; > to and for some ty > t1,

o) b a\ g a / a+1
J s [ (1) S
and
oo 1 0o b 1/

/ u [R(u)/u /a Q(s,g)da(f)ds] du = oo, (2.2)

where
9(ta) 15 =1/o () duds \
Git) = ( . ﬁg(t{f)lrl/a((u))du ) ’ =

then every solution x of (L1.3)) is either oscillatory or satisfies lim;_ o x(t) = 0.

Proof. Assume that (1.3)) has a nonoscillatory solution z. Without loss of generality, we may suppose that
there exists a t; > ¢y such that x(t) > 0, z[7(¢t)] > 0 for t > 1, and z[g(t,£)] > 0 for (¢,£) € [t1,00) X [a,b].
Then we have z > 0. It follows from (1.3)) that

(r(®)z" ()] 1=" (1) <0, (2.4)
and

b
(T(t)IZ”(t)!O‘_lz”(t))'+/ q(t, §)x*[g(t, §)]do(§)

a
b

+ 71,9(8;) (T[T(t)]IZ”[T(t)]Ia_IZ”[T(t)])’+/ P a(7(t),€)z[g(7(t), §)ldo(€) = 0.

By virtue of (2.4)) and 7/(t) > 79 > 0, we obtain

b
(T(t)IZ"(t)Io‘12"(t))’+/ q(t, €)x*[g(t, §)]da (§)

b P
+/ pia(r(t),)zg(r(t), £)ldo (&) + = (r[r(1)]|"[r(1)]|* 2" [7(1)]) < 0.

70
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By using the latter inequality and condition g(r(t), €) = 7lg(¢,£)], we have
(T(t)!Z”(t)\a_lz"(t))/+zf(T[T(t)]!Z//[T(t)]!a_lz"[T(t)])/
< —/b( (t, &)x[g(t, §)] + poa(r(t), )= [g(7(t),£)]) do(§)
Q (t.€) ( O] +pox®[r(g(t,€))]) do(§). (2.5)
In view of 0 < p(t) < po < co and the inequality (see [5, Lemma 1))
A% 4 B> 2;—_1(A+B)a for A>0, B>0, and a > 1,

J P R 1) et 26)
By combining and (2.6), we conclude that

(T(t)\z"(t)|a_12"(t))/+Zﬁ(r[T(t)HZ”[T(t)HWl ! < - 1/ Q(t,£)z"[g(t, §)ldo(§). (2.7)

70
Based on condition (|1.4)), z satisfies two possible cases:
(1) 2>0,2 >0,2">0,and (r]2"|*12") <0;

(II) 2> 0,2 <0, 2" >0, and (r|z"|*"12") <O0.

Assume first that case (I) holds. By using 2’ > 0, 2” > 0, and the fact that g(¢,&) is a nondecreasing

function for ¢ € [a, b], we have by ([2.7)) that

fo P a b
OO + B o)y < -2 o)

70

Define a Riccati transformation w by

Clearly, w > 0 and

Applying the monotonicity of r|z”|* 2" and g(t,a) < t implies that
t) 1/a
Z"g(t,a Z( ( > 2"(t).
= Gpiar) Y

Then, combining the latter inequality and (2.9)), we conclude that

iy Pel) COCORY gt e
=0 <O PO @ ae ~ e an (®).

Furthermore, we define another function v by

(2.8)

(2.9)

(2.10)

(2.11)
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Thus, we have v > 0 and

/ p(t) (rr @I OD)

We derive from the monotonicity of r|z”|*"12" and g(t,a) < 7(t) that

r[r L
z“[g<t,a>1z( “t”) ().

rlg(t, a)]

By using the latter inequality and (2.11]), we deduce that

— ap(t)g (t,a)r[r(2)

Pl (t)
p(t)

It follows from ([2.10]) and (2.12)) that

V(t) <

V(t) n p(t) (T[T(tl)](zll[T(t) )a)/ ag’(t, CL) V(a+l)/a(t). (212)

gt T n o (Zga))e

(
S
)

) [(T(t)(z"(t))o‘)' i (T[T(t)}(z”[T(t)])a)’}
2!

(p(t)rlg(t,a)]) /e

u(t) — ag,(t’a) plotl)/a
O = g a)ie “)] '

Let ’(t )
o ag'(t,a
o0 P e a7

By using the inequality (see [13])

a Ca+1
— pylethie < @ D 2.1
Cu u S Gr1)eH Do >0, (2.13)

we conclude that

p/+ (t w . ag’(t, (L) w(a—l—l)/a 1 T[g(t7 CL)] (p/Jr (t))a+1
o0 O Lt a) = Gr Do (piDg . a)e
and
m t Oég/(t, CL) V(a+1)/a (t) < 1 T[g(tv CL)] (p/Jr (t))OH—I )

o(6) T (p()rlgt @)/ (a+ 1o (p(t)g (t,a))°

By combining the latter inequalities and ({2.8]), we obtain

/ ﬁy/ _p(t) z[g(t,a)] \* ’ o
S0+ B < - 20 (2009 [ at.oaate)

(2.14)

By virtue of (r(z")®) <0,
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()

t Z/(S)

t s
2(t) = (t2)+/ '(s)ds = z(ta) + t frl/a)du/t P10 (u)duds

1/0‘ u)duds,
f 7"_1/& du /t2 /t1

2(t) ftQ ﬁh r= 1/ (u)duds
Z/(t) ftl r=/e(u)du

Hence, we get

which implies that, for ¢t > to > t1,

and so

(2.15)

Then, we have

<z[g<t,a>]]>”zel<t>,

Z'[g(t,a)
where G is defined by ([2.3]). Substitution of this inequality into (2.14]) yields

fol b
S0+ () < 2060 [ Q€)oo
0 a
N ( pf}) rlg(t, a)](p ()™
(a4 1)+t To (p()g'(t, @)™
Integrating the latter inequality from t3 (t3 > t2) to ¢, we conclude that

1+ pg/m0 rlg(s, a)l(p ()0 Py,
/ [ 20— 1 / Q S € ( 1)Ot+1 ( ( )g’(s,a)) :|d$ Sw(tg)—i— P (153)7

which contradicts (2.1)).
Assume now that case (II) holds. On the basis of the monotonicities of z and g(t,§), we have z[g(t, )] >

2[g(t,b)]. By taking into account that z” > 0, inequality (2.7)) becomes
(r() (" (1)) + %(T[T(t)](z"h(t)])a)' < - 2a BTy — / Q(t,&)do (€

By using a similar proof of [14, Theorem 15|, we can obtain lim; ,~ 2(¢) = 0 when using (2.2)). This
completes the proof. O

Now, we turn our attention to the case when g(t,a) > 7(t).

Theorem 2.2. Let conditions (A1)-(As), (L.1), (1.4), (2.2), and a > 1 be satisfied. Suppose that T(t) <t
and g(t,a) > 7(t) for t > to. If there exists a function p € C'([tp, ), (0,00)) such that for all sufficiently
large t1 > tg and for some to > t1,

/ h [21-%@)(;2@) / " QU £)do(e) - (al (1 + Pﬁ“) rir (()T]()(;’éga)aﬂ] dt=oo,  (216)

() s ,.—1/a «
Go(t) == | =2 Ji, 7 (w)duds (2.17)
fT(t) r=1/e(y)du ’
t1

then the conclusion of Theorem [2.1] remains intact.

where
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Proof. Assume that has a nonoscillatory solution z. Without loss of generality, we may suppose that
there exists a t; > to such that x(t) > 0, z[7(¢t)] > 0 for t > 1, and z[g(t,£)] > 0 for (¢,£) € [t1,00) X [a, b].
As in the proof of Theorem we have (2.4)), (2.7), and two possible cases (I) and (II) (as those in the
proof of Theorem for z.

Assume first that case (I) holds. It follows from g(¢,&) > g(t,a) > 7(¢t), 2/ > 0, and 2” > 0 that

fot 2 b
0O + Bt oy < - 55 [ oo, (218)
Define a Riccati transformation w by
NAGICH )
w(t) := p(t) CCOIE t>t. (2.19)

Then w > 0. Applying (2.4) and 7(t) < t yields

[ (8)] z( r(t) )W 2(8).

By differentiating (2.19)), we conclude that

O e 02 1r(0)
& ) A N )

7n(o[_|_1)/oé (t) Z”(t) a+1
) r/alr ()] (z/wt)])
HE" )Y ar'(t) weth/a(y), (2.20)

W(t) =

<

(
(
2o + o0

B
+=
—~~
~~
~

- 0 ety (2.21)

=0 "

| [<r<t><z"<t>>“>' % <r[f<t>]<z"[f<t>]>a>'}
" Cro)T T O
p/—&-(t)w . CMT’(t) (a+1)/a
o0 O Lo ©
pg [PL®) at'(t) (a+1)/a
T [p@) O = e (”]
Set
C:= ,0’+(t) and D := o' (1
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By virtue of (2.13]) and (2.18]), we have

iy P8 p(t) 1 g\ rlr®)]l (1)
i+ B < g% (FEG) [ 00 + g (1) TR
Similarly, as in the proof of Theorem we obtain , and hence
2lr ()] \*
(Frmn) =0

where G is defined as in (2.17)). Therefore,

P\ Tl (O]l (1)
<+1>a+1 <”m) (op(0)*

By integrating the latter inequality from ¢3 (t3 > t2) to t, we have

o LHa/m O] g
[ [552 [ awamote - SRR | <ot + Bt

W)+ P () < — QQ Al (E) / Q(t, )do(¢

70

which contradicts (2.16)).

Assume now that case (II) holds. As in the proof of Case (II) in Theorem we arrive at the desired
conclusion. The proof is complete. O

3. Oscillation criteria for the case (|1.5))

In this section, we establish some oscillation criteria for (1.3) under the assumption that ((1.5)) holds.
Similarly, as in Section 2| we begin with the case when g(t, a) < 7(t) holds.

Theorem 3.1. Let conditions (A1)-(As), (1.1} , , , and oo > 1 be satisfied. Suppose that g(t,a) €
Cl([tp,0),R), ¢'(t,a) > 0, and g(t,a) < 7(t ) < t fort 2 to. Assume further that there exists a function
p € CY([tp, ), (0,00)) such that holds for all sufficiently large t1 > to and for some ty > ty. If there
exists a function ¢ € C!([tg,0),R) such that, ((t) > t, ((t) > g(t,a), {'(t) > 0 for t > to, and for all
sufficiently large t1 > to,

/oo [21—%904@)(;3(15) /abQ(t,g)dg(g) B <a(j— 1>a+1 <1 N f) M] dt =00,  (3.1)

Gs(t) == (9(t,a) — 1), (3.2)

then every solution x of (1.3|) is either oscillatory or satisfies limy_, o x(t) = 0.

where

Proof. Assume that has a nonoscillatory solution z. Without loss of generality, we may suppose that
there exists a t; > to such that z(¢t) > 0, z[r(t)] > 0 for ¢t > ¢, and z[g(¢,§)] > 0 for (¢,€) € [t1,00) X [a, b].
Then we have z > 0. Based on condition (L.5)), there exist three possible cases (I), (I) (as those in the proof
of Theorem , and

(IIT) 2 >0, 2/ >0, 2" <0, and (r|z"|*"12") <O0.

Assume that case (I) and case (II) hold. By using the proof of Theorem we get the conclusion of
Theorem B.1]

Assume now that case (III) holds. In view of g(t,£) > g(¢,a), 2’ > 0, and 2" < 0, inequality (2.7) reduces
to

(—r (=" 0)) + B (@) 0] < - 2a a1 / Q(t,§)da (¢ (3-3)

70
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From (r|2”|*712") < 0, we have (r(—z")®)" > 0, which shows that r(—2z")% is nondecreasing. Thus, we

obtain

An integration from ((¢) to [ yields
!
2 (1) < Z[C)] + /)" () / rol/e(s)ds.
()
By passing to the limit as I — oo, we get
0 < Z[C)] +r(@)="(0)d(1),

that is,

r/e(t) 2" (t)
—9(t <1
Do =
Define a function ¢ by o )
r(t)(=2"(t))*
t) = — L t>t
N E I O)E !
Clearly, ¢ < 0 and
—9(t)p(t) <1
Similarly, we define another function ¢ by
s QIO

< t, we obtain
rlr@®I(=2"[r(®)])" < r(t)(==" ()"
Hence, 0 < —¢(t) < —p(t). By virtue of (3.5), we have
—9%(t)e(t) < 1.
Now, by differentiating , we arrive at

(=rO2"0))7) | ar()C()(=2"(1)*="[C ()]
([ (Z[C@N+t '

By virtue of ((t) > ¢ and the fact that r(—z")® is nondecreasing, we get

¢'(t) =

Tl/oz
) <

co”

and so

(=r@®)(=2"®)") od'(t)  \\(at1)/a
0 OO A
Similarly, by differentiating , we have

(=rr@OI=="[r(®)])*)’

¢'(t) <

L adrir(

(2" ())*="C ]

o t t
PO = e SO
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By taking into account that r(—z")® is nondecreasing and ((t) > 7(t), we conclude that

o)

2[¢(t) < YT [T ()],

and hence
s L EODYY ad)
N O AL (0]

It follows from , , and that
B (OO g (Ol )Y

A e o 14131} LRI S )

t

]
o't (at+1)/a PG aC'(t)
e = ety

¢
z[g
< - (z’ >/Qtfda

e
R0

Applying z > 0 and 2” < 0 implies that

(—o(t) /e, (3.9)

()t

B (at1)ja PG aC'(t) | (at1)/a
(—p(t))ler o rl/a[g(t)]( p(t))\eTie,

Hence, we have

(Fir)

where G is as in (3.2)). Then, we have

(0% b a ’
¢(0)+ 2 g'(1) < ~2'Ga(1) / Q(t,€)do(€) - /5[22)] (—(t)) @/
_apy (1)

i (atl)/a
w ]

By multiplying the latter inequality by ¥(¢) and integrating the resulting inequality from ty (t2 > t1) to ¢,
we get

t a—1 s /! s ofg / s
P Opl)-0"(t)eter) +o || T o) + TR e
B . ap [0S ), e
# B orn — o) + 2 [ [ZE ot + TGS ot as

/t21 “9*(s)G3(s /Q do(¢)ds < 0.

Set

p(s) and B:=

_ {ﬂ%s)c'(s)r/ (etl)
ri/af¢(s)]

By using the inequality (see [12])

a9 (5)(s) {ﬂ&(sx'(s)]a/‘”” "
a1 riefc(s)] [relc(s) |

a+1

— —ABYe — pletD/a < lB(a“)/a, for A>0and B >0, (3.10)
« «
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we obtain

Y

01 (s)¢'(s) . 94(s)C'(s), §))(atD)/a
g T e )

On the other hand, define

_ [9s)¢ ()] Y S an _
A= {rl/a[asn] #s) and B =

By virtue of (3.10)), we have

) S s L (_a VT )
(] )t ey T2 a<a+1) 0

By using (3.5)) and , we conclude that

/tt [21%&(3)@3(3) /;Q(sﬁ)d"(f) ) <aj-1>a+l (1 " iﬁ) M] "

_é <ai 1)““ 79(8)??1/5?[((63)] '

a 9L (s)(s) [ﬁ%s)a(s)}““a*” )
at 1 rPlC(s)] [ r/elc(s) |

o P o o
< 9(t2)p(te) + —0(t2)d(t2) + 1+ —,
70 70
which contradicts (3.1)). This completes the proof. O

With a proof similar to the proof of Theorems 2.2 and we can obtain the following criterion for (|1.3])
assuming that g(¢,a) > 7(t).

Theorem 3.2. Let conditions (A1)-(As), (LI), (L5), (2.2), and a > 1 be satisfied. Suppose that T(t) <t
and g(t,a) > 7(t) fort > to. Assume also that there exists a function p € C'([ty, 00), (0,00)) such that
holds for all sufficiently large t1 > to and for some ty > t1. If there exists a function ¢ € C!([tg, ), R) such
that (t) > t, ((t) > g(t,a), ¢'(t) > 0 fort > ty, and holds for all sufficiently large t1 > to, then the
conclusion of Theorem [3.1] remains intact.

4. Examples

Similar results can be obtained under the assumption that 0 < a < 1. In this case, utilizing [5, Lemma 2],

one has to replace Q(t,&) := min{q(t,¢), q(7(t), &)} with Q(¢,€) := 2* ' min{q(t, €), ¢(7(t),£)} and proceed
as above. In this section, we illustrate possible applications with two examples.

Example 4.1. For t > 1, consider a third-order neutral differential equation

s

[z(t) + 2(t — 27)])" + / z[t + £]dE = 0. (4.1)

—4m

Let a=1,a=—-4m, b=m, r(t)=1,p(t) =po=1, 7(t) =t — 2m, q(t,§) =1, g(t,§) =t + &, and (&) = &.
Note that Q(t,&) = min{q(¢,£),q(7(¢),&)} = 1, ¢'(t,a) =1 > 0, g(t,a) =t — 4m < t, and g(t,a) < 7().
Moreover, let 7o = 1 and p(t) = 1, then

ftt;“ S 7t (u)duds )2 — (dm 4+ )t + B
ftt1,47|— r_l/O‘(’U,)dU t— (47'[' + tl)

t2
Gi(t) = , ,8:8w2—§2+47rt1 + t1ta,

and

1 < p%) rlg(t a))(P ()]

00 b
11—« - -
/ [2 p(t)G1(t) / Q(t,£)do(§) (a+ D)ot (p(t)g'(t,a))®
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> 42 —2(4m + 1)t + 2
_57T/ Gl(t)dt:5—7r (4m + 1)+Bdt:oo
2 t— (4w +t1)

Hence, by Theorem every solution = of (4.1)) is either oscillatory or satisfies lim; oo z(t) = 0. As a
matter of fact, x(t) = sint is an oscillatory solution to (4.1)).

Example 4.2. For ¢ > 1, consider a third-order neutral differential equation
1

[£a(0) + plt)a(t =)'] + [ €+ al + e =0, (4.2)

0

where 0 < p(t) < po, po and 7 are positive constants. Let « =1, a =0, b = 1, 7(t) = t2, 7(t) = t — 7,

q(t,§) = &§+1,g(t,§) = t+&, and 0(§) = £ Note that Q(¢,§) = min{q(,£),q(7(2), &)} = E+1, 7(8) = t—7 <
t, and g(t,a) =t > 7(t). Moreover, let 79 =1, p(t) = 1, and ((t) =t + 1, then we have ¥(t) = 1/(t + 1),

t— s _1/a t— s
o ST duds f f e duds (= )% 4 (Bnts — t)(E— ) — Bt = 7)In(t =)

Go(t) = = ’
2(?) flfl_7 r=1/o(y)du fttl_v u=2du t—y—t
and
Gs(t) = (g(t,a) —t1)* =t — t,
and thus

) b aN plr ! a+1
[ 2esca [oweast - i (1478) LSO o
_ 2/” Go(t)t = 2/” (t —7)° + (talnty — ta)(t — ) — ta(t — y)In(t — )

dt = oo,
t—v—11

and

/oo [21a19a(t)G3<t) /abQ(t,S)da(g) — <ai 1>a+1 (1 + 7;?:) ﬁ(t)fll/(i)[g(t)]] dt

-/ [?;(éltf)) - 41<t++pf>} A=

Therefore, by Theorem every solution x of (4.2) is either oscillatory or satisfies lim; o, 2(t) = 0.
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