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Abstract

With the help of infinite-dimensional Lie algebras and the Tu scheme, we address a discrete integrable
hierarchy to reduce the generalized relativistic Toda lattice (GRTL) system containing the relativistic Toda
lattice equation and its generalized lattice equation. Meanwhile, the Riemann theta functions are utilized
to present its algebro-geometric solutions. Besides, a reduced spectral problem is given to find an integrable
discrete hierarchy obtained via R-matrix theory, which can be reduced to the Toda lattice equation and a
generalized Toda lattice (GTL) system. The Lax pair and the infinite conservation laws of the GTL system
are also derived. Finally, the Hamiltonian structure of the GTL system is generated by the Poisson tensor.
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1. Introduction

As it is known, the nonlinear lattice equations have lots of applications in statistical and quantum
physics. For example, the relativistic Toda lattice equation governs a system of unit masses connected by

*Corresponding author
Email address: mathzhang@126.com, zyfxzQcumt.edu.cn (Yufeng Zhang)

Received 2016-10-10



Y. F. Zhang, X.-J. Yang, J. Nonlinear Sci. Appl. 9 (2016), 61266141 6127

nonlinear springs [15]. It is interesting that we search for the corresponding integrable lattice hierarchy where
the Toda lattice equation lies in. For the sake of that, Tu [16] made use of Lie algebras and Lax pairs to
derive the resulting Toda hierarchy whose Hamiltonian structure was also generated which was called the Tu
scheme. It follows that Picking et al. [I0} 2], 22] generated some lattice hierarchies. Fan, et al. [4, [I8] also
obtained some discrete integrable hierarchies by using the Tu scheme. Some properties of discrete integrable
systems, such as Hamiltonian structures, Darboux transformations, exact solutions, etc. were discussed
in [8, 9, 1T, 20]. Based on the above mentioned consequences, we adopt a Lie algebra consisting of 2 x 2
matrices to introduce a Lax pair so that the Tu scheme is devoted to generate a discrete integrable hierarchy
which can be reduced to the well-known relativistic Toda lattice equation and a generalized relativistic
Toda lattice (GRTL) system. Then we again apply the scheme for generating algebro-geometric solutions
proposed by Geng et al. [6] to discover the algebro-geometric solutions of the GRTL system via the Albel-
Jacobi coordinates and the Riemann theta functions as well as theory on hyperelliptic cures. Specially,
we construct two sets of Baker functions for straightening out of the discrete flows for the GRTL system.
In addition, we reduce the isospectral problem introduced in the paper to two shift operators. Then, by
applying the R-matrix formalism [IH3], we give rise to a new form of the Toda lattice hierarchy which can
be reduced to the Toda lattice equation and its series of the generalized discrete integrable systems. Again,
utilizing the Casimir functions of the Lie-Poisson bracket presented in the paper and the Novikov equation,
we obtain the representation of the Lax pair of the GTL system derived from the Toda lattice hierarchy.
Finally, we obtain the Hamiltonian structure of the GTL system via the Poisson tensor linked to the Casimir
function and the discrete expanding integrable model of the Toda lattice system is generated by constructing
a new integrable hierarchy.

2. A discrete integrable hierarchy and its reductions

The simplest subalgebra of the Lie algebras A; are given by

w=Loo) (o) e=(0a)s=(V0)

The corresponding loop algebras can be defined as
hi(n) = h A" e(n) = e\", f(n) = fA",n € Z.
Based on the above, we introduce the following discrete spectral problems

UYpt1 =V(n+1) = Upp(n) = Uptp, Uy, = h1(1) + prh1(0) + ¢ne(0) + af (1) + s,h2(0), (2.1)

where « is an arbitrary constant.
(n)y = A(h1(0) — ha(0)) + Be(0) + C £(0),

where

A= "aj(n)A,B=> bj(n)A,C = ¢i(n)A. (2.2)

j>0 Jj=0 320

According to the Tu scheme, we first solve the following stationary discrete zero curvature equation for V, :

to give rise to
(A+pn)(EA—A) + aAEB - ¢,C =0,
(A4 pn)EC —aNEA+ A) —s5,C =0,
gnFEA+ spEB — (A +pp)B + g, A =0,
g EC — s, EA — a\B + s, A = 0.

(2.4)
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Substituting (2.2)) into (2.4)) yields

Aa/j+1 —l—pnAaj + aEij — QnCj = 0,
anaj + SnEbj — bj+1 — pnbj + qna; = 0, (25)
Ecji1 +pnEcej — a(Eajy + ajy1) — spej =0,

gnEc; — spFa; — abji1 + spa; =0,
which leads to
(agnE + agy + spE — sp)aj + (s, E — apy)bj — ¢, Ec; =0,

where A = E — 1. Taking
bo=0,Fcy— Oé(E + 1)(10 =0,Aag + aFEby =0,
then it is easy to see that we can set ag = 1 and ¢y = 2. Hence, from Eq. (2.5) we get that

by = 2qn, a1 = —20q,, ¢1 = —20pn_1 — 20 (G + Gn_1) + 205, 1,
by = —20GnGn+1 + 25nGn11 — 2Pndn — 204,
az = 20qnGn-1 + 20Pndn + 20°¢7 — 205pGnt1 — 20GnSn—1 + 207 (nn+1 + GnGn—1),
c2 = 20pn—1% + 407 pp_1Gn + 407 Pr_1Gn—1 — 20Pp—15n—1 + 20°Pnn + 207G — 207 s 01
— 402G sn—1 + 20°qndni1 + 40P Gugn—1 — 2085 1Ppn—2 — 20°Sp41qn—1 — 20°Sp—1qn—2 + 2005, 1Sp—2
+20°qn_1Pn—2 + 20°¢n_1” — 207 Gn_15n—2 + 20° ¢ _1Gn 2.
Note .
Vog = O _lai(ha(m — i) — ha(m — i) + bje(m — i) + i f (m — i) = X"V = V;, _,
=0

then Eq. (2.3]) can be decomposed into the following
(EVo U, — U (Vi) = Up(Vi =) — (EVy,— ) Unp. (2.6)

It is easy to find that the degree of powers of A in the left-hand side of Eq. (2.6 is more than zero, while
the right-hand side is less than zero. Hence, the degree of both sides of Eq. (2.6) is zero. Therefore, one
infers that

(EVn,_;_)Un — Un(vn’_;_) = —Aam+1h1 (0) + bm+1€(0) — (Ecm+1 — aEam+1 — aam+1)f(0) + Oébm+1h2(0).

Assume that
Vm = Vn,Jr + Am» Am = kth(O) + k‘gf(())

Thus,

1
kl = —Cm, k2 = —Cm,
o

1
(EVm)Un —UpVip = (_Aam+l + anm)hl(o) + (bm+l - aQnCm)e(O)
1 1
+ (abpmy1 + asnEcm — qnEcy, — asncm)hg(O).
Thus, the discrete zero curvature equation

dU,
— — (EV))Up + U, Vi, =0
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admits a discrete integrable hierarchy of the form:

DPn YAV
dn = bm+1 - éanm = bm+1 + gnem . (27)
sn ), abmy1 + ésnAcm —gnEcy = —spEay, + spam + ésnAcm

Taking s, = 0 and a = —1, we find that Eq. (2.7 becomes

= ppAapy,,
Pty = PnRA0m (2.8)
qt,, = bin+1 + GnCm.
When m = 1, we get the relativistic Toda lattice system:
=2 — ,
Y43 pn(Qn+1 Qn) (2.9)
s, = 2QnQH+1 = 2qnGn—1 — 2pnan + 2qnpn—1-

In fact, Eq. (2.8) is the relativistic Toda lattice hierarchy. For m =1, Eq. (2.8) can be reduced to

Pnt = —2apn(dn+1 — qn),

gn,t = 280Qn+1 — 20qnqn+1 — (2a + 20‘2)%% — 20qppn—1 — QQQQnQHfl + 2aqn8n—1 — 2Pngn, (2’10)

Sn,t = Sn(_2pn + 2pn—l - 20“]n + 205%1—1 + 28y, — 2571—1)-
Obviously, when s, = 0 and o = —1, (2.10)) is reduced to Eq. (2.9). Hence, Eq. (2.10)) becomes a generalized
relativistic Toda lattice (GRTL) system. It is easy to find that the Lax pair of Eq. (2.10)) is given by

Y(n+1) = Unih(n), (), = VID9(n),
where
(1) vy vy
Vo = v 0= hi(1) — 2agnh1(0) + 2¢,e(0) + 2af (1) — ho(1)
21 22
+ 2000 — 20gn-1 — 20pp—1 — 20°(Gn + Gn-1) + 205, _1] £ (0).

3. Algebro-geometric solutions to the GRTL system

In this section, we shall discuss the algebro-geometric solutions of the GRTL system by following the
way proposed by Geng et al. [6]. However, we shall present two sets of Baker functions for straightening
out of the discrete flows of the GRTL system. To make use of the scheme given by Geng et al., we want to
express the relativistic Toda lattice hierarchy by the Lenard’s gradient sequences S;(n),0<j € Z:

JnSjJrl(n) = Knsj(n)7 Jnsfl(n) =0,7 20, (31)
where
0 SnE — DPn QnE + qn
K, = dn 0 _pnA s
—qE  a(spE —pn) agnE+ ag, + sp,A
0 1 0
Jp = 0 o A ,

—gnE  a(spE —pn) aqnE + agnE + agy, + spA

55 (n)
Sim) = | P (n)
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From the equation J,S(_1)(n) = 0, one infers that
2a
Scpn)=1{ 0 ker J,{cSo(n) : c € R}.
1
Thus, starting from (3.1)) engenders that
—2apn—1 — 20°(gn + gn—1) + 2081
So(n) = 2Qn .
—2aqn,
Eq. (3.1) implies that
AS](.S) (n+1) —i—pnA ) (n) + aES( )(n +1)— an](-l)(n) =0,
a0 ES (n) + 5,8 <n> SO (n+1) = puSt () + 4,58 (n) = 0,

ES](.l)(n + 1)+ p, ES 1)(n) a(ES B )(n +1)+ S](.S) (n+1)) — snS](-l)(n) =0,
anSJ(.l)( ) — snES (n) aS.2 (n +1)+ snSJ(.?’) (n) =0.

Let
Y(n+1) = Untp(n), (N)y,, = V™ (n), (3:2)
where
) _ ( A glm) )
" oy Al )
and

Al = Z SN (m)am=i, BY™ = Z SP) (myam+1=3 clm Z S, ().
The compatibility condition of the discrete Lax pair reads that
P pnASSS)m)
In = S@(n) + ¢SS (n) : (3.3)
¢ — s, S (n) + 5n S (n) + ésnAS,(,})(n)

8.1. Decomposition of the GRTL system
Suppose Eq. (3.2) has two basic solutions ¢ (n) = (M (n), @ ()T, d(n) = (¢ (n), ¢*)T, we define

a Lax matrix W,, as follows:
W, = ( f(n) g(n) ) ’ (3.4)

and require W), satisfying the following equations
Wy1Up — UnWi, = 0, Wy, = [VI™ W],
which are equivalent to

(A =pn)Af(n) + arg(n +1) = gnh(n) =0,
an(n+1)+5ng(n+l)_()‘+pn> ( )+an( ):
A+ pp)h(n+1) —aAf(N +1) — arf(n )—sn (n) =
gnh(n+1) = spf(n+1) — arg(n) + spf(n) =

' (3.5)
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and

where

ZblAMUQWZZ%NMMUMFZ%HWWj

Substituting (3.6|) into (3.5)) yields
InGia(n) = KnGy(n), JuG_i(n) = 0,5 > 0,
where G;(n) = (h;(n), g;(n), fj(n))T. Equation J,G_1(n) = 0 has the general solutions
G-1(n) = apS-1(n),
where ayq is a constant. Acting with J~'K,, and K 'J, respectively on Eq. yields
Go(n) = apSo(n) + a1.S—1(n).
According to , we have

ho(n) = —2app—1 — 2042(qn + Gn-1) + 28,1 + 200,
gO(n) = QQna fO(n) = _2QQ7L + Qqp, -

(3.6)

(3.7)

(3.8)

We apply g(n) and h(n) to be polynomials of A to define the elliptic coordinates {x;(n)} and {v;(n)} :

N

g(n) = Ago(n) [ JOX = 15(n)), h(n) = Aho(n H vj(n

i=1
Comparing the coefficients of the same power for A in (3.9)), one gets
N
g1(n) = —go(n Zuj = —h-1(n) Y _vj(n)
j=1

which can be rewritten as:

gn+
Qfn+1 — Sn +pn+OZQn = Z,UJ] n)—+ o,

n _] 1

pn—1+a(Qn+Qn 1 — Sn— I—ZV] n)+ aq.

From ({3.4) we have
2N

detW,, = f2(n) + g(n)h(n) = JJ(A = A;) = R(V).
j=1
Substituting (3.6|) into (3.10) and comparing coefficients of related powers of A give rise to

1 2N
Q] = _QZ;AJW
J:

(3.9)

(3.10)

(3.11)
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( |)\ ,U,k, \/ /’Lk f ‘/\ Vk - R(Vk‘(n)>
Taking m = 1, and starting from (3.2)), one infers

g(n)y, =241 g(n) — 2B{) f(n) = 2(A - 2aq,)g(n) — 4q,.f ().

For t; = t, it is easy to find that

N N
g(n)e = Mua(n) T (e(n) = 15(n))2¢n = —2nprei(n) [ (ur(n) = ps(n)).
i#ki=1 i#ki=1
Hence, it follows that
N
9()ermpp) = (e T () = pi(n)) = 20/ R(pr(n)).
itk i=1
Thus, we have
o = 2V/Rlu )

Hi¢k,¢:1(#k(n) — pi(n)) '

Similarly, one infers that

ht‘)\zyk(n) = 4auk(n) R(Vk(n)) (3.12)
Besides, we know that
N
h(n): = =Mhoi(mve(n) [] ((n) —vi(n),
i#k,i=1
N (3.13)
h()elrcvymy = —vemv(m)re [ (r(n) = vi(n)).
ik i=1
Egs. (3.12) and (3.13) imply that
2/ R(vg(n
s = 2V

Hi;ék,z’:1(”k(”) —vi(n)) '

3.2. Straightening out of the continuous flows

We first introduce the Riemann surface I' of the hyperelliptic curve ¢2 = R(§) = Hfﬁl (£—&).0OnT
there are two infinite points co; and cos which are not branch points of I'. We fix a set of regular cycle paths:
ai,ai,...,an;by, b, ..., B, which are independent and have the intersection numbers in the following;:

ak-aj:bk~bj:O,ak-bj:(5kj,k,j:1,2,...,N.

We choose holomorphic differential on I :

~ Nldx

and let
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Then A = (A;;), B = (Bj;) are N x N invertible matrices. Thus, we define the matrices C' and 7 by
C=(ckj) =A7= () = A 'B,

then it can be verified that 7 is symmetric and has a positive defined imaginary part. We normalize @; into
the new basis w; :

N
wj :chl(:’l’l: 1,2,..., N,
=1

which satisfies
N N
/ wj = Zle/ (:)l = ZleAlk = 5jk’/ wj = Tjk-
% 1=1 ak =1 be

For a fixed point pg, we introduce the Abel-Jacobi coordinates

pm = (P, . pINT m = 1,2,

whose components present that

where
p(uk(n)) = (A = pe(n), § = vV R(uk(n))), p(ve(n)) = (A = v(n),§ = VR(wk(n)) € T,

here A(po) is the local coordinate of py.
As a result, we obtain that

I
o)
=
-
=

oY (n) = 25 = A, 9,05 (n)
with the help of the equalities
N _
w ()

=N, 1 <I<N.

3.8. Straightening out of the discrete flow
Assume the fundamental solution matrix of (3.2]) to be of the form

. @O 0 (n
@ =, 5m) = (%) Sl ) Qu=1.

It is easy to see that
Qn-‘,—l =UnUp-1...Up

from which we have
dW(1) = A+ po, 62 (1) = aX, ¢V (1) = g0, $°2 (1) = so,
M (2) = A2 + (p1 + po + aq1) X, 6P (2) = aA( +po + 51),
oM (2) = Ago + p1go + 150, 6P = adgo + 5150, - - - -
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Suppose 0 is the eigenvalue of matrix W, in the solution space of the spectral problem ¢ (n + 1) = Upip(n),
which is invariant under the action of W,, due to (EW,)U,, = U,W,. The corresponding eigenfunction is
1 (n) which is called the Baker function satisfying

Y(n+1) = Upb(n), Wpth(n) = d(n).

It is easy to see that
det|6I — W, | = 6% — f2(n) — g(n)h(n) =0,

which has two eigenvalues 6+ = 4§, where
1
§ = +/f2(n) + g(n)h(n) = 5\/R(>\)

The corresponding Baker functions can be taken as

¢*(n) = d(n) + ag(n), 9= (n) = $(n) + Bé(n),

where L5 £(0) hO)
T 0 T YT s+ oy (319
5+ £(0) _ 900
p= ) =15 ) (3.15)
A brief proof is described as follows:
Since ¢*(n) satisfies equation
<5I — Wa)e(n) = 0, (3.16)

we assume that ¢=(n) = ¢(n) + ad(n), then ) becomes

qb( )(n +a¢(1) n
1= W) ( S —ap ) =0

o—f - W (n) + adM(n)
< —h 6+gf ) ( @ (n) + ad® ) =0. (3.17)

Specially, let n = 0, Eq. (3.17)) still holds. Thus, we have

that is,

{ (6= (0)(@(0) + adV(0)) ~ g(0) (8 (0) + 26> (0)) = 0, (3.18)
—h(0)(6™(0) + ad(0)) + (5 + f<o>><q><2> (0) + aq3<2><o>> = 0. '
Substituting ¢(M(0) = 1,3 (0) = 0, ngS(l)( 0) =0, $@(0) = 1 into ( - 3.18) yields (3.14)). Similarly, we can get

B.15).

Theorem 3.1. Let p™(n,\),q(n, \) be the first component and the second one, respectively, of the Baker
functions ¢=(n) and ¢=(n). Then we have

N-1
9 A — pj(n)
p+(na )‘)p (TL )‘) H )\7],

dn i=1 - ,“j(o)
(3.19)
_ + o 2 n
+ n, A n,A) = 4o J
a"(n A (n,A) —pn—1 —a(E+1)gn—1+ sp—1 + 1 ]1;[ A =v;(0)

Actually, it is easy to see that starting from
Qni+1 = UnQn, WnQpn = WyUp1Qn-1= ... =Up_1Up—2 ... = UsWpQo = QnWoQo = Q:Wo,
we can infer (3.19)).
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Similar to the way presented in [6], we have the following:

Theorem 3.2 (Straightening out of the discrete flow).
ApM(n) = pP(n+1) = pM(n) = 2O (mod7),

ApP(n) = pP (n+1) = p®(n) = QO (mod7),
where Q0 = [*°2 ),

001

3.4. Algebro-geometric solutions

According to the Riemann theorem [6], there exist constant vectors M) and M) such that the theta
function O(A(p(\)) — p®(n) — M®) has N zeros at ui(n),...,un(n) for i =1 or vy(n),...,vy(n) for i = 2.
We have the inversion formula

N 2

S ) = L) = 3 resyone,d € O(A(p) — pD(n) — MW),
j=1 s=1

N 2

Sk (n) = () = 3 ressene.d € 0(A(p) — ) (n) — M®),
j=1 s=1

=z

with the constant [ (I") = fcx]- Mew;. As stated in [6], we get
J=1

0(p™M(n) + MM 4 7 (1)
0(p™M (n) + M) + 7(2))

ZW ) =1(I) 4+ dn Ii(7) + 8 InY7,

N
0,2 M@ 4 2
ZV] +8thl (p (n)+ i ) Il(’}/)-f—atlan,

o 0(p (n) + M + 71)
where 7r(‘) :fp w,i=1,2.

From - ., and (| -, one infers that

@ — _QZH] —2QZV] —2 1+O[)O[1 Q—at(Y1Y2Oé)2,

2N
where Q = —211(y) — 2alx(vy) + (1 + ) > Aj. Thus, we have

j=1
gn = QL (V1Y) 2 (3.20)
Again we have from (2.10)), (3.6]), and (3.9) that
Oclnp, = —2a(E — 1)g, = —2aAqy, (3.21)
O¢lns, = —2 Z Avj(n) + 2aAgn—1. (3.22)

j=1
Substituting (3.20]) into (3.21) and (3.22) yields the algebro-geometric solutions of the GRTL system.

Remark 3.3. As for study of algebro-geometric solutions of differential equations and discrete lattice equa-
tions, Geng et al. [Bl [7, 12-14] 17, [19] have worked out a series of interesting works. By following these
consequences, algebro-geometric solutions of the discrete lattice equations obtained by could be gen-
erated, here we do not go on discussing the question.
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4. Reductions of spectral problems and the corresponding discrete integrable hierarchies,
Hamiltonian structures

In the section, we reduce the spectral problem ([2.1)) and apply the R-matrix theory to generate a
discrete integrable hierarchy whose Hamiltonian structures are obtained by Poisson tensors associated with
Lie brackets of Lie algebras. At first, we simply recall basic notations and some related propositions based
on [1H3].

Definition 4.1. Let g be a Lie algebra. A linear map r : ¢ — g is called the r-matrix if the induced bracket
[a, 0], = [r(a),b] + [a,7(b)],a,b € g
is again a Lie bracket.

Definition 4.2. Let g be a Lie algebra with Lie bracket [a, b],a,b € g. The Lie Poisson bracket on ¢g* which
is a dual Lie algebra of g is the Poisson bracket {, } : C*(g*) x C*(g*) — C*°(g*) given by

{flan}(L> =< L7 [dflade] >7L € g*7f17f2 € Coo(g*)7

where < a,b > is an invariant metric on ¢ :< a,b >= tr(ab) = tr(ba), df is the differential of f. It can be
verified that the following formula

{fl,fg}(L) =< [L, dfl],T(de) > —< [L,dfﬂ,’l‘(dfl) > (4.1)

is a Lie-Poisson bracket associated with [, .
A Poisson tensor related to the bracket (4.1)) is formulated by:

{f1, fo} (L) =< dfa, P(L)df1 > .

It is easy to compute that
P(L)df = [r(df), L] + r*(df, L]), (4.2)

where r* is the adjoint of r with respect to the trace duality.

Proposition 4.3. The Hamiltonian flow to a Casimir function H is the Lax equation
Ly = P(L)dH = [L,r(dH)]. (4.3)
A natural set of Casimir functions on g is given by
1
Hy(L) = qutr(Lq“), dH, = L.

Thus, we have the Hamiltonian structure based on (4.3)):
Ly, = [L,7(LY)] = P(L)dH ;1. (4.4)

Assume the Lie algebra g is decomposed into two proper subalgebras g,g—, i.e., g = g+ - g—, then the
difference of the projection operators onto these subalgebras

r = P+ — P_
is an r-matrix. Therefore, Eq. (4.4) can be written as

Ly, = [Poy(L9), L),k =0,1,2, - . (4.5)

q =
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If we choose a Lie algebra g of the shift operators as follows

g={L=) w(n)EY, (4.6)

1<00
where E'u(n) = (E'u(n))E’, then we see only two kinds of admissible reductions of (4.6] in the following

k=0:L=FE""" 4% uqrn 1B b 4 ug B Ugn = 1, (4.7)
k=1:L=10anE™ 4+ lagyn1 B 4+ lq 1 BT+ EY Gy = 1,

where —n < a < —1. Therefore, Eq. (4.5) exactly becomes
Ly, = 2[P>(LY), L] = [Ay, L],k = 0,1, (4.8)

where A, = P>,(VC,) and AC, satisfies Novikov equation [VCy, L] = 0. Assume ¥(n) = (¢1(n),¥a(n))?,
Eq. (2.1) is decomposed into a set of discrete equations

Y1(n+1) = (A + pa)h1(n) + guip2(n),
VYo(n + 1) = aXp1(n) + spiba(n),

from which we have

{ Ya(n+2) = snera(n+ 1) = (A4 pa)iia(n +1) = (A+ pu)stha(n) + adgnipa(n), (49)
Y2(n+2) = spp1t2(n + 1)=[2(n+1) — sptha(n) +agnib2(n)|A + ppba(n + 1) — ppsniba(n).
If U(n) = (2(n) — sppa(n) and ¢, = 0, then reduces to
U(n +1) — pa¥(n) = T(n)A
from which we have a shift operator defined by:
L1 =E —p,. (4.10)
If we set s, =0 and o = %, Eva(n) = alpy(n), then we have
P1(n+1) = patpi(n) — gu B~ 1 (n) = M (n),

from which a reduced operator from is given by

Ly=F —p, —q.E " (4.11)

Obviously, (4.10]) is a special case of (4.11). Operator (4.11)) is again a special one of (4.7)), which appears
in [2]. For ¢, = 1 in (4.8]), operator (4.11) is very useful because the Toda lattice equation can be given by:

dn,t, = Un(pn - pnfl)v
Pnity = dn+1 — 4n-

When ¢, = 2, Eq. (4.8) reduces to

{ Unts =GPy — Dp—1 = dn+1 + Gu1), (4.12)

Pty = _Qn(pn +pn+1) + Qn(pn +pn—1)7

which is a generalized Toda lattice (GTL) system. In what follows, we discover the Lax pair of the GTL
system. At first, assuming that

VCy=a_1(n)E™2 +a_1(n)E~" + ag(n) + a1(n)E + as(n) E?
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and substituting it into the Novikov equation
[L, VCQ] =0,
we have
(a1(n+1) — ppaz(n) —ai1(n) + az(n)ppso = 0,
ao(n 4 1) = ppai(n) — gnaz(n — 1) — ag(n) 4 a1(n)ppy1 + a2(n)gn2 = 0,
a_1(n+1) —prapg(n) — gnar(n + 1) —a_1(n) + ap(n)pn + a1(n)gnt1 = 0,
— Pna—1(n) — quap(n — 1) + a_1(n)pp—1 + ao(n)gn + az(n + 1) — az(n) =0,
—qna—1(n —1) +a_1(n)gn—1 — pra_2(n) +a_2(n)p,—2 =0,
a_2(n)gn—2 — gna—2(n — 1) = 0.

Solving the above equations yields

VCQ = E2 - (pn +pn+l)E ‘Hﬁ —A4n — 4n+1 + (pn—lQn +ann)E71 + QnQn—1E72-

Therefore, we get
Ay = PsoVCy = E? - (Pn + Pny1)E +p31 — 4qn — 4n+1.

Since
Loyp(n) = E(n) — pntb(n) — guip1(n) = M, p1(n) = E~ ' (n),
we have
Yi(n) | _ Y1(n)
E( o >_U< e ) (4.13)
where

0 1
U= .
<Qn )\+pn>

Agpi(n) = BY(n) — (pn — pn—1)¥(n) + (P2_1 — @n — Gn1)1,
AW(”) = ()‘2 - QH)¢(n) + (>‘ - pn)Qrﬂbl (n)a

It is easy to have that

from which we get

lb(”)tz = Vﬂ/J(n),

V2 = < p721—1 —Q4n — Gn—1 E_];n +pn—1 > )
(A*pn)Qn A —qn

In what follows, we want to seek for infinite conservation laws of (4.12)). From (4.13)), we have

where

Y(n+1)  Ynr dn¥n—1
= =A+p,+ . 4.14
o) " (1
Note T'), = %217 then (4.14) is written as
dn
r,=X
+pn + T, |’

from which one infers that

Fnrnfl(FnJrl - Fn) - Fnanl(anrl - pn) + gny1l'n—1 — qul'n = 0. (415)
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Assuming
s . .
L= A uld),
j=1
and substituting it into (4.15]), we have
wle) = ’YQn+17’UJ7(12) = _’72pn+IQn+1A71(Qn+IQn+2)7
Z wg)wv(;zlwflll - Z wﬁf)wﬁﬁlwff) — (Pn+1 — Pn) Z wf(f)wv(zj)
jtit+k=m i+j+k=m i+j=m
+ Qn+1w£:q_1)1 - anrSLM) = O,TTL > 35
where v is a constant. It is easy to calculate that
Ut = Vot = B*P(n) = ppy1 B (1) — gui1 B (n) — path(n) + 2pi, — guip(n).
Hence,
Unt _ Yng2
Jn = TZn - pn—i—lrn —A4n+1 — Qqn — Py + 2]9721, (4.16)
0Ty = (B = 1)(Tns1ln = po1ln — dnst — G — paln + 2p7).
Again we have
QI‘ *(E—l)glnw (4.17)
ot " ot '
Denoting
Mn = Fn—&—an - pn—l—lrn —qn+1 —dn — pnrn + 2177217 Nn =In Fna
then we get from (4.16|) and (4.17) that
o .. .
aNﬁﬂ) =(E-1)MY), j=0,1,2,---. (4.18)
Besides, we see that
b bl e (_1)k+1)\7k
—Inl, = =Inw® + =) ——2_0F 4.19
ot nly ot N wp, +at( L )7 ( )

k=1
&0 - pG+2)
where Q = Y~ A7J w"];; . Accordingly, one infers from (4.18)) and (4.19) that
j=0 n

Nno) =In(yqg —n+1), Ny(Ll) = —WPn1A7 (n1Gn42), - - -
M = 2p} = i1 = Gos MY = =y (D + Prs1 )1, - -

M™ = Z wfzi—)i-lwg) — puprw(™ — ppw™,m > 2.
i+j=m

In what follows, we want to seek the Hamiltonian structure of the discrete integrable system (4.12)) by
applying new approach called variational formulas for discrete vector fields which is different from the way

presented in [IH3]. The gradient of the functional H : ¢ — R presents that

dH = Zng

where gTH denotes the variation with respect to discrete vector fields u;. For the discrete lattice system

(4.12]), aczcording to the shift operator (4.11]), we have

0H O0H 0H o0H

(4.20)
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Substituting into , that is, into
P(Ly)dHy = 2[P>o(dHz2), La] — 2P~o[dH2, L]
yields that
P(Lo)dHy = —2qn 1 H_1(n +1) + 2¢, H_1(n) + [2¢.Ho(n — 1) — 2Hy(n)g,|E~L.

Thus, we have
< —n > _ ( —~2Ho(n)gn + 242 Ho(n — 1) ) _ ( 0 —2,(1-EY ) ( H1(n) )
—pn " —2qn+1H_1(n + 1) + 2an_1(n) —Q(E — 1)qn 0 Ho(n) '
Therefore, the Poisson tensor presents

B 0 2¢,(1 — E71)
P<L)_<2(E—1)qn o )

which is consistent to that presented in [I]. The Hamiltonian structure of (4.12) is given by

W\ _ pyoH
(pn >t2 _P(L) Su

Remark 4.4. According to the approach, we could derive Hamiltonian structures of other higher-order
discrete lattice systems generated from Eq. (4.8]).

Finally, we discover a kind of discrete expanding integrable model of the Toda lattice equation. We first
construct a new integrable hierarchy

Ly, = [P>(L%), L], (4.21)

where L represents an enlarging shit Lie algebra of the Lie subalgebra L presented in (4.7]), which can be
expressed by L = L + L, where L is the enlarging part of L. For the shift operator (4.11]), we replace —p,

by pn, —qn by vy, then can be written as
L=F+p,+v,EL
Now we take the following shift operator
L=v,E ' 4+ pp+FE+ qE* + w,E® + r,E* =: L1 + Lo,

where L1 = v, B~ + p, + E, Ly = g, E?> + w, E3 + r, E*.
By making use of the modified Lax representation (4.21]), we can generate the following discrete integrable
system
( Unit; = PnUn — UnPn—1,
Pnti = Un+1 — Un,
dnt1 = Pn9n — nPn+2,

(4.22)
Wnty = PnWn + Gnt1 — WnPnil,
Tnt; = PnT'n — Wn — TnPn+4,
Tnt1 — T = 0.
Taking r, = 1, we find that Eq. reduces to
Unty = Vn(Pn — Pn—1);
Pty = ntl = U, (4.23)

dn,ty = Qn(pn - pn—i—?)a
(Pn—"n+2)t; = (Prnta — Pn) (Pnt+1 — Pn) + @ny1-

Taking g, = p, = 0, we notice that Eq. (4.23]) reduces to the Toda lattice system.
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