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Abstract

We present an alternating direction scheme for the separable constrained convex programming problem. The predictor
is obtained via solving two sub-variational inequalities in a parallel wise at each iteration. The new iterate is obtained by a
projection type method along a new descent direction. The new direction is obtained by combining the descent directions using
by He [B.-S. He, Comput. Optim. Appl., 42 (2009), 195-212] and Jiang and Yuan [Z.-K. Jiang, X.-M. Yuan, J. Optim. Theory
Appl., 145 (2010), 311-323]. Global convergence of the proposed method is proved under certain assumptions. We also report
some numerical results to illustrate the efficiency of the proposed method. (©2017 all rights reserved.
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1. Introduction

Let A € RI*™ B € RIX™M be given matrices, b € R! be a given vector, and f: X — R™, g: Y — R™ be
given monotone operators. We consider the following variational inequality problem: Find u € Q such
that

(W —uw'Fu >0, vu eQ, (1.1)

RS [ f(x)
e ( y ) Flu) = ( 9(y) > and (1.2)

Q={xy):xeX,yeY Ax+ By =b}.

with block-separated structure

It has several applications in network economics, transportation equilibrium problems and regional sci-
ence, see, for example, [8, 11-14, 20] and the references therein.
By attaching a Lagrange multiplier vector A € R! to the linear constraint Ax + By = b, the problem
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(1.1)-(1.2) can be written in terms of finding w € W such that

W —=w)TQw) >0, Yw ew, (1.3)
where
X f(x) —ATA
w=|vy |, 0w =/ gy)—=BTA |, W=xxYxr" (1.4)
A Ax+By—b

The problem (1.3)-(1.4) is referred to as structured variational inequalities (in short, SVI).

The alternating direction method (ADM) for solving the structured problem (1.3)-(1.4) was proposed
by Gabay and Mercier [13] and Gabay [12]. They decomposed the original problem into a series of
subproblems with lower scale. This method appears to be one of the most powerful methods. For ADM
with logarithmic-quadratic proximal regularization we quoted references [1-5, 15, 24, 25, 28]. To make
the ADM more efficient and practical some strategies have been studied, for more details, one can refer
to[6,7,9,16,17, 22, 23, 25, 27].

He et al. [17] proposed a modified PADM as follows: For given (x*,y*, AK) € X x Y x RY, the new
iterative (x**1,yk*1 Ak*+1) is obtained via the following steps.

k+1.

Step 1. Solve the following variational inequality to obtain x
(x" —x*T {f(xk“) — AT [A* —H (AR 4 By* — b)] 4+ R (x ! — xk)} >0, (1.5)

for all x’ € X.

Step 2. Solve the following variational inequality to obtain y**+1:
(y' =y gy ) = BT — Hi (A 4 By = b)] 4+ Sy —y ) >0, (16)
forally’ €Y.

Step 3. Update A* via
)\kJrl — 7\k o Hk(A.Xk+l T Byk+1 - b),

where {Ry}, {Hk}, {Sk} are sequences of both lower and upper bounded symmetric positive matrices.
A sequence of positive matrices {Hy} is said to be both lower and upper bounded if

ir]!f{kk : Ay is the smallest eignevalue of matrix Hy} = A i >0

and

sup{Ax : A is the largest eignevalue of matrix Hy} = Amax < +o0.
K

The main disadvantage of the method in [17] is that solving (1.6) requires the solution of (1.5). To overcome
this difficulty, He [18] proposed the following algorithm: For a given w* = (x¥,y¥,A*) € X x Y x R!, the
predictor (%%, %, A*) is obtained via solving the following variational inequalities:

where H € R'*! is symmetric positive definite. And the new iterate w**1(aq) = (x**1,y**+1, Ak+1) s

given by:

Y

W (o) = Wk — o GTIM (WS — wK),
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where
ATHA 0 0
G= 0 B"HB 0
0 0 H-1

In 2010, Jiang and Yuan [23] proposed a new parallel descent-like method for solving a class of varia-
tional inequalities with separate structures by using the same predictor as He’s method [18] and the new

iterate w1 (o) = (xKT1,yk+1 AR §s given by:
W (o) = Py w® — . G Hd(wk, Wk,
where ~
(%) — ATAK + ATH(A (x* — &%) + B(y* —§~))
dwk,wk) = | g(@%) — BT7\k+BTH( A(x*—x%) +B(y* —g")

AXK 4+ Bk —b

Inspired by the above cited works and by the recent work going on this direction, we propose a
descent alternating direction method for SVI. Each iteration of the above method contains a prediction
and a correction, the predictor is obtained via solving two subvariational inequalities at each iteration and
the new iterate is obtained by a projection type method along a new descent direction. The new direction
is obtained by combining the descent directions using by He [18] and Jiang and Yuan [23]. Our results
can be viewed as significant extensions of the previously known results.

2. Iterative method

This section states some preliminaries that are useful later. The first lemma provides some basic
properties of projection onto Q).

Lemma 2.1. Let G be a symmetry positive definite matrix and Q be a nonempty closed convex subset of R!, we
denote by Pq G (.) the projection under the G-norm, that is,

Po,g(v) = argmin{|[v—u|g : ue Q}.
Then, we have the following inequalities.
(z—Pa,clzl) ' G(Paclzl—v) >0, VzeR,veQ,
IPa,glu —PacMl|c < lu—v|g, YuveR!
[u—Paclzlg <llz—ullg —z—Paclzls, VzeR,ueQ. 2.1)

We make the following standard assumptions.
Assumption A. f is monotone with respect to X and g is monotone with respect to Y,
Assumption B. The solution set of SVI, denoted by W*, is nonempty.

We propose the following alternating direction method for solving SVI:

Algorithm 2.2.
Step 0. The initial step: Given ¢ >0, 31 > 0,2 > 0 (31 + P2 > 0) and W0 = (x%,4% A% € X x Y x Rt Set

k=0.
Step 1. Prediction step: Compute W = (%*,{j*,A%) € X x Y x Rt by solving the following variational inequali-
ties:
(x" —x)T(f(x) —ATIA* —H(Ax + By* —b)] + R(x —x*)) > 0, "x' € X, (2.2)
(y'—y)T(g(y) = BTA* —H(AX* + By —b)] +S(y —y*)) >0, Wy’ €Y, (2.3)
A = A —H(AX* +Bg* —b). (2.4)

Step 2. Conuvergence verification: If max{||x* — %*||oo, [[Y* — T¥|co, A — A¥||co} < €, then stop.
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Step 3. Correction step: The new iterate w1 (o) = (x**1,y*1, A*1) is given by:

Wt () = P w® — o G HA (WK, Wk, (2.5)
where
P
_ ) 2.6
. (B1 + B2)[[wk —wk||% (26)
P = [[WF = WH|G + (A =R T(A(X* =)+ B(y* —5")), 2.7)
d(wk,wk) = gD (W, W) + B.G(w*k —wk),
f(x%) — ATAK £ ATH(A (X — %K) + B(y* —9~))
D(w*,w*) = | g(g*) - BTAk+BTH(A(x — %)+ B(y* —g")
A%k +Bg* —b
and

R+ATHA 0 0
G= 0 S+B™MB 0 .
0 0 H!
Set k :=k + 1 and go to Step 1.

Remark 2.3. By using as special case of our method, we can obtain some alternating direction methods,
for example:

e If 31 =0,f2=1and R =S =0, we obtain the method proposed by He [18].
e If 31 =1,32 =0and R =S =0, we obtain the method proposed by Jiang and yuan [23].

Remark 2.4. 1t is easy to check that Wk = (%K, 7%, A%) is solution of SVI if and only if

K gk —
yk_gk ’
A — Ak =

Hence, the stopping criterion adopted here is reasonable: if it is satisfied with a small €, we can regard
the current iterate as an approximate solution.

In the next theorem, we show that ay is lower bounded away from zero and it is useful for the
convergence analysis.

Theorem 2.5. For given w¥ € X x Y x RY, let W* be generated by (2.2)-(2.4), then we have the following

22 V2w

(pk = 7 ||W (28)

and

T
IS

WV

(02 (2.9)

Proof. 1t follows from (2.7) that

P = HW _WkHZ 7\k xk)T(A(Xk_ik) —i—B(yk—Qk))
= [x* = KFR A+ A — AZER 4+ ly* — 5515 + IBY* — B |IF + 1A = A¢|17 (2.10)
+ (A=A TA R —x%) + By  —g4)).
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By using the Cauchy-Schwarz inequality, we have

(A=A TA Kk —%5)) > —% (ﬁHA(xk—fck)Hﬁ +—=[A* — %kHil) (2.11)

=
and
- 1 -
(N = RTIB(y* — 5) > — (VEIBY — g1+ s AR ). 212)

Substituting (2.11) and (2.12) into (2.10), we get

2 f . - . . "
Px > (I1AXS = ARF[IR + [By™ = BYE[If + A = X< ) + 6 = =<[% + [y* — 9¥(3
2—\f ) - . 2 f
>=— (A = ARE [+ [[BY™ = BY<[[f, + A = A¥[f) + (I* = %5[% + ™ = 5"[3)
2—v2
> fHWk—WkHzo
2
Therefore, it follows from (2.6) and (2.8) that
2-V2
o = >
and this completes the proof. O

3. Basic results

In this section, we prove some basic properties, which will be used to establish the sufficient and
necessary conditions for the convergence of the proposed method.

Lemma 3.1. For given w* = (x¥,y*,A%) € X x Y x R, let W* be generated by (2.2)-(2.4). Then for any
w* = (x*,y*,A*) € W*, we have

(WE —w*) TGW* —W5) > Wk =M% + (AR =A%) T (A(x* —%5) + By* — ")) (3.1)

and
(W (o) = WR) TD (W, W) > (wR L (og) = w*) TG Wk — ) + [[wk —w¥ %, (3.2)

Proof. By setting x’ = x* in (2.2), we get

(x* — ik)T{f(ik) —ATRR — ATHA(x* — %) + ATH (A(x* — %) + By* — %)) — R(x* —ik)} >0. (3.3)
Similarly, substituting y’ = y* in (2.3), we obtain

(v =97 {9(3") — BTA* — BTHB(y* —5%) + BTH(A(" —%") + B{y* —5")) = S(u* —9")} 0. (34)

Since (x*,y*,A*) is a solution of SVI, ¢ € X and §* € Y, we have

and
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Using the monotonicity of f and g, we obtain

gkox* \ |/ f(R%) = ATAK gk_x* \ |/ f(x*) = ATA*
g —y* g(@*)—BTA* | > [ gk—vy* gly*)—=BTA* | >0. (3.5)
Ak — A AX* + Bk —b Ak A Ax* +By*—b

Adding (3.3), (3.4) and (3.5), we get

(W _Wk)TG(Wk —V~Vk) —

<(x*— )TAT H (Al —~k) 7))
* TpT ~k (3.6)
+ Yy =g TBTH (A —% )+B(y ~5"))
= —(AZ* + B~ —b) TH (A(x* —%5) + B(y* —g"))
= —(A* =X T (A(x* =x*) +B(y* —1")),
where the last equality follows from (2.4). It follows from (3.6) that
(W —w*) TG(WH —5) > [ — k| + (A% — A9 T (A(xk —%%) + B(y* — 5*))

and the first assertion of this lemma is proved.
Similarly as in (3.3) and (3.4), we have

(x**! —ik)T{R(xk — &) —f(x*) + ATAR + ATHA (x* — %) —ATH (A(x* — %) + B(y" fgk))} <0 (37)
and

(b =5 T{S(* ") — g(§*) + BTA* + BTHB(y* —g*) —BTH(A(* =) + Bly* —")) } < 0. (38)
It follows from (3.7) and (3.8) that

Xk gk T/ R+ATHA) (X —x5) — £(%%) + ATA* — ATH (A(x* —%%) + B(y* —g*))
( g ) ( (S+BTHB)(y* —5*) — g(g*) + BTA* = BTH(A(x* — %) + B(y* —§*)) ) <0,
Ak

y
Ak+L_ H=T(AR =A%) — (Axk + Bg* —b)

which implies
(W (o) =W ) T(G(w" —Ww*) = D(wW*, W) <0.
By simple manipulation, we obtain

(W (o) =W ) TD(W, WF) = (W (o) =) T G(w
w

and the second assertion of this lemma is proved. O

The following theorem provides a unified framework for proving the convergence of the new algo-
rithm.

Theorem 3.2. Let w* € W*, wk*1(xy) be defined by (2.5), and

HWk+1(

Ooue) = [w* —w|[g — o) = w g,

then

K (o) — o (B1 + B2) (Wk — W) 1%

~ k2
k*WkHG-

Oon) > Wk —w

3.9
+ 200 (B1 + B2) o — ok (B1 + B2)?[w 42
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Proof. Since w* € W* and w**1(aq) = Pyyw* — o G~ 1d(w¥,w¥k)], it follows from (2.1) that
W o) =& < [W* — e GTH (WS, X)) — W[ — W — G (W, WF) =W (o) 5. (3.10)
Using the definition of O(oy ) and (3.10), we get
Oot) = [W* —w o) |IE + 200 (W (o) = wR) TA(WR, W) + 200, (WS —w*) Td(wk,wk).  (3.11)

It follows from (3.5) that

ATH (A(x* —%*) +B(y* —g~))
(Wk —w*) TD(wk, W) > (Wk —w*) T ( BTH (A(x* —%%) + B(y* —g")) )
0

— (AX* +Bg* —b) TH (A(x* — %) + B(y* —g*))
— (N = AT (A(* — %) + B(y* —g") .

Thus,
Wk —w*) TDWE, k) > (W* —w*) TD(WR,Wk) + (A =A%) T (A(x* — %) + B(y* —g")). (3.12)

Applying (3.1) and (3.12) to the last term on the right side of (3.11), we obtain

) 1% + 200 (WE T (o) — wR) Td(wk, W)

+200{B1 (WE =W ) TD (WS, W) + (B + B2) A =A) T (A(x* —%) + B(y* —g"))
+ Bawh — W5}

= Wk =W (o) |G + 200 Br (W (o) = WF) TD (W, W)
+ 200 B (W (o) — W) TG (WR — W)

+ 200 (B + B2) AR —AR) T (A(XF —%5) + By* —§%)) + 200 B Wk — 8|,

O(o) = [W*—w

(3.13)

Applying (3.2) to the second term in the right side of (3.13) and using the notation of ¢y in (2.7), we get

Oak) = W —w* (o) [|G + 200 (B1 + B2) (W kH(ka) —w) TGw* —wk)

+ 2000 (B1 + B2) [[WF —WHG + (A=A T (AR =)+ By* —9")) ]
= [lw’ —w (o) — e (Br + B2) (WH = WH)|[E — ok (Br + B2)* W' — W¥|[G + 200 (B1 + B2) ok
and the theorem is proved. O

From the computational point of view, a relaxation factor y € (0,2) is preferable in the correction. We
are now in a position to prove the contractive property of the iterative sequence.

Theorem 3.3. Let w* € W* be a solution of SVI and let w*+1(yoy) be generated by (2.5). Then w* and W* are
bounded, and

W< (yoad) =[G < Wk —w*[g —cllw® —w¥g, (3.14)

where ,
Proof. 1t follows from (3.9), (2.8), and (2.9) that

W< (youe) = w* [ < Iw* —w*|[G —2vou(B1 + B2) ok + ¥ o (By + B2)[wk — WK
= [W* —w*IE —v(2—7)(B1 + B2) xi P

< Wk —wr [ — YRRV ke k2
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Since v € (0,2), we have
W () =¥l < [WF —w¥ll < < W —wHlg,

and thus, {w¥} is a bounded sequence.
It follows from (3.14) that

(0.0}
D cfwk =g < +oo,
k=0

which means that

lim [[w*—w¥||g =0. (3.15)
k—o00
Since {w¥} is a bounded sequence, we conclude that {WX} is also bounded. O

Now, we are ready to prove the convergence of the proposed method.

Theorem 3.4. The sequence {w*} generated by the proposed method converges to some W which is a solution of
SVL

Proof. It follows from (3.15) that

lim ||x* —%*|r =0, lim |[y*—g%||s =0 (3.16)
k—o0 k—o0
and
lim |A* —A%|[; ;-1 = lim [|[AX* +Bg* — bl = 0. (3.17)
k—o0 k—o00

Moreover, (2.2) and (2.3) imply that
(x = %) T(F(R*) = ATA}) > (x* — %) TR(x — %¥)
+(x— )T (ATHA (xR —%%) = ATH (A(x* — %) + B(y* — "))
and

(Y- (g% —BTAS) > (y* — %) TSy —g%)

We deduce from (3.16) that

k—o0

lim (x — %) {f(x*) —ATAK} >0, Wwxeq,
: K\ T k T5k (3.18)
]}gr;o(y—g ) {g(G*)—B'A*} >0

Since {wX} is bounded, it has at least one cluster point. Let w* be a cluster point of {w¥*} and the
subsequence {whi} converges to w™, since W is closed set, we have w>* € W. It follows from (3.17) and
(3.18) that

lim (x —x*)T{f(x¥) —ATAM} >0, WwxeX,

j—o0
lim (y—y"){g(y™)—BTAM} >0, wyey,
j—o0
lim (Ax® +ByM —b) =0
j—o00
and consequently
(x—x®)T{f(x®) —ATA®} >0, VxeX,
(y—u®){gy®)—B"A*} >0, ‘wyey,
Ax® +By*® —b =0,

which means that w is a solution of SVI.
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Now we prove that the sequence {w*} converges to w*. Since
lim [w*—w*|g =0, and {WN}—w>,
k—o0

for any e > 0, there exists an | > 0 such that

[l —wellg <= and [l —wh|g < . (3.19)

Therefore, for any k > ky, it follows from (3.14) and (3.19) that
Wk =g < WK —w=||g < Wt =W [g + [[W —wPg < e

This implies that the sequence {w*} converges to w* which is a solution of SVI. O

4. Preliminary computational results

Let Hy, Hy, and C be given n x n symmetric matrices. In order to verify the theoretical assertions, we
consider the following optimization problem with matrix variables:

1
min{2||X—CH]2c:X681ﬂB}, (4.1)
where
st ={HeR™":HT =H, H>o0f
and
B:{HefR“X“:HT:H, HLgHgHu}.
The matrices Hy and Hy are given by:

(Hu)j; = (Hy)j5 =1, and (Hy)y; = —(Hp)y; =01, Vi#j, 14,j=1,2,---n

Note that the problem (4.1) is equivalent to the following;:

1 1
min { 31X~ €I+ 3V - I}
st. X=Y=0, (4.2)

XeSh,YeB,
by attaching a Lagrange multiplier Z € R™*™ to the linear constraint X —Y = 0, the Lagrange function of
(4.2) is
1 1
LX,Y,Z) = S[IX~ ClI> + Sy = ClI>—(Z,X-Y),
which is defined on ST x B x R™*™. If (X*,Y*,Z*) € ST x B x R™*™ is a KKT point of (4.2), then (4.2)

can be converted to the following variational inequality: find u* = (X*,Y*,Z*) € W = St x B x R™*™
such that

(X=X*,(X*=C)—2") >0,
Y=Y, (Y'=C)+Z") >0, Vu=(XY,Z)eW, 4.3)
X*—Y*=0.

Problem (4.3) is a special case of (1.3)-(1.4) with matrix variables, where A = I;;xn, B = —Ixn, b =0,

f(X)=X—=C,g(Y)=Y—C,and W =S x B x R™*™,
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For simplification, we take R = rl;yxn, S = slhxn and H = I, xn where r > 0 and s > 0 are scalars. In
all tests we take y = 1.8, 1 = 0.01, B, = 0.01, C = rand(n), and (X%, Y%, Z%) = (I,.xn, Inxn, Onxn) as the
initial point in the test, and r = 0.5, s = 5. The iteration is stopped as soon as

max { | X — X<, [Y* = V¥||, |25 - 2|1} < 107,

All codes were written in Matlab. We compare the proposed method with those in [18] and [23]. The
numerical results for problem (4.1) with different dimensions are given in Table 1, which demonstrate
that the proposed algorithm is effective and reliable in practice.

Table 1: Numerical results for the problem (4.1).

Dimension of | The proposed method || The method in [23] | The method in [18]
the problem k CPU (Sec.) k CPU (Sec.) k CPU (Sec.)
100 37 0.63 80 0.95 83 0.81
200 66 3.51 117 6.24 128 6.04
300 100 15.67 178 37.26 183 19.29
400 138 43.19 244 84.21 246 51.71
500 184 100.44 309 188.21 313 159.26
600 224 214.66 384 507.21 397 366.45

5. Conclusions

In this paper, we proposed a new modified parallel alternating direction method for solving struc-
tured variational inequalities. Each iteration of the proposed method includes a prediction step where a
prediction point is obtained by solving two sub-variational inequalities in a parallel wise, and a correction
step where the new iterate is generated by searching the optimal step size along a new descent direction.
Global convergence of the proposed method is proved under mild assumptions.
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