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Abstract

In this article, we study nonlinear quadratic iterative integral equations and establish sufficient conditions for the existence
of Volterra solutions for fractional iterative integral equations and solvency in Banach space and C`,β. In the present work we
use the principle of contraction, Schaefer’s fixed point theorem and the non-expansive operator method as essential tools. In
this study we consider Riemann-Liouville differential operator and prove some related theorems, further provide an example as
an application. c©2017 all rights reserved.
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1. Introduction

The mathematical modeling in a biological phenomena has getting increasingly important since it has
an impact in our live. Thus there are many researchers in the literature who studied and have dealt this
type of problems, for example, see ([2, 5, 7, 8, 11, 12, 15, 16, 21, 22]).

During the process of modeling one can generate an integral equation and formulate related theorems.
Further related applied problems with integral equations are also growing very rapidly with the aid of
various tools such as functional analysis, topology and the theory of fixed point. In particular, integral
equations (quadratic type) have many beneficial applications in real-world problems. For instance, the
integral equations of the quadratic type are very applicable to the radioactive transference theory, theory
of the kinetics of gases, the neutron transport theory, theory of traffic, and as well as theory of queuing
[9]. It is also recognized that nonlinear quadratic iterative integral equations are often used in biological
applications. The fixed point theorems which are utilized in the nonlinear functional analysis generally
used to obtain existence of solutions concerning the investigative functional-operator equations.

In this present work, we are also interested in the mathematical biological model, and we study
the nonlinear quadratic iterative integral equations and establish sufficient conditions on existence of
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solutions for the Volterra type fractional iterative integral equation and solvency in Banach space C`,β.
In our study we employ non-expansive operator technique as essential tools, and include the principle
of contraction and Schaefer’s fixed point theorem. The new result generalizes the previous results, see
[1, 3, 10, 14, 18]. Further we also establish some related existence results for some integral equations with
a modified argument of fractional order, see the details in [6].

In the progress of the study we need some definitions, notations, and preliminary data that we will
use in the development of the paper, see [13, 17, 19, 20]. Let C(I,R) be Banach space of all continuous
functions from I to R and equipped with the norm

||w|| := sup {|w(s)| : s ∈ I} .

Then recall some important theorems related to fixed point which are used in the paper. These theorems
may be found in the following papers [3, 18].

Definition 1.1. The integral operator is defined as

Iαaψ(s) =
1
Γ(α)

∫s
0

ψ(β)

(s−β)1−αdβ,

where α > 0.

Definition 1.2. The fractional differentiation operator (Riemann-Liouville) is defined as

Dα0 ψ(s) =
1

Γ(ι−α)
[
d

ds
]ι
∫s

0

ψ(β)

(s−β)α−ι+1dβ, (ι− 1) 6 α < ι,

where ι is a whole number and α is a real number.

Definition 1.3. The fractional differentiation operator (Caputo) is defined as

Dα0 ψ(s) =
1

Γ(ι−α)

∫s
0

ψ(ι)(β)

(s−β)α−ι+1dβ, (ι− 1) 6 α < ι,

where ι is a whole number and α > 0 is a real number.

Definition 1.4. Let (W,d) be a metric space and Q ⊆ C(W,R). We say Q is a equicontinuous if for all
ε > 0 there is δ > 0 so that for all g ∈ Q,w,a ∈W then

d(w,a) < δ⇒ |g(w) − g(a)| < ε.

Theorem 1.5. Let (W,d) be a compact metric space and Q ⊆ C(W,R). Then, Q is compact if and only if Q is
equicontinuous, closed and bounded. This theorem is called the Arzelá-Ascoli theorem.

Theorem 1.6. Let E be a continuous and compact mapping in a Banach space W into itself, such that the set

{w ∈W : w = σEw, for some 0 6 σ 6 1}

E is bounded. Then E has a fixed point. This theorem is known as the Schaefer theorem.

Theorem 1.7. Let W be a Banach space and Q 6= ∅ subset of W, compact, and convex. Now, if T : Q → Q is a
continuous operator, then T has at least one fixed point in Q. This theorem is also called the Schaefer theorem.

2. Main Results

In this section, we propose and find some outcomes concerning the existing solution of iterative
integral equations of fractional order.
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Let us consider the following nonlinear fractional iterative integral equation of quadratic type:

v(s) = g(s, v(s)) + f(s, v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du. (2.1)

Let I = [0,b], T = max {0,b}, and

C`,β =

{
v ∈ C(I, I) : |v(u1) − v(u2)| 6 ` ·

|u1 − u2|
β

Γ(β+ 1)
, ∀u1,u1 ∈ R+

}
, ` > 0.

Our first finding is based on Banach fixed point theorem.

Theorem 2.1. Suppose the following conditions are achieved

(b1) K : R+ × R× R→ R, f, g : R+ × R→ R functions of continuous are given;

(b2) ∃`1 > 0, so that
|g(s, v) − g(s,w)| 6 `1|v−w|, ∀s ∈ I, v,w ∈ R;

(b3) ∃ `2 > 0 so that
|f(s, v) − f(s,w)| 6 `2|v−w|, ∀s ∈ I, v,w ∈ R;

(b4) ∃ `3 > 0 so that

|k(s, v, v(v)) − k(s,w,w(w))| 6 `3
[
|v−w|+ |v(v) −w(w)|

]
6 `3(`+ 2)|v−w|, ∀s ∈ I, v,w ∈ R.

If

sup
s>0

{
`1 + `2.

∫s
0

(s− u)(β−1)

Γ(β)

∣∣∣K(u, v(u), v(v(u))
)∣∣∣du+ `3(2 + `)

Tβ

Γ(β+ 1)
|f(s, v(s))|

}
6 k < 1,∀t ∈ I, (2.2)

then equation (2.1) has a unique solution on I.

Proof. The transformation of Eq. (2.1) in a fixed-point problem: Consider the operator:

G : C(I,R)→ C(I,R)

defined by

G(v)(s) = g(s, v(s)) + f(s, v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du.

The fixed point of the operator G is a solution of Eq. (2.1). We will use the principle of Banach contraction
mapping to demonstrate that G has a fixed point.

Let v,w ∈ C[I,R]

|(Gv)(u) − (Gw)(u)|

6
∣∣∣g(s, v(s)) − g(s,w(s))∣∣∣+ ∣∣∣f(s, v(s)) ∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

− f(s, v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u,w(u),w(w(u))

)
du

+ f(s, v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u,w(u),w(w(u))

)
du

− f(s,w(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u,w(u),w(w(u))

)
du
∣∣∣
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6 `1|v(s) −w(s)|

+ |f(s, v(s))|.
∫s

0

∣∣∣(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
−K

(
u,w(u),w(w(u))

)∣∣∣du
+ |f(s, v(s)) − f(s,w(s))|.

∫s
0

(s− u)(β−1)

Γ(β)
K
(
u,w(u),w(w(u))

)
du

6 `1|v(s) −w(s)|+ `3|f(s, v(s))|.
∫s

0

∣∣∣(s− u)(β−1)

Γ(β)
[|v(u) −w(u)|+ |v(v(u)) −w(w(u))|]du

+ `2|v(s) −w(s)|.
∫s

0

(s− u)(β−1)

Γ(β)

∣∣∣K(u,w(u),w(w(u))
)∣∣∣du

6 `1|v(s) −w(s)|

+ `3|f(s, v(s))|.
∫s

0

∣∣∣(s− u)(β−1)

Γ(β)
[|v(s) −w(s)|+ `|v(s) −w(s)|+ |v(w(s)) −w(w(s))|]du

+ `2|v(s) −w(s)|.
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u,w(u),w(w(u))

)
du

6 `1|v(s) −w(s)|+ `3[2 + `]|f(s, v(s))|.
∫s

0

(s− u)(β−1)

Γ(β)
|v(s) −w(s)|du

+ `2|v(s) −w(s)|.
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u,w(u),w(w(u))

)
du.

Then

||Gv−Gw|| 6
[
`1 + `2.

∫s
0

(s− u)(β−1)

Γ(β)

∣∣∣K(u,w(u),w(w(u))
)∣∣∣du

+ `3(2 + `)
Tβ

Γ(β+ 1)
|f(s, v(s))|

]
||v(s) −w(s)||.

Therefore, G is a contraction. As a result of the Banach fixed point theorem, we can deduce that G has
a fixed point and the solution to Eq. (2.1).

The second outcome is based on the Schaefer’s fixed point theorem.

Theorem 2.2. Suppose the following conditions are satisfied.

(a1) The functions
f,g : R+ × R→ R and K : R+ × R× R→ R

are continuous;

(a2) if ` is the Lipschitz constant and satisfies (2.2), then∫s1

0

(s1 − u)
(β−1)

Γ(β)
K(u, v(u), v(v(u)))du−

∫s2

0

(s2 − u)
(β−1)

Γ(β)
K(u, v(u), v(v(u)))du 6 `

|s1 − s2|
β

Γ(β+ 1)
,

for each s1, s2 ∈ I and v ∈ R and

Ξ = max
s∈I

{∣∣∣f(s, v(s)). ∫s
0

(s− u)(β−1)

Γ(β)
K(u, v(u), v(v(u)))du

∣∣∣} , ∀s ∈ I, v ∈ R;

(a3) there are constants n, N, ζ ∈ R so that

|g(s, v) − g(s, z)| 6 n|v− z|, for each v, z ∈ R and s ∈ I,
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|g(s, v) − g(u, v)| 6 N.`
|s− u|β

Γ(β+ 1)
, and for all s,u ∈ I, v ∈ R,

|g(s, v)| 6 ζ, for all s ∈ I, v ∈ R;

(a4) there are constants m,M ∈ R so that

|f(s, v) − f(s, z)| 6 m|v− z|, for each v, z ∈ R and s ∈ I,

|f(s, v) − f(u, v)| 6M.`
|s− u|β

Γ(β+ 1)
, and for all s,u ∈ I, v ∈ R;

(a5) there is a constant k ∈ [0, 1] so that

sup
s∈I

{
n+N+ (m+M)

∫s
0

(s− u)(β−1)

Γ(β)
|K(u, v(u), v(v(u)))|du+ |f(s, v(s))|

}
6 k.

Then there is a solution in C`,β for the equation (2.1).

Proof. It is well known (see [4, Lemma 1]) that C`,β 6= ∅ is convex, on the other hand, it is a subset of
Banach space (C[a,b], ||.||) (where ||.|| is the usual supreme norm) and compact.

Presently, we transform the equation (2.1) into problem of fixed point.
Now consider the integral operator:

G : C`,β → C(I,R)

and defined as

(Gv)(s) = g(s, v(s)) + f(s, v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du.

Then it is clear that the operator of fixed points G is a solution for the equation (2.1). We shall use
Schaefer’s fixed point theorem to demonstrate that G has a fixed point.

Phase 1. G is continuous.
Let
{
vj
}

be o sequence so that vj → v in C(I,R). Therefore for all s ∈ I

|G(vj(s)) −G(v)(s)| 6 |g(s, vj(s)) − g(s, v(s))|

+ |f(s, vj(s))|.
∫s

0

(s− u)(β−1)

Γ(β)

[
K
(
u, vj(u), vj(vj(u))

)
−K

(
u, v(u), v(v(u))

)]
du

+ |f(s, vj(s)) − f(s, v(s))|.
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du.

Since g,K and f are continuous functions, we get the following

||Gvj −Gv||→ 0, as j→∞.

Phase 2. G is a bounded map in C`,β into bounded sets in C(I,R). Hence, just to prove for any µ > 0,
there is a positive constant L so that for all v ∈ Aµ =

{
v ∈ C`,β : ||v|| 6 µ

}
, we have ||Gv|| 6 L. By (a3)− (a4)

we get for all s ∈ I.

|(Gv)(s)| 6 |g(s, v(s))|+
∣∣∣∣f(s, v(s)) ∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

∣∣∣∣ 6 ζ+ Ξ.

Hence
||Gv|| 6 ζ+ Ξ := L.
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Phase 3. G maps bounded sets into equicontinuous sets of C`,β.

|(Gv)(s1) − (Gv(s2)|

6 ||g(s1, v(s1))|− |g(s2, v(s2))||

+
∣∣∣f(s1, v(s1)).

∫s1

0

(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

− f(s2, v(s2)).
∫s2

0

(s2 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du
∣∣∣

6 |g(s1, v(s1)) − g(s2, v(s1))|+ |g(s2, v(s1)) − g(s2, v(s2))|

+
∣∣∣f(s1, v(s2)) − f(s2, v(s1))

∣∣∣ ∫s1

0

(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

+
∣∣∣f(s2, v(s1))

∣∣∣.∣∣∣ ∫s1

0

(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

−

∫s2

0

(s2 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du
∣∣∣

6 N.`
|s1 − s2|

β

Γ(β+ 1)
+n|v(s1) − v(s2)|

+
∣∣∣f(s1, v(s2)) − f(s1, v(s1))

∣∣∣. ∫s1

0

∣∣∣(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)∣∣∣du
+
∣∣∣f(s1, v(s1)) − f(s2, v(s1))

∣∣∣. ∫s1

0

∣∣∣(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)∣∣∣du
+
∣∣∣f(s2, v(s1))

∣∣∣.∣∣∣ ∫s1

0

(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

−

∫s2

0

(s2 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du
∣∣∣

6 (N+n).`
|s1 − s2|

β

Γ(β+ 1)
+ (M+m)`.

|s1 − s2|
β

Γ(β+ 1)
.
∫s1

0

∣∣∣(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)∣∣∣du
+
∣∣∣f(s2, v(s1))

∣∣∣` |s1 − s2|
β

Γ(β+ 1)

= `
|s1 − s2|

β

Γ(β+ 1)

(
N+n+ (M+m).

∫s1

0

∣∣∣(s1 − u)
(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)∣∣∣du+ |f(s2, v(s1))|
)

6 `
|s1 − s2|

β

Γ(β+ 1)
.

Thus it follows that Gv ∈ C`,β, for all v ∈ C`,β. Then T :∈ C`,β →∈ C`,β.
As s1 → s2, the right hand side of the above inequality approaches zero. As a result of Phases 1 to 3,

using Arzelá-Ascoli theorem, we may deduce that G is completely continuous.

Phase 4. Beforehand bounds.
Presently, it remains to prove that the set

δ =
{
v ∈ C`,β : v = ρGv for some 0 6 ρ 6 1

}
is bounded.

Let v ∈ δ, therefore v = ρGv for some 0 6 ρ 6 1

|v(s)| 6 |g(s, v(s)|+
∣∣∣f(s, v(s)). ∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du
∣∣∣ 6 ζ+ Ξ := R.
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According to the Schaefer’s fixed point theorem G has a fixed point that is a solution for equation
(2.1).

In the next theorem, we will give the result for the existence of solution for the equation (2.1) by using
the Schaefer’s fixed point theorem.

Theorem 2.3. Suppose that (a1), (a3), (a4) in Theorem 2.2 are held and further

(ǎ2) there is a constant ˇ̀ so that

|K(s, v(s), v(v(s))) −K(s,w(s),w(w(s)))| 6 ˇ̀(`+ 2)|v(s) −w(s)|, for eachs ∈ I, v,w ∈ R.

If

sup
s>0

{
n+m

∫s
0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du+

sβ

Γ(β+ 1)
.|f(s, v(s))|

}
6 1

or

lim
s→∞ sβ

Γ(β+ 1)
.|f(s, v(s))| = 0 uniformly with respect to v ∈ C`,β,

then the equation (2.1) has at least one solution in C`,β.

Proof. Through the use of the Theorem 2.1 and Theorem 2.2, we prove thatG is nonexpansive. By applying
the Schaefer’s fixed point theorem, we can deduce that G has at least one fixed point which is used for
solving the equation (2.1).

3. Application

We provide an example to interpret the utility of our major outcome. Consider the following nonlinear
fractional iterative integral equation.

v(s) =
1

s+ 9
.v(s) + cos(s(v(s))).

∫s
0

(s− r)
−1
2

Γ( 1
2)

.
e−r

1 + er
.

|v(v(r))|

1 + |v(v(r))|
dr. (3.1)

In this case, we get

g : R+ × R→ R,g(s, v(s)) =
1

s+ 9
.v(s), ∀s ∈ I,

f : R+ × R→ R, f(s, v(s)) = cos(sv(s)), ∀s ∈ I.

and

K : R+ × R× R→ R,K(s, v(s), v(v(s))) =
e−s

1 + es
.

|v(v(s))|

1 + |v(v(s))|
, ∀s ∈ I.

We are keen to study the solution v subsidiary

C`,β =

{
v ∈ C(I, I) : |v(s1) − v(s2)| 6

|s1 − s2|
0.5

Γ(1.5)
=

|s1 − s2|
0.5

0.8862269255
, ∀s1, s2 ∈ I

}
that means ` = 1. From Theorem 2.1 we get `1 = 1

9 , `2 = 1
2 , `3 = 2

3 .
If `1 < k < 1 in Theorem 2.1, the equation (3.1) has a unique solution in I. From Theorem 2.2 we get

n =
1
9

, N =
1
9

.
( 1

4)
0.5

Γ(1.5)
=

1
16.838312

, m =
1
2

, M =
1
2

.
1

Γ(1.5)
=

1
1.7725

, and Ξ =
1

2Γ(0.5)
.

Also, from Theorem 2.3, we get ˇ̀ = 2
3 . Therefore, equation (3.1) has at least one solution in C1,0.5.
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4. Conclusion

From the above, we conclude that the fractional iterative differential equations are the best way to
study the mathematical biological model and generally. Moreover, as future work, one can investigate the
existence of solution for the following equations

v(s) = g(s, v(s), v(v(s))) + f(s, v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du

and

v(s) = g(s, v(s), v(v(s))) + f(s, v(s), v(v(s))
∫s

0

(s− u)(β−1)

Γ(β)
K
(
u, v(u), v(v(u))

)
du.
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