Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 10 (2017), 575-582

Research Article

ISSN : 2008-1898

o0t SCienceg
S 2

Y,

yournaj
7.
§
S
)
s 08¢
uopeoW

of,

Journal of Nonlinear Sciences and Applications

PuEicanoss
Journal Homepage: www.tjnsa.com - www.isr-publications.com/jnsa

Contraction principles in M -metric spaces

N. Miaiki®*, N. Souayah®, K. Abodayeh?, T. Abdeljawad?

aDepartment of Mathematical Sciences, Prince Sultan University.
bpepartment of Natural Sciences, Community College, King Saud University.

Communicated by W. Shatanawi

Abstract

In this paper, we give an interesting extension of the partial S-metric space which was introduced [N. Mlaiki, Univers. J.
Math. Math. Appl., 5 (2014), 109-119] to the M-metric space. Also, we prove the existence and uniqueness of a fixed point for
a self-mapping on an M-metric space under different contraction principles. (©2017 all rights reserved.
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1. Introduction

Many researchers over the years proved many interesting results on the existence of a fixed point for
a self-mapping on different types of metric spaces, for example, see [1, 2, 4, 8, 10-12, 14-16]. The idea
behind this paper was inspired by the work of Asadi et al. in [7]. He gave a more general extension
of almost any metric space with two dimensions, and that is not just by defining the self “distance” in
a metric as in partial metric spaces [3, 5, 6, 13, 17], but he assumed that is not necessary that the self
“distance” is less than the value of the metric between two different elements.

In [9], an extension of S-metric spaces to a partial S-metric spaces was introduced. Also, it was shown
that every S-metric space is a partial S-metric space, but not every partial S-metric space is an S-metric
space. In our paper, we introduce the concept of Ms-metric spaces which is an extension of the partial
S-metric spaces in which we will prove some fixed point results.

First, we remind the reader definition of a partial S-metric space.

Definition 1.1. [9] Let X be a nonempty set. A partial S-metric on X is a function S;, : X3 — [0, 00) that
satisfies the following conditions for all x,y,z,t € X:

(i) x =y if and only if Sy, (x,x,%x) = Sp(y,y,y) = Sp(x, %, y);
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(i) Sp(x,y,z) p (%% t)+Sp(y,y,t) +Sp(z,2,t) = Sp(t, t, t);

<SS
(iii) Sp(x,x,x) < Sp(x,y,2);
=S

(IV) Sp(X/X/y) p(U/U/X)-

The pair (X, Sp) is called a partial S-metric space.

Next, we give the definition of an M-metric space, but first we introduce the following notations.

Notations.

1. ms, . == min{ms(x,x,x), ms(y,y,y), ms(z,z,2)};

2. Ms,,,, = max{ms(x,x,x), ms(y,y,y), ms(z,z 2)}.

Definition 1.2. An M -metric on a nonempty set X is a function my : X3 — R* such that for all x,y, z,t €
X, the following conditions are satisfied:

1. ms(x,x,x) =ms(y,y,y) = ms(x,x,y) if and only if x =y;

2. Msyy,z < Mg (X/y/ z);

3. ms(X/X/y) = ms (y,y,x);

4. (ms(x,y,z) —ms,, ) < (Ms(x, %, t) —ms, )+ (Ms(y,y,t) —ms, , )+ (Ms(z,2,t) —mg, ).

The pair (X, ms) is called an M-metric space. Notice that the condition ms(x,x,x) = ms(y,y,y) =
ms(z,z,z) = ms(x,y,2z) & x =y = z implies (1) above.

It is straightforward to verify that every partial S-metric space is an M-metric space but the converse
is not true. The following example is an M -metric which is not a partial S-metric space.

Example 1.3. Let X = {1,2,3} and define the M -metric space ms on X by ms(1,2,3) =6, ms(1,1,2) =
ms(2,2,1) = ms(1,1,1) = 8, ms(1,1,3) = ms(3,3,1) = ms(3,3,2) = ms(2,2,3) = 7, ms(2,2,2)
9, and m(3,3,3) = 5. It is not difficult to see that (X, ms) is an M-metric space, but since m(1,1,1)
ms(1,2,3) we deduce that m; is not a partial S-metric space.

A

Definition 1.4. Let (X, ms) be an M -metric space. Then:

1. A sequence {xn} in X converges to a point x if and only if

lim (ms (Xn/ Xn, X) - msxn,xn,x) =0.
n—oo

2. A sequence {xn} in X is said to be Ms-Cauchy sequence if and only if

n,111i11£1>oo(ms (an Xn, Xm) — Msxpy,Xn,Xm )/ and n’LiLIB)OO(MSXn,Xn,Xm - msxn,xn,xm)

exist and are finite.

3. An M;-metric space is said to be complete if every M -Cauchy sequence {x,} converges to a point
x such that

T}E}go(ms (an Xn, X) - msxn,xn,x) =0and T}i_rgo(Msxn,xn,x - msxn,xn,x) =0.

A ball in the M-metric (X, ms) space with center x € X and radius 11 > 0 is defined by

BS[X/T]] = {y e X | Mg (X,X,y) — Msx,x,y < ﬂ}-

The topology of (X, M) is generated by means of the basis 3 = {Bs[x,n] : 11 > 0}.



N. Mlaiki, N. Souayah, K. Abodayeh, T. Abdeljawad, J. Nonlinear Sci. Appl., 10 (2017), 575-582 577
Lemma 1.5. Assume xn, — x and yn —y as n — oo in an Mg-metric space (X, ms). Then,
T}g%o(ms (Xn/ Xn, Un) - msxn,xn,yn) =ms(x, X/y) — Msx,x,y-
Proof. The proof follows by the inequality (4) in Definition 1.2. Indeed, we have
|(ms (an anyn) - msxn,xn,yn) - (ms (X/ X,y) - msx,x,y)| < 2[(ms (Xn/ Xn, X) - msxn,xn,x)
+ (Ms(Yn, Yn,y) — Msyn,yny ).
O

2. Fixed point theorems

In this section, we consider some results about the existence and the uniqueness of fixed point for

self-mappings on an M -metric space, under different contraction principles.

Theorem 2.1. Let (X, mg) be a complete Mg-metric space and T be a self-mapping on X satisfying the following

condition:
mS (TX/ TX, TU) g kms (X/ X/U )/

forall x,y € X, where k € [0,1). Then T has a unique fixed point u. Moreover, ms(u, u,u) = 0.

2.1)

Proof. Since k € [0,1), we can choose a natural number ng such that for a given 0 < € < 1, we have

k™o < g Let T = F and Fixg = x; for all natural numbers i, where xg is arbitrary. Hence, for all x,y € X,

we have
ms(Fx, Fx, Fy) = mg(T™0x, T"0x, T™0y) < k™ms(x, x, y).

For any i, we have

Mg (Xit1,Xit1,X1) = mg(Fxq, Fxy, Fxi—1)

N

n,
K™omg (xq, X4, X1—1)
kTL(H-T'.

N

ms(xq,%1,%0) — 0asi— oo.

Similarly, by (2.1) we have ms(xi,xi,%;) = 0 as i — oo. Thus, we choose 1 such that

NN

€
M (X141, X141, X1) < 3 and mg(x,x1,x1) <

Now, let n = 5 +ms(xy, x1,x1). Define the set
Bslxi,nl ={y € X[ ms(x1, X1, Y) — Msx; x,y <N
Note that, x; € Bs[x, 1. Therefore Bs[x1,n] # (). Let z € Bs[x, 1] be arbitrary. Hence,

mS (FZ’/ FZ’/ FX].) g knO mS (Zl Z'/ Xl)
€ _€
< g [E + Msz,z,x, + Ms (Xlz X1, Xl)]

< <[1+2mg(xy, xq, %))

| m

€
Also, we know that mg(Fxy, Fxi, x1) = mgs (X101, X141, X1) < 3 Therefore,

ms(Fz, Fz,x1) — MsFz,Fz,x; < 2[(ms(Fz, Fz, Fx) — MsFz,Fz,Fx, )+ (ms (Fxy, Fxy, x1) —ms FXL,FXL,XL)



N. Mlaiki, N. Souayah, K. Abodayeh, T. Abdeljawad, J. Nonlinear Sci. Appl., 10 (2017), 575-582 578

< 2mg(Fz, Fz, Fxy) + mg (Fxq, Fx, x1)]

€ €
<2§(1+2ms(X1,X1,X1))+§
- 4 8 ) s XU, X1, X1

€
< E-i-ms(XL,Xl,Xl)-

Thus, Fz € By [x1,n] which implies that F maps By [xq, 1] into itself. Thus, by repeating this process we
deduce that for all n > 1 we have F*x; € By [x1,n] and that is x,;, € By [x(,n] for all m > L. Therefore, for
all m >n > 1l where n = 1+1 for some i

Mg (Xn, Xn, Xm) = Mg (Fxn—1, Fxn_1, Fxm—1)

N

k'nOTn—s (Xn—lr Xn—1, X111—1)

2
ko ms (Xn72/ Xn—2,Xm—2)

N

K 0mg (xq, X1, Xm—1)

NN

M (X1, X1, Xm—1i)

N

Msxy,xxm—i T Ms (x1,%x1,%1)

_|_
+2mg (X, X1, X1).

/N
NIoN|m

Also, we have mg(x1,x1,%1) < 7, which implies that ms(xn,Xn,Xm) < € for all m > n > 1, and thus
Ms (Xn, Xn, Xm) — Msx,xnxm < € for all m > n > 1. By the contraction condition (2.1) we see that the
sequence {ms(xn, Xn, Xn )} is decreasing and hence, for all m > n > 1, we have

Misxnxnxm = Msxnxnxm S Mesxpxnxm

= M (Xn, Xn, Xn)

< kTn—s (Xn—lz Xn—1, Xn—l)

< k"ms(xg,%0,%0) — 0 as n — oo.
Thus, we deduce that

n,lrlmﬂoo(ms (Xn/ Xn, Xm) - msxn,xn,xm) =0, and T}E};o(Msxn,xn,xm - msxn,xn,xm) =0.

Hence, the sequence {xn} is an Ms-Cauchy. Since X is complete, there exists u € X such that

- nsXn, = nsXn, nsXn, = *
Hm mg(xm, Xn, W) —Msx. =0, IIm Mgy x uw—TMsx x.u=0
n—oo n—oo

The contraction condition (2.1) implies that mg(xn, Xn,Xn) — 0 as n — co. Moreover, notice that

T}E};O Msxn,xn,u — Msx,,xnu = T}E}I;o M (Xn, Xn, Xn) —ms (W, uw,u)| =0,
and hence ms(u,u,u) = 0. Since x;u — u, ms(u,u,u) = 0 and mg(xn, Xn,Xxn) — 0 as n — oo, then
limp 00 Mg (Xn, Xn, W) = limMn 500 Mex, xu = 0. Since mg(Txpn, Txn, Tu) < kmg(xn, xn,u) = 0asn — oo,
then Tx, — Tu.

Now, we show that Tu = u. By Lemma 1.5 and that Tx,, — Tu and x,, 1 = Txn — u, we have

nlgr;o Mg (Xn, Xn, W) — Msx,,xnu = 0= T}E};o mg (Xn+1/ Xn+1, u) — Msx, X1,
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= lim mg (TXn, Txn, U) — MsTxn, Txn,u
n—o0

= Mms (u/ u, u) — MsTu,Tuu

= Mms (Tu/ Tu/ u-) — MsTu,Tu,u-

Hence, mg(Tu, Tu, 1) = Mgy, Tu,u = Ms(u,u,u), but also by the contraction condition (2.1) we see that
MsTu,Tuu = Ms(Tu, Tu, Tu). Therefore, (2) in Definition 1.2 implies that Tu = u.

To prove the uniqueness of the fixed point u, assume that T has two fixed points u,v € X; that is,
Tu =uand Tv = v. Thus,

m(u,u,v) = mg(Tu, Tu, Tv) < kmg(u,u,v) < mg(u,u,v),

<
ms(w,u,u) = mg(Tu, Tu, Tu) < kms(w, u,u) < mg(uw,u,u),
and
ms(v,v,v) = ms(Tv, Tv, Tv) < kms(v,v,v) <ms(v,v,v),
which implies that ms(u,u,v) = 0 = ms(u,u,u) = mg(v,v,v), and hence u = v as desired. Finally,
assume that u is a fixed point of T. Then applying the contraction condition (2.1) with k € [0,1), implies
that
ms(u,w,u) = mg(Tu, Tu, Tu)

< kms (u,u,u)

< k™Mmg(u,u,u).
Taking the limit as n tends to infinity, implies that ms(u, u,u) =0. O

In the following result, we prove the existence and uniqueness of a fixed point for a self-mapping in
M;-metric space, but under a more general contraction.

Theorem 2.2. Let (X, mg) be a complete Ms-metric space and T be a self-mapping on X satisfying the following
condition:
ms (Tx, Tx, Ty) < Alms (x, %, Tx) + ms(y,y, Ty)], (2.2)

forall x,y € X, where A € [0, %). Then T has a unique fixed point u, where mg(u, u,u) = 0.

Proof. Let xg € X be arbitrary. Consider the sequence {x,} is defined by x, = T"xg and ms, =
Ms(Xn, Xn, Xn+1)- Note that if there exists a natural number n such that ms, = 0, then x,, is a fixed
point of T and we are done. So, we may assume that ms, > 0 for n > 0. By (2.2), we obtain for any n > 0,

ms, = Mg (xn/ Xn, Xn+1) ms (Txnflz Txn—1, Txn)

n

N

(Ms(Xn—1,Xn—1, Txn—1) + Mg (Xn, Xn, Txn )]
[Ms(Xn—1,Xn—1,Xn) + Ms(Xn, Xn, Xn+1 )]
[mSn,1 + mSn]'

I
> > >

Hence, ms, < Ams_, + Amg,, which implies mg, < umsg, ,, where p = % < lasA € [O,%). By

repeating this process we get
mg, < p'tmg,.

Thus, limy 00 Mms,, = 0. By (2.2), for all natural numbers n, m, we have

M (Xn, Xn, Xm) = Ms(T™x0, T™x0, T™x0) = ms(Txn—1, Txn—1, TXm—_1)

< Almg (anlr Xn—1, Txnfl) + ms (melr Xm—1, 1 Xm—1 )]
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= Ams(Xn—1,Xn—1,%Xn) + Ms(Xm—1,Xm—1,Xm)]
= )\[msnfl + m5m71]~

Since limy, o, M5, = 0, for every € > 0, we can find a natural number ng such that m;, < §and ms, < 5

for all m,n > ng. Therefore, it follows that
Mg (Xn, Xn, Xm) < Almg, , +m, ] < ?\[% + g] < g + g =¢ forall n,m > ny.

This implies that
M (Xn, Xn, Xm) — Msx, xnxm < € for all n, m > nyg.

Now, for all natural numbers n, m we have

Msxn,xn,xm = Mg (Tanl, Tanl, Txnfl)

< Ams (xn—1,%n—1, Txn—1) + Ms(xn—1,%n—1, Txn—1)]

= Ams(Xn—1,Xn—1,%Xn) + Ms(Xn—_1,Xn—1,%Xn ]

=Amg,_, +mg, ]

=2\ms__ .
As limy, oo M, , = 0, for every € > 0 we can find a natural number ng such that ms, < 5 and for all
m, n > ng. Therefore, it follows that
€

Msxn,xn,xm < )\[Tn-sni1 + msnil] < 7\[2

+E]<E+E—efrlln >n
5 5 5 ora ;M 0/

which implies that
Misx i xnxm — Msxnxnxm < € forallm, m > ny.

Thus, {x,,} is an M-Cauchy sequence in X. Since X is complete, there exists u € X such that

lim mg (Xn/ Xn, u) — Msx,,xnu — 0.
n—oo

Now, we show that u is a fixed point of T in X. For any natural number n we have,

nlglgo Mg (Xn, Xn, W) — Msx,,xnu — 0= T}gr;o ms (Xn+1/ Xn+1, u)— Msx 1, Xni1,u

= lim mg (Txn/ Txn, LL) — MsTxy, Txn,u
n—oo

= Mms (TLL, Tu/ u-) — MsTu,Tu,u-

This implies that mg(Tu, Tu, u) — Mgy, 70 = 0, and that is mg(Tu, Tu, u) = Mgy, 7u. NOw, assume
that
ms(Tw, Tu,u) = ms(Tu, Tu, Tu) < 2Amg(w, u, Tu) = 2Am (Tu, Tu, u) < mg(u, u, Tu).
Thus,
ms(Tuw, Tu,u) = mg(u,w,u) < mg(Tu, Tu, Tu) < 2Amg(w, u, Tu) < mg(u,u, Tu).
Therefore, Tu = u and thus u is a fixed point of T.
Next, we show that if u is a fixed point, then mg(u, u, u) = 0. Assume that u is a fixed point of T, then
using the contraction (2.2), we have
ms(u,w,u) = mg(Tu, Tu, Tu)
< Afmg (w,w, Tu) + mg (u, u, Tu)]
=2 mg(u,u, Tu)

=2 m(u, u,u)
1
< mg(u,u,u) since A € [0, E)’

that is, mg(u,uw,u) = 0.
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Finally, to prove the uniqueness, assume that T has two fixed points, say u,v € X. Hence,
ms(w,u,v) = ms(Tw, Tu, Tv) < Alms(uw,u, Tw) + ms(v,v, Tv)] = Almg (w,w, 1) + ms (v, v,v)] =0,
which implies that mg(u, u,v) =0 = ms(u,u, u) = ms(v,v,v), and hence u = v as required. O

In closing, the authors would like to bring to the reader’s attention that in this interesting M-metric
space it is possible to add some control functions in both contractions of Theorems 2.1 and 2.2.

Theorem 2.3. Let (X, mg) be a complete Ms-metric space and T be a self mapping on X satisfying the following
condition: for all x,y,z € X
Mg (TX/ Ty/ TZ) < mg (X/U/Z) - d)(ms (X/U/Z))/ (2'3)

where ¢ : [0,00) — [0,00) is a continuous and non-decreasing function and ¢~1(0) = 0 and d(t) > 0 for all
t > 0. Then T has a unique fixed point in X.

Proof. Let xg € X. Define the sequence {x,} in X such that x,, = Tn1xy = Txn_1 for all n € IN. Note that
if there exists an n € IN such that x,, ;1 = xn, then x,, is a fixed point for T. Without loss of generality,
assume that x,, 11 # xn, for all n € IN. Now

ms (an Xn+1, Xn+1) = ms (Txnfll Txn, TXTL)
s (anlf Xn, Xn) - d)(ms (anlr Xn, Xn)) (2'4)

m
Mg (anlr Xn, Xn)-

NN

Similarly, we can prove that mg(xn_1,Xn, Xn) < Ms(Xn—2,Xn—1,Xn—1). Hence, mg(Xn, Xn+1,Xn+1) is a
monotone decreasing sequence. Hence there exists r > 0 such that

lim ms(Xn, Xnt1, Xni1) =T
n— 00

Now, by taking the limit as n — oo in the inequality (2.4), we get v < r — ¢(r) which leads to a contradic-
tion unless r = 0. Therefore,

lim mg (XTL/ XTL+1IX1’L+1) =0.
n—oo

Suppose that {x,} is not an Ms-Cauchy sequence. Then there exists an € > 0 such that we can find
subsequences Xm, and xn, of {x,} such that

Mg (Xnk/ Xmyr ka) - mSXnk,ka,ka Z €. (25)

Choose ny to be the smallest integer with ni. > my and satisfies the inequality (2.5).
Hence, ms(Xn,, Xmy 1, Xmy_ 1) — Msxn, Xmy Xmy_; < €- Now,

€ X Mg (ka/ Xy s Xnk) = M Xy Xny Xny
ms (ka/ Xny_17 Xy ) +2mg (Xnk,lr X1 Xy ) — Tnsxmk,xnk_l Xng_q

+ st (XTLk_1 7 Xnk_1 7 XTLk_1 )

N INCININ

m M

7

as n — oo. Hence, we have a contradiction. Without loss of generality, assume that msx, x.xm =
Ms (X, Xn,Xn ). Then we have

0 < Maxxnxm = Msxnxnxm < Msxpxnxm
S (XTL/ Xn/ XTI)
S

(Txn—ll Txn—ll TXn—l)

m
m
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< ms(xnflr Xn—1, anl) - d)(ms (anlr Xn—1, anl))
<m

S (XT‘L—lr Xn—1, Xn—l)

< mg (X0, X0, X0)-

Hence, lim Mx, x,xm — Msxnxnxm €Xists and finite. Therefore, {x,} is an M-Cauchy sequence. Since
n—oo

X is complete, the sequence {x,,} converges to an element x € X; that is,

0= lim mg (Xn/ Xn,X) — Msx,xn,x
n—oo

= nlgr;o ms (Xn—i—l/ Xn+1, X) — Msx 1, Xn11,X

= lim mS(TXn, Txn, X) — MsTxn, Txn,x
n— o0

= Ms (TX/ TX/ X) — MsTx, Tx,x-

Similar to the proof of Theorem 2.2, it is not difficult to show that this implies that, Tx = x and so x is a

fixed point.

Finally, we show that T has a unique fixed point. Assume that there are two fixed points u,v € X of T.
If we have ms(u,u,v) > 0, then condition (2.3) implies that

ms(u,u,v) = mg(Tu, Tu, Tv) < mg(uw,u,v) — d(ms(u,u,v)) < mg(u,u,v),

and that is a contradiction. Therefore, ms(u,u,v) = 0 and similarly ms(u, u,u) = M;(v,v,v) = 0 and thus
u = v as desired. 0

In closing;, is it possible to define the same space but without the symmetry condition, (i.e., ms(x,x,y) #
ms(y,y,x))? If possible, what kind of results can be obtained in such space?
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