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Abstract

In this paper, we introduce the degenerate Daehee numbers and study a family of differential equations associated with
the generating function of these numbers. From those differential equations, we will be able to obtain some new and interest-
ing combinatorial identities involving the degenerate Daehee numbers and generalized harmonic numbers. (©2017 All rights
reserved.
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1. Introduction

The Daehee polynomials D\ (x) of order r are given by the generating function

<1°g(1+t))r(1 +9" =) DY L

For x = 0, Dg ) = Dg ) (0) are called the Daehee numbers of order r. In particular, if r = 1, then
Dn(x) = Dg ) (x)and Dy, = Dg ) are respectively called Daehee polynomials and Daehee numbers (see
[1,6, 8,10, 12, 18-22, 24]).

As a degenerate version of Daehee numbers D, we introduce what we call the degenerate Daehee
numbers Dy, ) defined by

Aog (1+ +1log (1+At)) e th
log (1 +At) N nZ_OD“’}‘n!' (1.1)
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We observe here that D, , — Dy, as A = 0. Also it is easy to see that

- T Ol -
Dna =) St UA"Du=) == (A"

1=0 1=0

Here S1 (n, 1) is the Stirling number of the first kind.

Many mathematicians have studied the arithmetic and combinatorial properties of degenerate versions
of special numbers and polynomials, some of which are the degenerate Bernoulli polynomials (also called
Korobov polynomials of the second kind), the degenerate Bernouili polynomials of the second kind (also
called Korobov polynomials of the first kind), the degenerate Euler polynomials, the degenerate poly-
Bernoulli polynomials, the degenerate poly-Bernoulli polynomials of the second, the degenerate falling
factorial polynomials, and the degenerate Changhee polynomials (see [2-5, 9, 12, 14, 16, 17, 23]).

On the other hand, in [7, 11], Kim et al. developed some new methods for obtaining identities re-
lated to Bernoulli numbers of the second kind and Frobenius-Euler polynomials of higher order arising
from certain non-linear differential equations. This idea of obtaining some interesting combinatorial iden-
tities by using differential equations satisfied by the generating function of special numbers or special
polynomials turned out to be very fruitful (see [7, 11, 13, 15]).

The generalized harmonic numbers are defined as follows:

Hno=1, forall N, (1.2)
1 1 1
HNll—HN—N-Fm‘i"‘“FI, (13)
Hn-15-1 . Hn—2—1 Hj_1;-1 .
Hnjj = N) - N_’l +-~-+%, 2<j<N). (1.4)

These special numbers have appeared previously in the paper [11].

The purpose of this paper is to introduce the degenerate Daehee numbers and study a family of
differential equations associated with the generating function of these numbers. From those differential
equations, we will be able to obtain some new and interesting combinatorial identities involving the
degenerate Daehee numbers and generalized harmonic numbers.

2. Differential equations arising from the generating function of degenerate Daehee numbers

Let
F(t) =F=log <1+;\log(l+)\t)> . (2.1)

Then by taking the derivative with respect to t of (2.1), we get

a _ d 1 o
FU = —F(t) = (14 S log (1+At —_—
at' Y < +ylog(1+ )> T+At
_ 1 iog(1+Liog(1ean)) (2.2)
1+ At
_ 1
C14A

From (2.2), we note that

T at (1+)\t)26 1+At
—1)A —1

(—1) ze_FJr (—1) ze_ZF'

(1+At) (1+At)

pa_ 4y DA p 1 (_F(l])e—F
2.3)
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Further, by taking the derivative with respect to t of (2.3), we obtain

d
F8) = —f
dt

C(=DP2N o (—D)A D\ —F
=G T )

(1+

_ (1 (
(1+At)?

(—1)%2A e 2F (—1) <_2F(1)> e—2F
)

At)? (1+At)?

20%e T +3xe 2 +2e77).

Continuing this process, we are led to put

FN)

forN=1,2,3,---.
On the one hand, from (2.4) we have

d
FIN+1) — = p(N)
dt
(DN NA
- N+1
(1+7\t) —

1+7\ Zak N

N

1 +7\t
(—)N
(1+Aa)N*H =

_ & z ANay
- N+1
(14 At) =1

N+1

1+ ANt =

(—)N

(il}N_l i (N |)\) 7kF
1+ =

ax (N A) e <F

()

PRV EE) Zak (NIA)e ™
I Z ax (N | A) ke (K+DF

(N |A) e *F

a1 (NJA) e F

N
N e T+ ) (ANaw (N[A) + (k—1) a1 (N [A)) e *F
k=2

+Nan (N [A) e N+UF}.

On the other hand, by replacing N by

F(N+1) —

N +1in (2.4), we get

(_1)N N+1
NT Z ax (N4+1[A)e *F.

(1+ AN &=

Now, by comparing (2.5) and (2.6), we have

a; (N+1[A)

=ANa; (N[A),

(2.4)

(2.5)

(2.6)

(2.7)
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ans1 (NF1]2) =Nan (N]A), (2.8)
ax (N+1]A) =ANag (N [A) + (k—1) ax_1 (N |A), (2.9)

where 2 < k < N.
From (2.2) and (2.4), we note

e F. (2.10)

Thus by (2.10), we obtain

In addition, from (2.3) and (2.4), we observe

F2) _ Lﬂ\ze—F n (—71)26—% 2.11)
(1+At) (14 At)
B (1(:\1)2 (@1 (2IN e T+az(2[A)e?).

Hence, from (2.11) we have
a1 (21A) =A, a(2|A)=1.

Now, we are ready to determine ay (N +1|A)’s appearing in (2.7), (2.8) and (2.9). From (2.7), we get

a; (N+1]A)=ANa; (N|A) (2.12)
=ANA(N=1)a; (N=1]A)

= (AN)A(N=1)---A2a; (2| A)
= ANNL

By (2.8), we have

an+1 (N+1[A) =Nan (N[A) (2.13)
:N(N—l)aN,l (N—1|)\)

=N(N-=1)---2a(2|A)
= NI

We remark here that the N x N matrix with the (i,j) entry given by a; (j | A) (1 <1i,j < n) is defined
by

1 A A220 . ANTL(IN—1)1]
0 2!

0 0 3!

o0 - 0 (N—1)!

We now turn our attention to a (N+1|A), for 2 < k < N. For k =2 in (2.9), we have

(12(N+1|7\):7\N(12(N |}\)+(11(N |7\)
=ANa, (N [A)+ AN (N=1)!
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=ANAN=1Da(N=1[A)+AN2(N=2)1) + AN (N-1)!

1 1
=AMN(N=1)ap(N=1]A)+AN"INI <+ )

N-1 N
11
ZAZN(N—U(?\(N—Z)az(N—ZlMJr?\N3(N—3)!)+?\N1N!(N_1+N>
CAN(N—1)(N—2)ap(N—2 A AN-Inr (ot b 1
2 \N—2"N-1'N
=ANTIN(N=1)---2ap (2] A) + ANTIN! |
‘273 N

= ANTINIHp 1.

Here and in below Hy; (0 <j < N) are as defined in (1.2), (1.3) and (1.4).
For k = 3 in (2.9), we obtain
az (N+1|A) =ANaz (N [A)+2a (N]A)
= ANaz (N [A) +2AN"2 (N —1)!Hn 14
=AN(A(N=1)az (N—=1]A)+2AN"3 (N —2)IHn_21)
+2ANT2 (N — 1) Hn 11

Hn 21 Hno
=7\2N(N—1)a3(N—1|7\)+2!7\N2N!( N—21 , TN 1,1)

N-—1 N
=MN(N—=1) A(N=2)az (N=2|A) +2AN"* (N —3)!Hn_31)

_ Hn-_21  Hn-11
2AN"2N!1 d .
+ ( N_1_ N )

Hnosn | Hnean | Hae
—)\3N(N—l)(N—Z)ag(N—ZIA)+2!?\N_2N!< S Ry ST “)

N-2 N-1 N

Hy; H Hy_
:)\N_2N(N—l)---3a3(3?\)+2!?\N_2N!< =2l Ied +N“)

3 4 N
an\N—2n [ P 2,1 N N—-1,1

= 2AN"2NIHp 2.

Proceeding similarly to k = 2 and k = 3 cases, we can show that
ag (N+1|A) =3ANS3NIHy 5.
Continuing in this fashion, we can find that
ax (N+1[A) = (k—D)ANFINHN e, 2<k<N). (2.14)

Here we observe that (2.14) holds also for k =1 and k = N +1 (cf. (2.12), (2.13)).
Thus, from (2.14) we obtain the following theorem.

Theorem 2.1. For N =1,2,3,- -, let us consider the following family of differential equations:

FIN) = 1 7\ — Z (k—1D)ANT* (N —1)Hn_1 16 <F, (2.15)
+ At)
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where

Hno=1, forallN,

1 1 1
e R R
Hno15-1 0 HN-2-1 Hj_1;-1
H = , (2<jJ <N

Then the above family of differential equations in (2.15) have a solution
F=F(t) =log <1+;\log(l—|—?\t)> .

3. Applications of differential equations

Here we will use Theorem 2.1 in order to derive some new and interesting identity involving the
degenerate Daehee numbers and generalized harmonic numbers.
From (2.1), we get

Aog (1+ 1 log (1+At)) 1
log (1+At) A

[e%e] tl [e%e] (_1)m—1 m
= (ZDMU> <mZ_1m AT ) 3.1)
n—1-1
:Z< D” M_l )t“.

F(t) =

log (1+ At)

On the one hand, from (3.1) we obtain

[e'e] —1 _1—
_ (n) & Dpa (A ! (N
s U on-t

b (3.2)
00 n+N-—1 n+N-—-1-1 :
Dy (—A)
=Y (m+N)y ( > e v el R
n=0 1=0 ’
00 n+N-—1 n+N-—-1-1
Dy (—A) th
=) (n+N)! < 2 niN_-L Jnl
n=0 1=0
where (x)n =x(x—1)---(x =N+1), for N > 1 and (x), = 1.
Now, we observe that
—kF - (_k)ml mq
e = Z — F
m1:0
> 1 1 ™
— Z (—k)™ — (log (1 + 3 log (1 —|—7\t)>) (3.3)
my=0 mq:

_ Z (_k)ml Z Sq (mZIml) <71\> (IOg (i:;?ﬂ)

my =0 mp=mq
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=) (Z (k)™ $ (mZIml))\mz)

my=0 \m;=0
o0 n tm3
X E S1 (m3, mz) A 37'
ms3.
m3=my

oo m3 my tm3
= Z Z Z (_k)ml Sl (mz, ml) Sl (mS/ mz) Ama—m2 | T
m3!

In turn, (3.3) gives us

m +1)\t)N e KF _ <Z <N —i—ll— 1) (_1)1)\1,[1)
tms

m3 my
D ) (k)™ Si(mg,my) Sy (ma,mg) AT | ——
0 ms3.

m3= m2:0 Tﬂ.]ZO (34)
o0 n m3 mo n
=) | 2 > D ey <m3> (N+n—mg—1), .
n=0 \ m3=0my=0m;=0
.tTL
XK™AMT™28) (my, my) S (M3, my)) o
On the other hand, from (1.1) and (3.4) we have
o0 N n ms3 mo
At vy (33 3y
n=0 \k=1m3=0m,=0m,;=0
(3.5)

« (_1)n+m1+m3

N
3

) (N+n—ms—1),_, (k—1)K™

tTL
nt’

ma
)ANFTRTM28) (), my) Sq (Mg, M) Hi—1x—1)
By equating (3.2) and (3.5), we finally get the following theorem.

Theorem 3.1. For N =1,2,3,---,andn =0,1,2,---, we have

N+n—1 e
(1N (n+N)! Ji Dy ()N
( 1 n+N-—1

1=0

N
SIDND NP ML TP SN
0

k=1 m3:0 TTLz:O mp=

X (k—1)IkMANFT=k=m2g, (1) my) S (s, ma) Hy 1 k1,

where Hy ;s are as in (1.2), (1.3) and (1.4).
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