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Abstract

In this paper, we present some new extensions of Holder-type inequalities on time scales via diamond-« integral. Moreover,
the obtained results are used to generalize Minkowski’s inequality and Beckenbach-Dresher’s inequality on time scales. (©2017
All rights reserved.

Keywords: Holder-type inequality, diamond-o integral, time scales, Minkowski’s inequality, Beckenbach-Dresher’s inequality.
2010 MSC: 26D15, 39A13.

1. Introduction
Let f(x) and g(x) be continuous real-valued functions on [a, b] and % + % =1.

(D) If p > 1andif f(x) > 0, g(x) > 0, then the following Holder’s inequality holds (see [14]):

b b % b %

J f(x)g(x)dx < (J P (x)dx) <J gq(x)dx> ) (1.1)

(II) If 0 < p < 1 and if f(x) > 0, g(x) > 0, then the following reverse Holder’s inequality (see [11]) holds:
b b 5/ (b H

J f(x)g(x)dx > (J P (x)dx) <J g9 (x)dx) . (1.2)

As is well-known, the above Holder-type inequalities play an important role in different branches of
modern mathematics such as classical real and complex analysis, probability and statistics, numerical
analysis, qualitative theory of differential equations and their applications. Various refinements, exten-
sions and applications of inequality (1.1) and (1.2) have appeared in the literature. For example, Wu
[24, 25] presented some new sharpened and generalized versions of Holder’s inequality in classical real
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analysis. Tian and Ha [20, 21] gave two new properties of generalized Holder’s inequalities. Liu [12]
established an important Holder-type inequality for fuzzy variables. For more detail expositions, the
interested reader may consult [1, 2, 13, 18, 19], and the references therein. Among various extensions of
(1.1) and (1.2), Wong et al. in [23] first established the following time scale versions of Holder’s inequality
and reverse Holder’s inequality by using the delta-integral (i.e. A-integral).

Theorem 1.1. Let T be a time scale, a,b € T with a < b, let %—i— % = 1and let f,g,h € Crq(la,bly, R). If
p > 1, then

b b 5/ (b q
J ROl g(x)IAx < ( j |h(x)||f(x)|mx> (j |h(x)||g(x)|qAx) . (13)

a a a

If 0 < p < 1, then the above inequality (1.3) is reversed.

Later in 2008, Ozkan et al. [15] presented the following time scale versions of Hélder’s inequality
and reverse Holder’s inequality by using the nabla-integral (i.e., V-integral) and diamond-« integral (i.e.
ox-integral).

Theorem 1.2. Let T be a time scale, a,b € T with a < b, let % —I—% =1, and let f,g,h € Ciq(la, blT, R). If
p > 1, then

b b % b %
[ monragtores < ([ meairarex) ([ mogooree) " (1.4)

a a a
If 0 < p < 1, then the above inequality (1.4) is reversed.

Theorem 1.3. Let %—i— % =1, let T be a time scale, a,b € T with a < b, and let f,g,h : [a,blyr — R be
on-integrable functions. If p > 1, then

b b 5/ (b q
J RN g (x) 00 x < (J |h(x)||f(x)|v<>ax> (J |h(x)||g(x)|q<>ax) . (L5)

a a a
If 0 < p < 1, then the inequality (1.5) is reversed.
In 2010, Yang [26] derived a functional generalization of diamond-« integral Holder’s inequality on
time scales as follows.

Theorem 1.4. Let T be a time scale, a,b € T with a < b, let {f;j(x) ].";1, {g; (x)}}‘z1 and {h; (x)}}:1 be continuous
real-valued functions on [a, bly, and let Hy(x1,x2,--- ,x1) > 0, Frn(x1, %2, -+, xm) and Gy(x1,%2,--- ,xx) be
three arbitrary functions of 1, m and k variables, respectively. If p > 1 with % + % =1, then

b
J Hl(hlthI' o /hl)|Fm(f1/f2/' o /fm)Gk(gll g2, - ,Qk)|<><xx

a

1/p
< (] Hulhohay o R o )P o) (1.6
a

b 1/q
X (J Hl(hlthI' o /h1)|Gk(glf g2, /gk)|q OOLX) .

a

Recently, Chen and Chen in [6] gave the following reversed version of inequality (1.6).

Theorem 1.5. Let T be a time scale, a,b € T with a < b, let {f;(x) }11/ {gj (x)}}‘z1 and {h; (x)}}:1 be continuous
real-valued functions on [a,bly, and let Hy(x1,%2, -+ ,x1) > 0,Fm(x1,%2,- -+, xm) and Gy (x1,%2,---,xk) be
three arbitrary functions of 1, m and k variables, respectively. If 0 <p < 1, % + % =1, then

b
J Hl(hlthI' o /hl)|Fm(fllf2/' o /fm)Gk(Qll gz, - /Qk)|<>ocx

a

b 1/p
> (J Hi(hy, hy, - hy)[Fn(f1, f2, - fn )P o X) (1.7)

b 1/q
(] Mt Gl g2 gl onx)
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The aim of this paper is to present some new extensions of the above Holder-type inequalities (1.3),
(1.4), (1.5), (1.6), (1.7). Some related inequalities are also considered.

2. Preliminaries

In this section, we recall the following concepts related to the notion of time scales. A time scale T
is an arbitrary nonempty closed subset of the real numbers R. The calculus of time scales was initiated
by Hilger [8] in order to unify discrete and continuous analysis. The forward jump operator and the
backward jump operator [8] are defined by:

o(t):=inf[se T:s>1t}, p(t):=sup{seT:s<t],

(supplemented by inf() = sup T and sup @ = infT). A point t € T is called right-scattered, right-dense,
left-scattered, left-dense, if o(t) > t, o(t) =t, p(t) < t, p(t) = t holds, respectively [8].
Throughout the text, we shall denote a time scales interval by

[a,blr={teT:a<t<b,abecT}

and denote
T T —{t;}, if T has a left-scattered maximum t;,
’ T, otherwise,
T —{tz}, if T has a right-scattered minimum t,,
Tk = .
T, otherwise,
and

T* = TN T.

Definition 2.1 ([5]). A function f : T — R is said to be rd-continuous, if it is continuous at each right-
dense point and the left sided limit exists at every left-dense point. The set of all rd-continuous functions
is denoted by C4[T,R].

Definition 2.2 ([5]). A function f: T — R is said to be ld-continuous, if it is continuous at all left-dense
points in T and its right-sided limits finite at all right-dense points in T. The set of all ld-continuous
functions is denoted by C4(T, R].

Definition 2.3 ([9]). A function f : T* — R is called differentiable at t € T*, with delta derivative f2(t),
if given € > 0 there exists a neighborhood U of t such that

[f(o(t)) — f(s) — F2(t) (o(t) — s)| < elo(t) — s,
forall s € U.

Remark 2.4 ([9]). If T = R, then f*(t) becomes the usual derivative, that is, f*(t) = f’(t). If T = Z, then
f2(t) reduces to the usual forward difference, that is, f2(t) = Af(t).

Definition 2.5 ([9]). A function F: T — R is called a delta antiderivative of f : T — R provided F2 = f(t)
holds for all t € T. In this case we define the delta integral of f by

where s,t € T.

Definition 2.6 ([4]). A function f : Ty — R is called nabla differentiable at t € Ty, with nabla derivative
fV(t), if given e > 0 there exists a neighborhood V of t such that

[f(p(t)) — f(s) — ¥ (1) (p(t) —s)| < elp(t) —s],
foralls e V.
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Definition 2.7 ([4]). A function G : T — R is called a nabla antiderivative of g : T — R provided
GV = g(t) holds for all t € T. In this case we define the nabla integral of g by

where s,t € T.

Definition 2.8 ([17]). Let T be a time scale and f(t) be differentiable on T in the A and V senses. For
t € T we define the diamond-« derivative f°«(t) by

o (t) = of 2 (1) + (1 — ) fV (1), 0< <L
Thus f is diamond-« differentiable if and only if f is A and V differentiable.

Remark 2.9 ([17]). The diamond-« derivative reduces to the standard A derivative for o = 1 or the standard
V derivative for o = 0.

Proposition 2.10 ([17]). Let f,g: T — R be diamond-o differentiable at t € T. Then
(i) f+g:T — R is diamond-« differentiable at t € T with

(f+g)°(t) = (1) + g°(1).
(ii) For any constant c,cf : T — R is diamond-« differentiable at t € T with
(cf)®(t) = cf(t).
(iii) fg: T — R is diamond-o differentiable at t € T with
(fg)®(t) = £**(t)g(t) + af(t)g™ (t) + (1 — ) F*(t)g" (1).

Definition 2.11 ([17]). Let a,t € T and h : T — R. Then the diamond-« integral from a to t of h is

defined by
t

t t
J ]’L(T)O“T:OCJ h(T)AT—i—(l—oc)J h(t)Vt, 0

a a a

N

a<1.

N

Remark 2.12 ([17]). We may notice that since the ¢ integral is a combined A and V integral, we in general

do not have . .
<J h(T) o T) =h(t), teT.

a

Proposition 2.13 ([17]). Let T be a time scale, a,b € T with a < b. Assume that f(x) and g(x) are oy-integrable
functions on [a, bly. Then

() [LIF(T) +g(D]oaT =[5 f(T) oaT+ [ g(T) oaT
(i) [Lcf(t)ont=c[Lf(T)onT
(iil) [T F(T)oqT=—[Lf(T)0aT
(iv) [Lf(T)oaT=[°F(T) 0T+ [§F(T) 00T
V) [Sf(T) oqT=0.

For more details on time scales theory, readers may consult [3, 9, 10, 16, 22] and the references therein.
Now, we present the following extensions of Holder’s and reverse Holder’s inequality on time scales via
the diamond-« integral.
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3. Main results

In this section, we shall give the following lemmas firstly before we give our results.

Lemma 3.1 ([17]). Let T be a time scale, a,b € T with a < b. Assume that f(x) and g(x) are oy-integrable
functions on [a, blT.

) If £(x) > 0 for all x € [a, bly, then [ f(x) o x = 0.
2) If f(x) < g(x) for all x € [, bly, then [0 f(x) oo x < [ g(x) 0a X

3) If f(x) > 0 for all x € [a, by, then f(x —Ozfandonlysz f(x) oo x = 0.

Lemma 3.2 (Radon’s inequality, see page 61 in [7]). Let (; > 0and & >0, fori=1,2,---,m

(Z 161 ) cy“

(b) If =1 <y <0, then inequality (3.1) is reversed.

a) Ify >0ory < —1, then

Next, we give the following extension of Schlémilch’s inequality [7] on time scales for diamond-«
integral.

Lemma 3.3. Let T be a time scale, a,b € T with a < b, let {f; (x)}j”; 1 and {hy (x)}}:1 be continuous real-valued

functions on [a, b, let Hi(x1,x2,- -+ ,x1) > 0 with IZ Hy(hi, ho, -+, ) o x = 1 and let Fry(x1,X2,-++ ,Xm)
be an arbitrary function of m variables. If s > r > 0, then

b :
<J Hy(hy, hy, - hy)[F(f1, 2, - f) 1P ok X>
a

1

b
> <J Hi(hy, hy, -+, ) [Fm (g, fo, - - rfm)roocx) .

a

Proof. In order to prove Lemma 3.3, we need Bernoulli’s inequality, that is, if x > 0, then
xP >px+1—p, ifp>1

Since s > 1 > 0, we have ¥ > 1. Thus, by Bernoulli’s inequality, we have

b s
Folf1, 2, f r
J Hy(he o, 1) ( [Fm (1, f2 m)l > o x
a f Hi(hy, ho, - h)lFm (1, f2, -0 fn )l 0a
b S|P (fy, fo, -, f s
>J Hl(hlthI"'/hl)< 5 rlFm (1 ull +1—> Sou X
a JaHilhy, hy, - ) [F(F1, f2, -, f )0 X T

= 1,
that is,
b S
J Hy(hy, ho, - ) [Fm(fr, f2, - )l 0 X

a

s
T

b
> (J Hy(hy, hy, -+, hy)[Fm (f, f2, -+ ,fm)|<>ocx> .
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Letting F,, be replaced by F,, in the above inequality, we get

b
J Hi(hy, hy, - h)lFm(fr, f2, - ) 1P o
a

b
> (J Hy(hy, hy, -+, ) [Fm (fy, f2, - - rfm)|T<>ocX> .

Hence 1
b s
<J Hl(hlth/ T /hl)“:m(fl/fZ/ T /fm)|s S X)
a
b H
P <J Hl(hlth/ e 1h1)|Fm(fl/f2/ T /fm)‘r S X) .
a
Thus, the proof of Lemma 3.3 is completed. O

By the same method as in Lemma 3.3, we can obtain the following Schlémilch’s inequality [7] on time
scales.
Lemma 3.4. Let T be a time scale, a,b € T with a <b, let h(x) : [a, bl — [0, +00) be o-integrable function
such that fz h(x) oo x =1, and let f(x) : [a, bl — [0, 4+00) be o«-integrable function. If s > v > 0, then

b 1 b 1
(J h(x)fs(x)o(xx> > <J h(x)fr(x)o(xx> .

Now, we present the following ¢-integrable Holder-type inequalities.
Theorem 3.5. Let %—i—% = L with p,q,v € R—{0}, let T be a time scale, a,b € T with a < b, let

{f; (X)}}ly {gj (x)}}‘:1 and {h; (x)}jl:1 be continuous real-valued functions on [a, bly and let Hy(x1,%2,- -+ ,x1) >
0, Fm(x1,%2, -+, xm) and Gy(x1,X2,- -+, Xx) be three arbitrary functions of 1, m and k variables, respectively.

(D Ifp>0and q>00rp>0,q<0andr <0, then
1

b
<J Hy(hy, hy, -+ h)[F (fr, f2, -0 fm) Gi(91, 92, -+, 9k O X)

a

T

b
< <J Hi(hy, hy, - h)[Fn(f1, f2, - fn )P o X) (3.2)

a

: ;
X (J Hl(hlthI"' /h1)|Gk(91/921”' rgk)|q <>OLX> .

a

(I) Ifp>0,q<0andr>00rp <0and q <0, then
1

b
<J Hl(hlthI' o /hl)|F11;1(f1/f2/' o rfm)GL(gll g2, /9k)|<>oc X)

a

T |=

b
> <J Hi(hy, hy, - hy)[Fn(f1, f2, - fn )P o X) (3.3)

a

al=

b
X <J Hi(hg, ho, -, )IGx (91, 92, -+, 9i)| 9 o X)

a

Proof.
(I). Case 1: Let p > 0, g > 0. From + + 1 =1 we find that
P 1 1
=>1, —+—=1.
T p/r q/r

Hence, from inequality (1.6) we have
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b
J Hl(hlth/' o /hl)|F;1(f1/f2/' o /fm)GL(le g2, - ,gk)|<><xx

<=

b
< (J Hl(hl,hQ, e Ihl)|F;r:n_(fllf2/' o /fm)ﬁ Cu X)

b ]
X <J Hi(hy, hy, -+, h)|G(g1, 92, - - L)l <>ch> ,

which implies

1
=

b
<J Hi(hy, hy, - h)IFL (1, T2, -, Fm ) GR(91, 92, - -+ 5 9| 0 X>

a

o=

b
< <J Hi(hy, hy, -« h)[Fn(f1, 2, -, f) P <>ch>

a
1

b q
X (J Hl(hlth/ et /hl)|Gk(91/ gz, -, 9k)|q O X>

a
Case 2: Let p > 0, g < 0 and r < 0. By the same method as in the above Case 1, we can obtain the desired
inequality (3.2).
(II). Case 3: Letp > 0, g < 0 and r > 0. From % + é = %, we find that

4

T 1 I pp 1 1
> =
p r/p —a/p T 4 p( )

Thus, from inequality (1.6) we have

b
J Hi(hy, ho, - )RR (1, f2, oo ) [0 X

J hl/hZI l)|FE1(f1/f2/" / )HG (91/92/"' /gk)”G]:p(gl/gZ/”' /gk)|<>ocx

P

T

b
<J Hi(hy, hy, - h)IFE (F1, 2, -+, )G (91, 92, -+, 9i) P 0 X)

_PpP
q

_ 9
X ( H], hl/hZI 1)|ka(91/ g2, ,9k)| P Ox X)
b :
(J Hl hl/hZI 1)|F:n(f1/f2/' o /fm)GL(gll g2, - 19k)|<><x X)

_P
q

X ( Hi(hy, hy, -+, h)IGY (91, 92, -+ /gk)|<>ocx> ,

which implies

: ;
(J Hl(hlthI"' /hl)|F121(f1/f21"' zfm)|<>ocx>
< <J Hl(hlth/' o /hl)lFIn(flle/' o /fm)G£(91/ 92/' o /gk)|<>0( X) (3‘4)
a

al=

b
X (J Hi(hy, hy, -+, WG (91, 92, -+ ,gk)%cx>
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Therefore, by inequality (3.4), we have
1

b
(J Hl(hl/hZI' o /hl)|F:-rL(fl/f2/' o /fm)G£(91/ gz, - /gk)|<>ocx)
a

a

b
P <J Hl(hlthI"' /hl)|F?n_(f1/f2/"' zfm)|<>ocx>

al=

b
X <J Hl(hl/hZI' te rh1)|G]C<I(gl/ g2, /gk)|<>ocx)

a

Case 4: Let p < 0 and q < 0. By the same method as in the above Case 3, we can obtain the desired
inequality (3.3). The proof of Theorem 3.5 is completed. O

Corollary 3.6. (T = R) Let % + % = L with p,q,v € R—{0}, let {fj(x) iy {gj(x)}}‘zl and {h;(x) }:1 be con-
tinuous real-valued functions on [a,b] and let Hy(xq,%2,- -+ ,x1) > 0, Fm(x1,%2, -+, xm) and Gy (x1,%2, -+, Xx)
be three arbitrary functions of 1, m and k variables, respectively.

(D Ifp>0and q>00rp>0,q<0andr <0, then

1
r

b
(J Hl(hlthI o /hl)|FIn(f1/f2/' ce /fm)GT((gli g2, /Qk)|dx>

a

=

b
< <J Hl(hlth/' o /hl)“:m(fl/fZ/' o /fm)|pdx)

a

al=

b
X (J Hy(hy, ho, -+, h)IGx (91,92, - ,gk)|qu>

a

(I) Ifp>0,q<0andr>0o0rp <0and q <O, then
1

b
<J Hl(h1/h2l' o /hl)|F:n(f1/f2/' o /fm)GL(gll g2, ,9k)|dX>

a

o=

b
> <J Hy(hy, ho, - ) [Fm (g, f2, - - ,fm)|pdx)

al=

b
X (J Hl(hlthI" : lh1)|Gk(glr g2, ng)|qu>

a

Corollary 3.7. (T = Z) Let %+% = L with p,q,v € R—{0}, let {ai1, a2, ..., aim Ty, {bi1, bio, ..., i,
and {ci1, Cip, - .., cin}{- be real numbers for any m,k,1 € N, and let Hy(x1,%x2,- -+ ,x1) > 0, Fin(x1,%2, -+, Xm)
and Gy (x1,x2, -+, xx) be three arbitrary functions of 1, m and k variables, respectively.

D Ifp>0and q>00rp>0,q<0andr <0, then
1

n
(ZHL(CH,CQ,”' ,ci)lF(ain, aig, -+, @im) G (big, big, -+ /bik)|>
i1

<=

n

< <ZH1(C11,012/'“ ci)lFm(ay, ai, -+ /aim)|p>
i1

1

n
q
X <ZH1(011,C12,-“ ,€i)|G(bir, big, -+ /bik)|q>
i1
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M) Ifp>0,q<0andr>00rp <0and q <0, then

1
=

n
(ZHL(Cierin"' sei)lFh(air, ai, -+, aim) G (big, big, - - ,bik)>
i1

<=

n
> (Z Hi(cir, cio, -+ ca)[Fm(air, aig, -+ /aim)|p)
i1

1

n
q
X (ZHI(CiLCiZ/"' ,€i1)|Gk(bir, big, -+ rbik)q)
i1

Theorem 3.8. Let T be a time scale, a,b € T with a < b, let {fj(x) )-";1, {gj(x)}}‘zl and {h;(x) }:1 be con-

tinuous real-valued functions on [a,blr, let Hi(x1,%2,--- ,x1) > 0 with fz Hi(hy, hy, -+, hy) oo x = 1 and let
Fm(x1,%2,- -, Xm) and Gy(x1,x2, - - -, xx) be two arbitrary functions of m and k variables, respectively. If p > 0,
q > 0 with & + & <1, then

b
J Hl(hl/hZ/ T /hl)“:m(fl/ fZ/ to rfm)Gk(QL 92, r9k)| S X

a

on
|

P
< (J Hy(hy, ho, - h)[Fm(fy, f2, -, f)IP o X>
a

al=

b
X <J Hl(hl/hZI' o /hl)lek(gll g2, /9k)|q S X>

a

Proof. Write p := %—i— %, x=pp,p=4qp. Thenx >1, 3 > 1 and % +% = 1. Hence, from Lemma 3.3 with

x <p, B < qand Theorem 1.4, we find that

b
J Hl(hl/hZI e /hl)“:m(fl/ f2/ e /fm)Gk(gll g2, /gk)| Sa X

a

b |

< (J' Hy(hy, hy, - hy)[Fm (fr, 2, - - /fm)|“0ax>
a

1

B

a

b
‘ (j Hy(h ha, - R)IGk (g1, 9+ u)[B oax)

T

b
< (J' Hl(hlthI T /hl)“:m(fl/fZ/ T /fTTL)'p S X)

a

o=

b
X (J Hy(hy, hy, -, h)IGi (91,92, -+, 919 o X)

a

The proof of Theorem 3.8 is completed. O

Corollary 3.9. (T = R) Let {fj(x) ).";1, {gj (x)}}‘zl and {h (x)}}:1 be continuous real-valued functions on [a,b],

let Hy(xq,x,---,x1) > 0 with fz Hy(hi, hy, -+, hy)dx = 1 and let Fi(xq,%2, -+ ,Xxm) and Gy (x1,%X2, -+ ,Xk)
be two arbitrary functions of m and k variables, respectively. If p > 0, q > 0 with % + % <1, then

b
J Hy(hg, hy, - h) [P (fy, f2, -, fm) G (91, 92, -+, g )ldx

a

b B
< <J Hl(hl/hZI"' /hl)lFm(fl/fZI"' /fm)|pdx>

a

al=

a

b
X <J Hy(hy, hy, -+, hy)IGx(91, 92, - - /gk)qu)
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Corollary 3.10. (T = Z) Let {(111, aig, ..., aim}{‘zl, {bilz biZ/ ey bik}?zl and {Cil/ Ci2, ..., Cu}{lzl be real num-
bers for any m,k,1 € IN, let Hy(x1,%x2, -+ ,x1) > 0 with 3 1" Hi(cit, Cio, -+, ci1) = 1, let Foy(xq,%2, -+, xXm)
and Gy (x1,%2,---,xk) be two arbitrary functions of m and k wvariables, respectively. If p > 0, q > 0 with
% + % < 1, then

Y Huleir,ciz -+ ci)Fmlai, @iz, -, @im) Gr(big, big, -+, byl

T

n
< (ZHI(Cil/CiZ/"' sci)[Fm(ain, aig, - /aim)p>
t

al=

n
X (ZHL(Cu,Cuw“ ,ci)lGk(big, big, -+, )|q>
i1

Theorem 3.11. Let T be a time scale, a,b € T with a < b, let {fy;(x )}) 1 f25(x )}J 1 e {fmj(x)}}‘l‘l and

{hy(x )} 1 be continuous real-valued functzons on [a,bly and let Hy(xq,%x2, -+ ,x1) > 0, Fi,(x1,%2,- -+, X1),

Fi, (xl,xz, S Xk )y eee Fign (X1,%2, 00, Xk, ) be m+ 1 arbitrary functions of 1, Ky, Ky, ..., km variables, respec-
tively.

() If1<A, Ay -+, Am <00, {5y x- =1, then

b
J Hi(hy, ho, -+ g
a

m
) HFki(fillfiZ/"‘ i) | oax
- 1 (3.5)

) A
H(J Hi(hy, hy, -, 1)‘Fki(filzf12/"‘/fiki)‘}\loocx> .

(I) If A1 >0, Ap, - -+, A < 00 with Zlnzl }\% =1, then inequality (3.5) is reversed.

Proof. We need to prove only Case (I). The proof of Case (II) is similar. Inequality (3.5) is trivially true
when Fy, (fig, fig, -+, fix,) (i=1,2,---,m) is identically zero. Let

n Lk
H <J Hi(hy, ho, -+ ) [Fie (fin, fio, oo Fune) | <>ch> #0,
i=1 a
and let .
O — Hyt (e, ha, oo ) [P (Fi, fio, o Fig)
1 )\i 17
(IZ Hi(hy, ho, -+ ) [Fig (Fin, fio oo Fi )| oaX) M
wherei=1,2,---,m.
By the famous AG inequality
m mo A
[[oi<) S (3.6)
i=1 i=1 "t

(where 1 < A, Ay, -+, Am < 00, X%y n- = L If AL >0, A, -+, A < 0, ¥ 5= = 1, then inequality (3.6)
is reversed) we find that

b m b /M phi
J H@ioaxgj <Z £ ><>ax
ai_q i

i=1

x

— i 1Jb Hui(hy, hy, - h) [P (Fin, o, oo, T I
Ada [OHU, ho, oo ) P (Fin, Fio - Fis )M o6 x
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i 1_
= A

Hence, we get the desired inequality (3.5). O

Corollary 3.12. (T = R) Let {fy;(x ) ,1, {f25(x )}) 1 e {fmj(x)}}‘gl and {h; (x)}}:1 be continuous real-valued
functions on [a,b] and let Hy(xq,%2,- -+ ,x1) >0, Fi, (x1, %2, -, Xk, ), Fiey (X1, %2, -, Xk, ), -+ o Fe, (X1, %2, -, Xk, )
be m + 1 arbitrary functions of 1, k1, K, ..., km variables, respectively.

D) If1 <AL Ay - Am <00, X%y 5= =1, then

b m
J Hy(hy, hy, -+, hy) HFki(fu,fizw" , fie ) [dx
a 2
= 1 (3.7)
m b N A
< H <J Hi(hy, ho, -+ ) [Fie (fin, fio oo i) ldX) .
i=1 a
(I) If A1 >0, Ap, -+, A < 00 with Zl“:l }\% =1, then inequality (3.7) is reversed.
Corollary 3.13. (T = Z) let {a%l,aiz,...,a%kl}?zl, {a%l,afz,... %kz Ty oo {al a{’zl,...,a{’ltm}{‘:l and

{ci1, cio, ..., cut}it bereal numbers for any kq, Xz, ..., km, 1L € Nand let Hy(xq,%2,- -, x1) >0, Fi, (x1, %2, - -, X1, ),
Fi, (x1,%2, -+, Xiy), « oo Fi, (X1,%2, -+, Xk, ) be m + 1 arbitrary functions of 1, Ky, Ky, ..., km variables, respec-
tively.

(D) If1<AL Ay -, Am <00, 3 {5y x- =1, then
m

|| cd
ajy, @iy, /aikj)‘

n
Y Hileir, ez cin)

(3.8)

< H )|F o ioyN) Y
B H Z l(cill Ci2, - ,Cil } k 1_1/ 1"2/ Tty aikj)} .
j=1 Mi=1

() IfA1 >0, A, -+, Am < oo with 3%y X =1, then inequality (3.8) is reversed.

Theorem 3.14. Let T be a time scale, a,b € T with a < b, let {f1;(x )}) 1 {f25(x )}] 21 e {fmj(x)}}‘;‘l and
{h (x)}jl:1 be continuous real-valued functions on [a, blt, let Hy(x1,x2, -+, x1) > 0 with fa Hi(hy, ho, -+, hy) on
x = 1and let Fy, (x1,%2, -+, Xk,), Fi, (X1, %2, -, Xx,), o Fie, (X1, %2, - -+, Xk, ) be marbitrary functions of k1,
Ko, ..., km variables, respectively. If 1 < Ay, Ap, - -+, A < 0o with 3 ™, )\% < 1, then

b
J Hi(ha ha, -+, h) .
a

m
L Fefin fiz e i) 0w
i=1

m b L

Ai T

<TI (J Hi(hy, g, - ) [P (Fin, fio, - Fg) <>¢xX> -
i=1 a

Proof. Let @ = %1+%2+...+ﬁ <1, Bi:=9A <A (i=1,2,...,m). Then é+%+~-+ﬁ% = 1.

Hence, from Theorem 3.11, Lemma 3.3 we obtain that

Oq X

b
J Hl(h1/h2/ o 1h (fillfiZ/ T /fik-l)
a
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m b . B%
< H (J Hi(hy, ho, -+, h) [Fa (fin, fio, -+ Fie,) Pi o X)

i=1 ¢
m b N L
<]I (J Hi(hy, hy, - ) [P (Fin, fi, - Fin )| 0 X) :
i=1 7@
The proof of Theorem 3.14 is completed. O

Corollary 3.15. (T = R) Let {f1;(x)}y, {faj ()N, ..., {fmj (X)X and {hj(x)}_; be continuous real-valued
functions on [a, b, let Hi(x1,%2,- -+ ,x1) > 0 with fz Hi(hy, hy, -+, hy)dx =1, let
Fkl(xllXZI T IXkl)Isz(XllXZI T /sz)/- . .,ka(X1,X2, o /ka)

be m arbitrary functions of K1, ko, ..., km variables, respectively. If 1 < A1, Ap, -+, Ay < 00 with Zln;l )\i <1,
then

b
J Hi(ha b, -+, h)
a

m
[ Fw (fin fio o i) dx
i1

m b )\L

)\'1 1

< H (J Hi(hy, by, - -+, h) [Fa (fin, fio, -+ Fing,) dX) .
i=1 a

Corollary 3.16. (T = Z) Let {a%l,aiz,...,a%kl}{;l, {a%l,a%2,...,a%k2}{‘:1, o {all, a{‘%,.‘..,aﬂlm}{‘:l and
{ci1, cio, ..., cit}it be real numbers for any kq, ko, ..., km, L€ N, let Hy(x1,x2,- - ,x1) > 0 with

n
D Hilei, ez cu) =1
i1

and let Fy (x1,%2, -+ ,Xi,), Fiy (X1, %2, -+, X1,), -+ o Fie, (X1, %2, - -+, X, ) be muarbitrary functions of kq, ko, ...,
km variables, respectively. If 1 < A1, Ay, - -+, Ay < 00 with Zlnll )% < 1, then

n
Y Hileu, ciz -+ car)
im1

m

S B
H Fi; (@i, agp, -+ Qi )
=1

m n N )\i
o . AN
< | | ( Hu(ciz, ez, -+, i) [Fig (ady, aly, - - ,a]ikjﬂ ]> :
j=1 Ni=1

By the same method as in Theorem 3.5, Theorem 3.8, Theorem 3.11 and Theorem 3.14, respectively,
we can obtain the following results.

Theorem 3.17. Let L+ + 1 = 1 with p,q,r € R—{0}, let T be a time scale, a,b € T with a < b, let

T

q
h(x), f(x), g(x) : [a, bfqr — R be oy-integrable functions.

(D Ifp>0and q>00rp>0,q<0andr <0, then

b 1 b 5 /b
(J |h(x)||ff(x)g*(x)|<>ax> << J |h(x)|fp(x)|<>ax> (J |h(x)||gq(x)|<>ax>

a a a

o=

(I) Ifp>0,q<0andr>00rp <0and q <0, then

b b % b q
(J |h(x)||ff(x)gr(x)|<>ax) > ( J |h(x)|fp(xn<>ax> (J |h(x)||gq(x)|<>ax>

a

==
=
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Theorem 3.18. Let T be a time scale, a,b € T with a < b, let h(x),f(x),g(x) : [a, bl — R be oy-integrable
functions. If p > 0, q > 0 with % + % < 1, then

1

b b P b q
J RO (0] o0 x < (j |h(x)||fp(x)|<>ax> (J |h(x)||gq(x)|<>ax>

a a

Theorem 3.19. Let T be a time scale, a,b € T with a < b and let fi(x) (1=1,2,---,m), h(x) : [a,blT — R be
on-integrable functions.

() f1<A, Ay -, Am <00, 3%y x- =1, then

b m m b )\%
J h(x)(]_[fi(x)) oax <[] (J IR () o x) : (3.9)
a i=1 i=1 ¢

(I) If A1 >0, Ag, -+, A < O with Zgl }\% =1, then inequality (3.9) is reversed.

Theorem 3.20. Let T be a time scale, a,b € T with a < b and let fy(x) (1 =1,2,---,m), h(x) : [a, bl —
QO, ~|};oo) be o «-integrable functions with jz hix)oax =1 If1 <Ay, A, -+, Ay < 00 with %1 + }%2 4+ >\1m <
, then

b m m b <
J oo ([TH0) eax <T] <J R(X)F (%) 0n X) 1
a i=1 i=1 \'@

4. Applications

In this section, we firstly present two time scales versions of Minkowski’s inequality by using the
obtained results.

Theorem 4.1. Let T be a time scale, a,b € T with a < b, let Hi(x1,x2,---,%x1) > 0, Fy,(x1,%x2, -+, XK, ),
Fi, (x1,%2, -+, Xk,), oo Fre (X1,%X2, -+, Xk, ) be m + 1 arbitrary nonnegative real-valued functions of 1, kq, ko,
..., km variables, respectively and let {f1; (x)}}il, {f2; (x)};(il, oo 1fmj (X)}}i‘l and {h;(x) }:1 be continuous real-
valued functions on [a, b]T.

(D) Ifp > 1, then

o=

b m -
J Hy(hy, ho, -+, ) (Z [Fy, (fi1, fio, - - ,fiki)|> Oa X
a i=1

4.1)
m b %
< Z (J Hy(hy, hy, - v [Py (fin, fio, o) Fise )P o X>
i=1 a
(IT) If 0 <p < 1, then
b m P %
J Hi(hy, hy, - - ,h1)<Z [Fy, (fi1, fio, - - - ,fik-l)|> Oa X
¢ i=1 (4.2)

m b 1

P
> Z J Hi(hy, ho, - h)IFi (Fin, Fio, - fi )P o X

i=1 a

Proof. We only consider the case (I). For p > 1, from Jenson’s inequality, we have
m P m
(Z Fie (T (x), fia(x), - -+, fix (X))) >3 FP(fulx), fia(x), -, fi (X)),
i=1 i=1

Denote ®(x) = > i, Fi, (fir(x), fia(x), -+, fix,(x)). Without loss of generality, we may assume that
fz h(x)®P(x) oy x > 0. From Theorem 3.5, forr=1,p >0, g > 0 and % + % =1, we obtain that
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b
J Fi, (i1, fia, -+, fie ) Hu(hy, ha, -+ W) @P 71 (x)| 0 x

o=

b
< (J Hi(hy, hy, - h)llF (Fin, fio, - oo Fie )P <>ocx>
a
1

b q
X (J [Hi(hy, hy, -+, W)@ (x) P19 o x> (4.3)

a

<=

b
= <J Hi(hy, hy, -« h)llF (Fin, i, - oo fue )P <>ocX>

a

: :
« (J |H1(h1,hz,~-,m)ncp(xnpoax) .

a

Hence, from inequality (4.3), we get

b
J [Hi(hy, hy, -+, hy) OP (%) og X

[on

(o=

J Hi(hy, h, -, h) @ ()P (x)] 0 x

|H1 hi, hy, -+ W) Fi, (F1, fiz, -, Frig ) OP (%) oq X
J Hi(hy, ho, - W) P, (Fnt, fm2s - Fken )P (x)] 0o X

_l’_
1
q
< |Hl hy, hy, -+, hy)l|O(x)P <>ch>

o=

X [Z (J [Hi(hy, hy, -« h)llFx, (Fin, fio, - oo, Fiae )P <>(xx> ]
i=1 ¢

Thus, we obtain the desired inequality (4.1). O

Remark 42. If p > 1, m = 2, then inequality (4.1) reduces to inequality (2.5) obtained by Yang [26]. If
0 < p <1, m =2, then inequality (4.2) reduces to inequality (2.4) obtained by Chen and Chen [6].

Theorem 4.3. Let T be a time scale, a,b € T with a < b and let fi(x) (1 =1,2,---,m), h(x) : [a, bl — R be
o-integrable functions.

(D Ifp > 1, then

b m - 5om b +
“ hoo (3 )" o x] <3 ([ menteap onx)” @)
@ i=1 i=1 ¢
(I) If 0 <p < 1, then
b m - b m b i
“ () filx)) | on x] >y <J LICSITNCAILEN x) . (45)
@ i=1 i=1 V¢

Remark 4.4. 1f p > 1, m = 2, then inequality (4.4) reduces to inequality (3.7) obtained by Ozkan et al. [15].
If 0 < p <1, m =2, then inequality (4.5) is the reversed version of inequality (3.7) obtained by Ozkan et
al. [15].
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Secondly, we shall establish two time scales versions of Beckenbach-Dresher’s inequality [7] via
diamond-« integral.
Theorem 4.5. Let T be a time scale, a,b € T with a < b, let {f1;(x )}J 2 1f(x )}J 21 oo {fmj (x)}}‘;“l

and {h; (x)}jl:1 be continuous real-valued functions on [a,bly, let Fi, (x1,%2, -+ ,%1,), Fi, (X1, %2, -+ , Xk, ), -+
Fi,.(x1,%X2,- -+, Xk,,) be m arbitrary nonnegative real-valued functions of k1, Ko, ..., km variables, respectively,

and let Hl(xl,xz, coo,x1) > 0 with [P HI (hy, hg, -+ ) o x > 0,
@D Ifp > > 0, then

b L
(fa Hi(hy, ho, - h) (20 P (Far, fiz o i) T 0w X> P
fz Hu(hy, ho, - h) (200 P (Fin, fio, oo i) o X

< Z <f§ Hi(hy, hy, - h)FY (fir, fig, -, fi) 0 X) ‘H. (46)
= \Jo Hilhy vy, o hO)F (Fi, fig, o fig ) oax
(M) If0<p <rorr<p <O, then inequality (4.6) is reversed.
Proof. Case (I). Letp > 1> 1> 0. Write y =
: ;
Gi = <J Hu(hy, hy, - ha)FY (Fin, fig, - /fiki)oocx> ,
a
and
b E
& = (J Hi(hy, hy, - h)Fy, (Fin, fio, ,fiki)<>cxx> :
a
Theny+1= %. By Lemma 3.2, we have
1755
(Xm, Ci)VH {221 (fz Hi(hy, vy, - WOFY (Fig, fig, - - fing) 0 X) 7 |
m \Y = l: ir
(L8 [Zzl (J"E Hi(hy, hy, -+ ho) B (Fi, fio, oo i) 0w x)T|"
1
i ([(IZ Hui(hy, h, - R (Fin, fig, - fig) O X>p pr)
< 1__ T
i=1 [(fz Hi(ha, hy, - R R (Fig, Fio, oo+ i) 0ac X) N
1
i (fz Hu(hy, hy, - h)FY (Fin, fig, o, fis) 0w X) P 47)
= \Jo Hu(hy, hy, - SR (Fi, Tig, - T ) 0 x
On the other hand, from p > 1 > r > 0 and Theorem 4.1, we have
m b % )
[Z(J Hi(hy, ha, - R (Fir, fio, o, fi) O X) ]
i=1 V74
b m p
> J Hi(hy, hy, oo ) <ZFki(fu,fu,'“ /fiki)> X, (4.8)
a i=1
and
m b % T
[Z(J Hi(hi, ho, -+ ho R (fin, fio, oo fig) 0w X) }
=100 (4.9)

b m T
< J Hl(hlth/"' /hl)<ZFki(f11/f12/"' /fiki)> S X.
i=1
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Combining inequalities (4.7), (4.8) and (4.9) yields inequality (4.6) immediately. Clearly, the desired in-
equality (4.6) also holds for p =1 or v = 0. This completes the proof of Case (I).
Similarly, we can prove the Case (II). The proof of Theorem 4.5 is completed. O

Similar to the proof of Theorem 4.5 but using Theorem 4.3 in place of Theorem 4.1, we immediately
obtain the following result.

Theorem 4.6. Let T be a time scale, a,b € T with a < b, let fi(x) (1 =1,2,---,m), h(x) : [a, bl — [0, c0) be
on-integrable functions and let fz h(x)fI(x)oax>0(1=12,...,m).

D Ifp=1=>r=>0,then

<IE h(x) (M, fi(x))%ax> T i (

Fone) (I filx) oax

(4.10)

() If0<p <rorr<p <O, then inequality (4.10) is reversed.
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