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Abstract

The object of the present paper is to introduce and investigate new subclasses of the function class L of bi-univalent
functions defined in the open unit disk U, involving quasi subordination. The coefficients estimate |ay| and |as| for functions in
these new subclasses are also obtained. (©2017 All rights reserved.
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1. Introduction

Let A be the class of all functions of the form
fla)=z+) anz, (1

which are analytic in the open unit disk U = {z € C; |z| < 1}.

Suppose § denotes the class of all functions of A which satisfy normalized condition f(0) = 0 and
f’(0) = 1 which are univalent in U.

Since univalent functions are one-to-one, they are invertible and the inverse functions need not be
defined on the entire unit disk U. In fact, the Koebe-one quarter theorem [1] ensures that the image of U
under every univalent function f € A contains a disk of radius 1/4. Thus, every univalent function f has
an inverse f ! satisfying f~! (f(z)) = z, (z € U), and

F(w) =w  (wl <o), mo(f) >1/4).
In fact, the inverse function f~! is given by

Y w) =w—anw? + (Za% —az)w’® — (Sag —5aaz + ag)wh + - -
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A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let £ denote the
class of bi-univalent functions defined in U.

An analytic function f(z) is subordinate to an analytic function g(z) if there exists an analytic func-
tion w(z) in U satisfying w(0) = 0 and [w(z)| < 1(z € U) satisfying f(z) = g(w(z)). We denote this
subordination by, cf. [5, p. 226],

f(z) <g(z) (zelU).

Further, a function f(z) is said to be quasi-subordinate to g(z) in the open unit disk U if there exists
an analytic function ¢(z) such that f(z)/@(z) is analytic in U,

f(z)
< g(z zelU
o <92 (€W
and |@(z)| < 1(z € U). We also denote this quasi-subordination by
f(z) <q g(z) (z€eW). (1.2)

Note that the quasi-subordination (1.2) is equivalent to

f(z) = @(z)g(w(z)) (zeU), (1.3)

where |@(z)] <1 (z € U).

In the quasi-subordination (1.3), if ¢(z) =1, then (1.3) becomes the subordination (1.3).

For analytic functions f(z) and g(z) in U, we say f(z) is majorized by g(z) if there exists an analytic
function ¢(z) in U satisfying |@(z)| < 1 and f(z) = @(z)g(z) (z € U). See [7, 11, 12] for works related to
quasi-subordination.

Lewin [8] investigated the bi-univalent function class X and showed that |a;| < 1.51. Subsequently,
Brannan et al. [1] conjectured that |a,| < V2. Netanyahu [10], on the other hand, showed that max¢cs [az| =
%. Brannan and Taha [2] obtained initial coefficient bounds for certain subclasses of bi-univalent functions,
similar to the familiar subclasses of univalent functions consisting of strongly starlike, starlike and convex
functions. Later, Srivastava et al. [13] introduced and investigated subclasses of bi-univalent functions
and obtained bounds for the initial coefficients. Many researchers (see [3, 4, 6, 13, 14]) have recently
introduced and investigated several interesting subclasses of the bi-univalent function class £ and they
have found non-sharp estimates of initial coefficient bounds |ay| and |a3|.

In the present paper, the coefficient bounds of |ay| and |as| for certain classes involving the quasi-
subordination are obtained. The subclasses in this paper are motivated essentially by corresponding
subclasses investigated in [7].

2. Coefficient estimates
Let us assume that there exists a function ¢(z) analytic in the open unit disk U and |@(z)| < 1 s.t.
d(z) =Ag+Aiz+ A2+ (2l <1). (2.1)
Since ¢(z) is analytic and bounded in U, we have [9, page 172]
Anl <1—|AP <1 (n>0). (2.2)

Also, let h(z) be an analytic function with positive real part in U, satisfying h(0) = 1, h/(0) > 0 and
h(U) is symmetric with respect to the real axis. Such a function has a Taylor series of the form

h(z) =1+ Biz+Byz> +---,B; > 0.
Suppose that u(z) and v(z) are analytic in U with u(0) =v(0) =0, [u(z)| <1, [v(z)| < 1, and suppose that

oo oo
u(z) =bjz+ Z bnz™, v(z) = ci1z+ Z cnz (2l < 1).
n=2

n=2
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It is well-known that
b1l <1, [bol <1101 el <1, leal < 1—leql (2.3)

By a simple calculation, we have
h(u(z)) =1+ B1biz+ (Blbz + sz%) 22 +-- 0zl <1,

and
h(v(w)) =14 Bicyw+ (Bico + Bocd) w? + -+, w| < 1.

We define a subclass of X as follows:
Definition 2.1. A function f € I is said to be in the class Hq(Z, h) if and only if:
f'(z) =1 <4 h(z) —1, g’ (w)—1=<q h(w)—1,

or
f'(z) =1 = ¢(z) (h(u(z)) —1), g'(w) —1=dw) (h(viw))—1),
where [$(z)| <1 (z € U) and g(w) = f~1(w).

On taking ¢(z) = 1 in Definition 2.1, we get the following subordination class:
f'(z) < h(z), g'(w) < h(w).

We name this class as H(Z, h).
Now, we first derive following coefficient estimates for the subclass Hq(Z, h):

Theorem 2.2. If f given by (1.1) is in the subclass Hé(h), then

B; /B;+|B BZ 2 |B
|a2|<min{21, 1—;|2|}, |a3|<min{41+3]31,32|+81}.

Proof. Let f € H%(h) and g = f~1. Then, there are analytic functions u,v : U — U given by (2.2) and a
function ¢(z) in U defined by (2.1) satisfying

f'(z) =1 =¢(z) (h(ulz) 1), g'(w)—1= W) (h{v(w)—1).

Since
f'(z) =14+ 2az+3azz + -+, ¢'(w)=1-2aw+3(2a5 —az) w?+---,
and
$(z) (h(u(z) —1) = AgB1biz + [A1B1by + Ag (Biby + Bob7)] 22+ -+, (2.4)
with
d(w) (h(v(w) —1) = AgBieyw + [AlBlcl + Ao (Blcz + BzC%)] w? +--- (2.5)
It follows that
2(12 = A()Blbl, (26)
3a3 = A1B1b;y + Ag (Biby + Bobi), 2.7)
—2(12 = AQB1C1, (28)
3 (2a5 —a3) = A1Bycy + Ag (Bica + Baci) . (2.9)

From (2.6) and (2.8), we have
b1 = —C1q. (2.10)
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Squaring and adding (2.6) and (2.8), and then using (2.10), we have

Adding (2.7) and (2.9), we have

4a3 = A3B3c3.

6a35 = Ag [B1(bz2 + ¢2) +2Boci] .

By using (2.2) and (2.3), we have from (2.11) and (2.12) that

/B1+ (B2l
3 v

respectively. So we get the desired estimate on the coefficient |a;| as asserted in (2.1).

B1
lao] < = and |ay| <

2

(2.11)

(2.12)

(2.13)

Next, in order to find the bound on the coefficient |a3|, we subtract (2.9) from (2.7). Thus, we get

6a3 —6a3 = A1B1(by —c1) + Ag [B1(ba — c2) + Ba(b] — )] .

Therefore (2.10), (2.11), and (2.13) yield

3
6az = EA%B%C% —2¢1A1B1 + AgB1(by —¢2).

Thus, we find by using (2.2) and (2.3) that

Also from (2.10), (2.11), and (2.13), we have

6as = Ay [Bl (ba +c2) +232Cﬂ —2¢1A1B1 + AgB1(by —c3).

Thus, we find by (2.2) and (2.3) that

lag| < By + ——.

4

This evidently completes the proof of Theorem 2.2.

Theorem 2.3. If f given by (1.1) is in the subclass H(XZ, h) then

laz| < min {

and

laz| < rnin{

By
2

Bi

4

1
lag] < =B+

2
3

=Bj.

Bl

3

/B1+ (B2l
7 3 7

B1 [Ba[+ 2By

6 7

-

Proof. The result is obvious, by taking ¢(z) =1 (z € U) and using the similar procedure as in Theorem

2.2.

Definition 2.4. A function f € X is said to be in the class S4 (%, h) if and only if:

zf'(z)
f(2)

where [¢|(z) <1 (z € U) and g(w) = f~1(w).

—1 <4 h(z)—

1,

wg’(z)
glw

)

—1 <4 h(w)

—1,

O
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On taking ¢(z) =1 in Definition 2.1, we get the following subordination class:

wo'2) .

< h(z),
g(w)
We name this class as $*(Z, h), where g(w) = f~1(w).

Theorem 2.5. If f given by (1.1) is in the subclass S3 (X, h) then

lay| < min {Bl, /By + |132\} (2.14)

and
lag| < min{B(1+ By),3B1}.

Proof. Let f € S5(X,h) and g = f~1. Then there are analytic functions u,v: U — U given by (2.2) and a
function ¢(z) in U defined by (2.1) satisfying

zf'(z) wg'(w)
—1=0d(z) (h(u(z)—-1), —1=0¢w) (h(iviw)—1). 2.15
) $(z) (h(u(z) - 1) ) d(w) (h(v(w) —1) (2.15)
Since
zf'(z) N 2 wg’(w) » 0y
=1 2a3 — =1-2 -2 2.16
f2) + axz+ ( as az) 54, o(w) aw + (3a2 03) w” + (2.16)
By using (2.4), (2.5), (2.15), and (2.16), we have
ay = A()Blbl, (217)
2a3 — (1% = A1B1b1 + Ay (Blbz + sz%) , (2.18)
—ap = AgBicy, (2.19)
3a3 —2a3z = A1Bic1 + Ag (Bicz + Baci) . (2.20)
From (2.17) and (2.19), we have
b1 = —C1q. (2.21)

Squaring and adding (2.17) and (2.19), and then using (2.21), we have
a5 = A%B3cl. (2.22)
Adding (2.18) and (2.20), and then using (2.21), we have
2a5 = Ag [B1(ba + c2) +2Baci] . (2.23)
By using (2.2) and (2.3), we have from (2.22) and (2.23) that

lao| < By and |ap| < /By + (B2,

respectively. So we get the desired estimate on the coefficient |a| as asserted in (2.14).
Next, in order to find the bound on the coefficient |a3|, we subtract (2.20) from (2.18). Thus, we get

4a3 —4a3 = A1By (b1 —c1) + Ag [B1(bz — c2) + Ba(b] — cf)] . (2.24)
Therefore, (2.21), (2.22), and (2.24) yield

4az = 4A%B3c? —2c1A 1By + AgB1 (b — c2).
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Hence, we find by using (2.2) and (2.3) that
laz| < Bq(1+ By).
Also from (2.21), (2.22), and (2.24), we have
4az = 2Ag [B1(bz + ¢2) +2Baci] —2¢1A1By + AgB1(by — o).

Thus, we find by (2.2) and (2.3) that
las| < 3B;.

This evidently completes the proof of Theorem 2.5. O
Theorem 2.6. If f given by (1.1) is in the subclass S*(Z, h), then

jaal < min { By, /By +[Ba |

and
B 3

~B1 + |Bz|}-

g i B2 n 7
las] mm{ 1+ 275

Proof. The result is obvious, by taking ¢(z) =1 (z € U) and using the similar procedure as in Theorem
2.5. O

Definition 2.7. A function f € I is said to be in the class Cq(Z, h) if and only if:

zf"(z)
f'(z)

wg”(z)
g’'(w)

<q h(z) -1,

<q h(w) -1,

where |¢p(z)| < 1 (z € U) and g(w) = f~1(w).
On taking ¢(z) = 1 in Definition 2.1, we get the following subordination class:

zf"(z)
f'(z)

1+ <h(z), 1+

We name this class as C(Z, h).

Theorem 2.8. If f given by (1.1) is in the subclass C4 (X, h), then

B; /Bi+ B
|z <min{l M} (2.25)

27 2

and
1 5

.1, 1
< - ~By, = :
laz] < min {481 + 3B1, 6B1 + 2Ile}
Proof. Let f € Ké(h) and g = f~1. Then, there are analytic functions u,v : U — U given by (2.2) and a
function ¢(z) in U defined by (2.1) satisfying

) o) hiuz) 1), &Y ) (hiviw) 1), (226)
(2) o' (w)
Since (2) ()
z z — — 2 2 PP Wg w e 2 — 2 .o
) 2apz+ (6as —4a3) z* + -, ) 2w + (8a5 —6az) Wi+ - . (2.27)
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By using (2.4), (2.5), (2.26), and (2.27), we have

2a; = AgB1by, (2.28)
6a3 —4a3 = A1B1by + Ag (Biby + Bob7), (2.29)
—2a; = AgBicy, (2.30)
8a3 —6as = A1Bicy + Ag (Bica + Baci) . (2.31)
From (2.28) and (2.30), we have
by = —c1. (2.32)

Squaring and adding (2.28) and (2.30), and then using (2.32), we have
4a3 = A3B3c3. (2.33)
Adding (2.29) and (2.31), and then using (2.32), we have
4a3 = Ag [B1(ba + c2) +2Baci] . (2.34)

By using (2.2) and (2.3), we have from (2.33) and (2.34) that

\/B1 +1B2

B
| < — and |ay| <
| 2| S > | 2| S 2 ’

respectively. So we get the desired estimate on the coefficient |a,| as asserted in (2.25).
Next, in order to find the bound on the coefficient |a3|, we subtract (2.31) from (2.29). Thus, we get

12a3 — 12a3 = A1B1(by — ¢1) + Ag [B1(ba — c2) + Ba(bf — )] . (2.35)
Therefore the equations (2.32), (2.33), and (2.34) yield
12a3 = 3A3B3c? —2¢1A1B; + AgB1(by —c2).
Thus, we find by using (2.2) and (2.3) that

1 1
|C13| < 18% + gBl

Also from (2.32), (2.34), and (2.35), we have
12a3 = 3Ay [Bl(bz +co) + 2820%] —2¢1A1B1 + AgB1(by —c2).

Hence, we find by (2.2) and (2.3) that

5 1
< =By + £(Bal.
las] < ¢B1+ /B2l
This evidently completes the proof of Theorem 2.8. O

Theorem 2.9. If f given by (1.1) is in the subclass C(X, h), then
.| B /B1+By]
< — _—
Iazl\mm{z,w 5 ,

]ﬁ B1 ZB |Bz|}

and

las] <min{4 + c’3 1+ >

Proof. The result is obvious, by taking ¢(z) =1 (z € U) and using the similar procedure as in Theorem
2.8. O
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3. Conclusion

In the paper, classes of analytic bi-univalent are introduced with the help of quasi-subordination.
Further, coefficient estimates of initial Maclaurin coefficients are also obtained.
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