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Abstract

The Daehee polynomials and numbers are introduced by Kim and Kim in [D. S. Kim, T. Kim, Appl. Math. Sci. (Ruse), 7
(2013), 5969-5976], and many interesting identities and properties of these polynomials have been found by many researchers.
In this paper, we consider the modified degenerated Daehee polynomials and derive some new and interesting identities and
properties of those polynomials. (©2017 All rights reserved.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C,, will respectively denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completions of algebraic
closure of Qp. The p-adic norm |- |, is defined normally as [pl, = %.

Let C(Z;) be the space of continuous functions on Z,. For f € C(Z,,), the p-adic invariant integral on

Zy, is defined by Kim as follows [7, 8].

L
Iy(f) = JZ f(x)dug(x) = lim — f(x). (1.1)

If we put fr(x) = f(x +n), then, by (1.1), we can derive the following very useful integral identity;

n—1

Io(fn) —To(f) = Y (1. (1.2)

1=0
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In particular, if n =1, then
Io(f1) —Io(f) = £ (0). (1.3)

The Stirling numbers of the first kind are given by
X)n=x(x—1)---(x—mn+1) ZSlnl >0),

and the Stirling numbers of the second kind are defined by the generating function to be

(et —1)™ —n'ZSZln

(see [2, 25]). Note that

L

(loglx-+1)" =nt Y Sy(Ln 1T (>0,

l=n
(see [2, 25]).
As is well-known, Bernoulli polynomials of order r are defined by the generating function (see [3-6, 9-24])

t ' t (r) B
<et_1> =y BRG

In the special case, x =0, Bg ) — Bg ) (0) are called the Bernoulli numbers of order r.
From (1.1), we note that

ad tn t \"
> B = () e =t e ) dual), (1.4
n. e —1 7. Vi
n=0 P P
and by (1.4), we have
B (x) =j (x1 4 - xr 430 dpto(x1) - - dito(xr), (> 0), (15)
Z.

P

(see [3-6, 9-24]).
In [6, 10, 17-19, 26, 27], authors defined the Daehee polynomials as follows,
o0 n
Z Dy (x t log(i+t)(1+t)xl

n=0

and, in [4, 5], authors defined the modified degenerate Bernoulli polynomials of order r as follows:
00 m t T
T) Ix
) X)— = ——— ] 14+
Bl ((1+7\)i—1> 1A

Recently, Daehee numbers and polynomials are introduced by Kim and Kim in [10], and by many
mathematicians, which are generalized and obtained many new and interesting properties (see [1, 3,
6, 10, 12-20, 22-24, 26, 27]. In this paper, we consider the modified degenerate Daehee polynomials
and numbers by using the p-adic invariant integral, and derive some new and interesting identities and
properties of those polynomials.
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2. Modified degenerate Daehee polynomials and numbers
From now on, we assume that t € C with [t|, < pfﬁ and A € Z,,.
The modified degenerate Daehee polynomials are defined by the generating function to be
080N Jog(1 4t 3
BT (1, Ayiios(isul Z MDi 1 (x 2.1)
(1 + )\) log(1+t) 1
In the special case, x =0, MDy » = MDy, A (0) are called modzﬁed degenemte Daehee numbers.

Note that

Mlo i )
g(l +t) llog(l—l—t) _log(l +t) . ¢
Since
(1 + 7\) 3 log( 1+t) _ log(1+7\)—ﬂlog(1+t)
e (log(1+A)\" .
n=0 n!
— (log(1+A)\" o0 Q 02
:Z ( A ) (X—Fy)nianSl(l,n)U
n=0 =
0o n log(1+A)\™ o
:Z Z < g(}\ )> (X+y)m51(n,m) -,
n=0m=0
and

n log(1+A) 1+7\
Z MDA (x t _ 'o og(1+t) (14 A7)} log(1+t)
n' (1+}\) log(1+t) 1

=< MDDy )(iz(“g””) 1 (m, D' ) (2:3)
0 n 1 n

Y Y Y (;‘1) (lg“;”) S1(m, UMDy p
n=0 = '

by (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1. For each nonnegative integer n, we have

MDa (x Z( ) <1€%1+7\)) Sy (m, UMDy max".
=01=0

Note that, by (1.3), we have

log( 1—0—?\ 10 (1+t) 00 tn
14 A) K log(1+t) g 8 1+A) 30804 = 7 MDA (x) =, (24
J, ens aly) = Aty ! 3 MOm @
and, by (2.2) and (1.5),
= = /log(1+A)\™ . tn
J (14A)~ 18I+ qug (y) = ZJ > <g(7\)> (x+y)™S1(n, m)duo(y)—;
2 & (log(1+A)\™ tn '
=3 Y () s miniol
n=0 m=0 )

Therefore, by (2.4) and (2.5), we obtain the following theorem.
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Theorem 2.2. For each nonnegative integer n, we have
o tn
3 MDA = [ (AT s )
— n. Z,
and
n m
log(1+A
MDn,)\(X) = Z (g()\)> Si(m, m)Bm (x).
m=0
By replacing t by e* — 1 in (2.1), we have
log(14+A) 00 1
A Lx t n
—A (14 A" = MDA (x)— (e —1
(1A —1 nZ_O AT
=D MDua(x)—m! ) SaLm); (2.6)
n=0 l=m
o0 n tn
=) ) MDpa(x)S2(n,m)—,
n=0m=0
and
log(1+A) 1+)\ 10 N log(14+A) ) n
g(1+ (et —1)) % log(14(et—1 Bt o log(1+A) t
T4 A)Rlos(ir(et-1)) = A7 (g4 z)ix = Do T —. @7
(1+7\) 1 log(1+(et—1)) _ 1( ) (]+}\)%_1( ) A nZ_OBn'A(X)TL! 2.7)
By (2.6) and (2.7), we obtain the following corollary.
Corollary 2.3. For each nonnegative integer n,
)\ n
Bralx) = W Z MDA (x)S2(n, m).
m=0
By (1.3), we note that
IOg(l}\‘f’ >\) lOg(l —i—t) :J (1 + A)f%llog(lth)duo(y) _J (1 +)\)}}%log(1+t)duo(y)
Z Zy
=) MDA =) MDna 2.8)
n=0 n=0
o0 tn
=) (MDnx(1)=MDnp) .
n=0 )
Since -
t
log(1+t) =) (-1)"'—, (29)
n=1 n
by (2.8) and (2.9), we obtain the following theorem.
Theorem 2.4. For each nonnegative integer n, we have
MDoj =1, MD (1) =MDy p = (1) 120N (> g
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For each n € N, by (1.2) and (2.9), we have

J (14 A) 108140 g () j (14 A) R 18040 g ()
z, z,

'« log(1
:§:4§§§;lbg1+ﬂu+x)bg“ﬂ (2.10)
a=0
00 k 1 n—1 m+1 k+1
- Z (Z Z (D <log(1)\+ M) aS1{tm) <]1<> kEJ{Jlr1> (kt+ 1)!
k=0 \1=0 m=0 a=0 :
and
+n > tk
J (1+A)‘ﬂ‘°g“+ﬂduo(y)—J (1+ )38 g (y) = 3 (MDya(n) — MDyp) (2.11)
Zy Zy k=0 K

Hence, by (2.10) and (2.11), we obtain the following theorem.

Theorem 2.5. For each nonnegative integer n and each positive integer k, we have
MDo(n) =MDy =1,

and

log(1+A)\™" K\ k+1
MDkJrl,)\( ) MDkJrl)\—Z Z Z <7\> a Sl(l,m) 1 m

1=0 m=0 a=0

From now on, we consider the modified degenerate Daehee polynomials of order v defined by the generating
function as follows:

T th
> MDUK) = sz - -'sz(l )

When x =0, T\/lDE1 n’;\
Note that, by (1.1) and (2.2),

Z MD tn

X1+ +xr+x

g1+t qpig (x1) - - - dpto(xr). (2.12)

log(1+t)

((1+7\) log(l+t)_1

MDn, 7\ ) (Z Z <log L+ > m31(n,m):>

n=0m=0

) (1+)\) X log(1+t)

ny+onr=n (213)

S P M [y

n=0 \ m=0 nq,..nr=>0
ny+-+nr=m

k n
y (W) stl(n_m,k)> i
A n!

m nr) are the multinomial coefficients.
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In addition, by (1.1) and (2.2), we have

—

J J 1+)\)M10g(1+t dpo(x) -+ - dpo(xy)
z, z,

:;) Z: <logl+?\)> Sl(n,m)JZp"'JZP(M+---+xr+x)mduo(X1)-'-dH0(Xr)$ (2.14)
=) ) <1°glk+m> 1, m)BR ().

n=0m=0
By (2.12), (2.13), and (2.14), we obtain the following theorem.
Theorem 2.6. For each nonnegative integer n, we have

k
Z Z Z (nll n ) ( >MDn1 A MDnr,A X (k)g(].)\—f-)\)> Sl(n—m,k)xk

m=0 ng..nr=0
ny+-4nr=m

and

MDY () = > <W>m51(n,m)3g?(x).

By replacing t by e* —1 in (2.13), we get

log(l—l—)\)t T .
S w—_— R N
(1+A)x—1

and

log(14+A) log(14+A) T
<°glog(1+ (e 1))) (14 A)Xlog(1+(et=1)) <Og7\t (1+A)*
1

log(1+(et—1)) 1+A)r —1
(1+A)x 00( +1 )X (2.16)
og(1+M\" _(r tn
=Z( sl )> Bl 0L
n=0 n

By (2.15) and (2.16), we obtain the following theorem.

Theorem 2.7. For each n > 0, we have

y (2.13), we observe that

i (MD(T;(xH) ~MD *;(x)) L

n,
n=0

log(1+A) log(1+A)
_ Og710g(1+t) (1+)\)XT“log(1+t)_ LloguH) (1+7\)§1°g“+”
(1+7\) log 1+t) _1q (1+>\) log 1I+t) _1q
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log( 1+7\ 1 14t r—1
_ 81+ ) gy priestiey) (2.17)
(1+)\) Llog(1+t) _ 1

(r—1) &
= Z MD., ()
n=0

Therefore, by (2.17), we obtain the following theorem.

Theorem 2.8. For eachn > 0 and r € IN, we have

MDD} (x +1) —MD} (x) = MDU 3V ().

n,

Now, we consider the modified degenerate Dachee polynomials of the second kind defined by the generating
function as follows:

Z Sk —JZ (14+2) 518 D dpg (). (2.18)

By (1.1), we have

M log(1+1t)

(1+ 7\) ~log(1+t) _ 1
M log(1+1t)
(1 +7\) 1 log(1+t) _ 1

J (1+)\)3’)\+—Xlog(1+t)du0(y) _ (1+)\)%10g(1+t)
Zy

(1 _’_}\)XT“log(Ht) (2.19)

.tTL
= Z MDna(x+1)—,
n

n=0
and, by (2.2),
mn

ST Z <« /1
JZ (1+A) "~ sty (y :Z > <°g(1+7\)> Si(n, m)J (x—y)mduo(y)%

n=0m=0 A Zy
;Z_(logi“)) 81, m) (1) "B )

Thus, by (2.18), (2.19), and (2.20), we have the following theorem.

(2.20)

Theorem 2.9. For each n > 0, we have
MDn(x) = MDpna(x +1),

and

NDna(x) = 3 (FEEEA) sy, m) 1) B ()

m=0
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