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Abstract

In this paper, we introduce and analyze a hybrid steepest-descent viscosity algorithm for solving the triple hierarchical
variational inequality problem with constraints of two problems: one generalized mixed equilibrium problem and another
bilevel variational inequality problem in a real Hilbert space. Under mild conditions, the strong convergence of the iteration
sequences generated by the algorithm is established. Our results improve and extend the corresponding results in the earlier
and recent literature. (©2017 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C be a nonempty closed convex
subset of H, and Pc be the metric projection of H onto C. If {x,} is a sequence in H, then we denote by
Xn — X (respectively, x, — x) the strong (respectively, weak) convergence of the sequence {x,,} to x. Let
S : C — H be a nonlinear mapping on C. We denote by Fix(S) the set of fixed points of S and by R the set
of all real numbers. A mapping S : C — H is called L-Lipschitz continuous if there exists a constant L > 0
such that

Isx—Syll <Llx—yl, ¥xyeC.
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In particular, if L =1, then S is called a nonexpansive mapping; if L € [0,1), then S is called a contraction.
Let A : C — H be a nonlinear mapping. The classical variational inequality problem (VIP) ([10, 15]) is

to find x € C such that
Ax,y—x) >0, WvyeC. (1.1)

The solution set of VIP (1.1) is denoted by VI(C, A).

It is well-known that, if A is a strongly monotone and Lipschitz-continuous mapping on C, then VIP
(1.1) has a unique solution. In 1976, Korpelevich [14] proposed the following extragradient method for
solving the VIP (1.1) in Euclidean space R™:

Yk = Pclxkx — TAXy),
Xk+1 = Pc(xx —TAYy), Vk >0,

with T > 0 a given number. The literature on the VIP is vast and Korpelevich’s extragradient method has
received great attention given by many authors, who improved it in various ways; see e.g., [4, 5, 18, 26,
27, 31] and references therein.

Let A:C — Hand B: H — H be two mappings. Consider the following bilevel variational inequality
problem (BVIP):

Problem 1.1. We find x* € VI(C, B) such that
(Ax*,x —x*) >0, Vxe€ VI(C,B),
where VI(C, B) denotes the set of solutions of the VIP: find y* € C such that
(By*,y—y*) >0, weC

In particular, whenever H = R™, the BVIP was recently studied by Anh et al. [1]. Bilevel variational
inequalities are special classes of quasivariational inequalities ([9, 24]) and of equilibrium with equilibrium
constraints considered in [13]. However it covers some classes of mathematical programs with equilibrium
constraints, bilevel minimization problems ([19]), variational inequalities ([28, 30]) and complementarity
problems.

In what follows, suppose that A and B satisfy the following conditions:

(C1) B is pseudomonotone on H and A is (3-strongly monotone on C;
(C2) A is Ly-Lipschitz continuous on C;

(C3) B is Ly-Lipschitz continuous on H;

(C4) VI(C,B) # 0.

In 2012, Anh et al. [1] introduced the following extragradient iterative algorithm for solving the above
bilevel variational inequality.

Algorithm 1.2 ([1, Algorithm 2.1]). Initialization: choose u € R™ and xg € C.

Step 1. Compute yi := Pc(x — AxBxy) and zy := Pc(xx — AxByy).
Step 2. Inner loop j =0,1,.... Compute

Xk,0 ‘= Zk — >\AZk,

Yk,j := Pclxx; — 6;Bxk 5),

Xij+1 1= 0Xx,0 + Bixi, +ViPc(xk,j — 8By j).

If ||xkj+1 — Pvi(c,B)XKk0ll < & then set hy :=xy ;41 and go to Step 3,

Otherwise, increase j by 1 and repeat the inner loop Step 2.

Step 3. Set Xy 41 = o+ PrXxk + Ykhk. Then increase k by 1 and go to Step 1.
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Theorem 1.3. Suppose that the assumptions (C1)-(C4) hold. Then the two sequences {xy} and {z\.} in Algorithm
1.2 converge to the same point x* which is a solution of the BVI.

Furthermore, let @ : C — R be a real-valued function, A : H — H be a nonlinear mapping and
© : C x C — R be a bifunction. In 2008, Peng and Yao [18] introduced the following generalized mixed
equilibrium problem (GMEP) of finding x € C such that

Oxy)+ely) —ex)+Axy—x) >0, vyeC (1.2)

We denote the set of solutions of GMEP (1.2) by GMEP(O, ¢, A). The GMEP (1.2) is very general in the
sense that it includes, as special cases, optimization problems, variational inequalities, minimax problems,
Nash equilibrium problems in noncooperative games and others. The GMEP is further considered and
studied; see e.g., [7]. In particular, if ¢ = 0, then GMEP (1.2) reduces to the generalized equilibrium
problem (GEP) ([22]) which is to find x € C such that

O(x,y)+ (Ax,y—x) >0, VYyeC.

The set of solutions of GEP is denoted by GEP(®, A).
If A =0, then GMEP (1.2) reduces to the mixed equilibrium problem (MEP) ([8]), which is to find
x € C such that

Oxy)+oy)—ex) >0, vyeC.

The set of solutions of MEP is denoted by MEP (O, ¢).
If =0, A =0, then GMEP (1.2) reduces to the equilibrium problem (EP) ([2, 21]), which is to find
x € C such that
O(x,y) >0, vyeC. (1.3)

The set of solutions of EP is denoted by EP(®). It is worth to mention that the EP is a unified model of
several problems, namely, variational inequality problems, optimization problems, saddle point problems,
complementarity problems, fixed point problems, Nash equilibrium problems, etc.

It is assumed as in [18] that ® : C x C — R is a bifunction satisfying conditions (A1)-(A4) and
@ : C — Ris a lower semicontinuous and convex function with restrictions (B1) or (B2), where

(A1) ©(x,x) =0 for all x € C;
(A2) O is monotone, i.e., O(x,y) +O(y,x) < 0 for any x,y € C;
(A3) © is upper-hemicontinuous, i.e., for each x,y,z € C,

limsup O(tz+ (1 —t)x,y) < O(x,y);

t—0t+

(Ad) O(x,-) is convex and lower semicontinuous for each x € C;
(B1) for each x € H and r > 0, there exists a bounded subset Dx C C and yx € C such that for any
z € C\ Dy,

Oz, y0) + 0lys) — 0(z) + (y —2,2—x) < 0;

(B2) Cis a bounded set.

Given a positive number r > 0. Let Tr@’(p)

problem, that is, for each x € H,

: H — C be the solution set of the auxiliary mixed equilibrium

1
L0 =y € C: 0(y,2) + 0(z) —9(y) + _(y—xz—y) >0,¥z € C).

Recall that, a mapping T : C — C is said to be semicompact if for any bounded sequence {x,,} in C
such that ||xn — Txn|| = 0 as n — oo, there exists a subsequence {xn,} C {xn} such that x,, — x*. A
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mapping T : C — C is called a C-strictly pseudocontractive mapping (or a ¢-strict pseudocontraction) if
there exists a constant ¢ € [0,1) such that

ITx =Ty < x =yl + ¢lI-Tx— (I-Ty|? vxyeC.

In 2009, Ceng et al. [2] proposed an iterative scheme for finding a common element of the set of
solutions of the EP (1.3) and the set of fixed points of a strictly pseudocontractive mapping in a real
Hilbert space H. They established some weak and strong convergence theorems by combining the ideas
of Marino and Xu’'s result [16] and Takahashi and Takahashi’s result [21].

Recall the variational inequality for a monotone operator A; : H — H over the fixed point set of a
nonexpansive mapping T : H — H:

find % € VI(Fix(T), A1) := {x € Fix(T) : (A1%,y — %) > 0,y € Fix(T)},

where Fix(T) := {x € H: Tx = x} # (. In [12], liduka introduced the following three-stage variational
inequality problem, that is, the following monotone variational inequality with variational inequality
constraint over the fixed point set of a nonexpansive mapping.

Problem 1.4. Assume that

(i) T:H — H is a nonexpansive mapping with Fix(T) # 0;

(ii) A1:H — His a-inverse strongly monotone;
(iii) A2 : H — His B-strongly monotone and L-Lipschitz continuous;
(iv) VI(Fix(T), Aq) # 0.

Then the objective is to
find x* € VI(VI(Fix(T), A1), A2) = {x* € VI(Fix(T), A1) : (Axx*,v—x") > 0,¥v € VI(Fix(T), A1)}

Since this problem has a triple structure in contrast with bilevel programming problems ([17]) or
hierarchical constrained optimization problems or hierarchical fixed point problem, it is referred to as a
triple-hierarchical constrained optimization problem (THCOP). More precisely, it is referred as a triple
hierarchical variational inequality problem (THVIP); see Ceng et al. [6]. Very recently, some authors
continued the study of liduka’s THVIP (i.e., Problem 1.4) and its variant and extension; see e.g., [3, 6, 29].

Algorithm 1.5 ([12, Algorithm 4.1]). Let T: H -+ H and A; : H — H (i = 1,2) satisfy the assumptions
(i)-(iv) in Problem 1.4. The following steps are presented for solving Problem 1.4.

Step 0. Take {ouc}2 o, (AR C (0,00), and p > 0, choose xg € H arbitrarily, and let k := 0.

Step 1. Given xi € H, compute x 1 € H as

Yk = T(xx — AkA1xi),
XK1 := Yk — Lo A2Yk.

Update k := k+1 and go to Step 1.

Theorem 1.6 ([12, Theorem 4.1]). Assume that {yy}y>_, in Algorithm 1.5 is bounded. If u € (0, i—%) is used and
if {oac )2 € (0,1] and {xx J32_, C (0,20 satisfying (i) limy o0 0xc = 0, (i) Y37 ot = oo, (iil) ) poglXx41 —
o] < 00, (iV) D 5o Aks1 — Akl < 00, and (v) Ak < o VK > 0, are used, then the sequence {x}3°_, generated by

Algorithm 1.5 satisfies the following properties:

(@) {xk}¥ is bounded;
(b) limy 00 ||Xk —Yx|| = 0 and limy o ||xx — Txk || = 0 hold;
(©) If [[xx —ykl|| = o(Ak), {xk I3 converges strongly to the unique solution of Problem 1.4.
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In this paper, we introduce and analyze a hybrid steepest-descent viscosity algorithm for solving the
triple hierarchical variational inequality problem (THVIP) (for a strict pseudocontraction) with constraints
of the GMEP (1.2) and the bilevel variational inequality problem (BVIP) in a real Hilbert space. The
proposed algorithm is based on Korpelevich’s extragradient method, Mann’s iteration method, hybrid
steepest-descent method (see [25]) and viscosity approximation method (see [21]) (including Halpern’s
iteration method). Under mild conditions, the strong convergence of the iteration sequences generated by
the algorithm is derived. Our results improve and extend the corresponding results announced by some
others, e.g., liduka [12, Theorem 4.1], Ceng et al. [2, Theorems 3.1-3.3], and Anh et al. [1, Theorem 3.1].

2. Preliminaries

Throughout this paper, we assume that C is a nonempty closed convex subset of a real Hilbert space
H. We use w,, (xx) to denote the weak w-limit set of the sequence {xy}, i.e.,

Wy (xk) :=={x € H:xy, — x for some subsequence {xy, } of {xy}}.

Recall that a mapping A : C — H is called

(i) monotone if
(Ax—Ay,x—y) >0, VYx,yeC;

(ii) n-strongly monotone if there exists a constant 1 > 0 such that
(Ax—Ay,x—y) Znlx—yl> WxyeC
(iii) a-inverse-strongly monotone if there exists a constant & > 0 such that
(Ax— Ay, x—y) > «f|[Ax— Ayl>, V¥x,yeC.

It is obvious that if A is a-inverse-strongly monotone, then A is monotone and X -Lipschitz continuous.
The metric (or nearest point) projection from H onto C is the mapping Pc : H — C which assigns to
each point x € H the unique point Pcx € C satisfying the property

[x —Pcx|| = inf ||x —y| = d(x, C).
yeC

Some important properties of projections are gathered in the following proposition.

Proposition 2.1. For given x € Hand z € C:

(i z=Pcx & (x—2z,y—z) <0, Wye C;
(i) z=Pcex & [x—zIP < [x—y|*—ly—z|% Yy e C
(iii) (Pcx—Pcy,x—y) = ||P(:X—Pcy”2, Yy € H.

Consequently, Pc is nonexpansive and monotone.

If A is an a-inverse-strongly monotone mapping of C into H, then it is obvious that A is Z-Lipschitz
continuous. We also have that, for all u,v € Cand A > 0,

[(I=AA)u— (T=AAWV|? = [[(u—v) = AAu—AV) > < lu— V|2 +AA —2) |[Au— Av|[>.  (2.1)
So, if A < 2«, then I — AA is a nonexpansive mapping from C to H.

Definition 2.2. A mapping T: H — H is said to be:

(a) nonexpansive if |[Tx — Ty|| < [[x —y|| forall x,y € H;
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(b) firmly nonexpansive if 2T — I is nonexpansive, or equivalently, if T is 1-inverse strongly monotone
(1-ism),
(x—y,Tx—Ty) > |[Tx—Ty|? Vx,ycH;

alternatively, T is firmly nonexpansive if and only if T can be expressed as T = (I +S), where
S : H — H is nonexpansive; projections are firmly nonexpansive.

Next we list some elementary conclusions for the MEP.

Proposition 2.3 ([8]). Assume that ® : C x C — R satisfies (Al)-(A4) and let ¢ : C — R be a proper lower
semicontinuous and convex function. Assume that either (B1) or (B2) holds. For v > 0 and x € H, define a mapping

T%®) . H > C as follows:

1
T (x) ={z € C: O(z,y) + o(y) — 0(z) +ly—zz-x>0weC],

for all x € H. Then the followings hold:
(i) for each x € H, Tr(Q’(p) (x) is nonempty and single-valued;
pty 8
(ii) Tr@’(p) is firmly nonexpansive, that is, for any x,y € H,

0, 0, ®, o,
”Ts (p)X*Té (P)UH2<<T£ (p)X*TE (p)yleyﬁ

(iii) Fix(T{%*®)) = MEP(®, ¢);
(iv) MEP(®, @) is closed and convex;
(v) ||Ts(®’(p)x—Tt(@’(p)xH2 < %(TS(Q’(P)X—TEQ’(D)X, TS(Q’('))X—)Q forall s,t >0and x € H.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.4. Let X be a real inner product space. Then there holds the following inequality
I +yl? < x| +20y, x+y),  vxyeX

Lemma 2.5. Let A : C — H be a monotone mapping. In the context of the variational inequality problem the
characterization of the projection (see Proposition 2.1 (i)) implies

ueVI(C,A) & u=Pc(u—2AAu), VA>D0.

Lemma 2.6 ([11, Demiclosedness principle]). Let C be a nonempty closed convex subset of a real Hilbert space
H. Let S be a nonexpansive self-mapping on C with Fix(S) # (. Then 1 — S is demiclosed. That is, whenever {xn}
is a sequence in C weakly converging to some x € C and the sequence {(I — S)xn} strongly converges to some y, it
follows that (I — S)x =vy. Here 1 is the identity operator of H.

Lemma 2.7 ([16, Proposition 2.1]). Let C be a nonempty closed convex subset of a real Hilbert space H and
T:C — C be a mapping.

(i) If T is a C-strictly pseudocontractive mapping, then T satisfies the Lipschitzian condition

[Tx—Ty| <

1+¢
1_C||x—yH, vx,y € C.

(ii) If T is a C-strictly pseudocontractive mapping, then the mapping 1 —T is semiclosed at 0, that is, if {xn} is a
sequence in C such that x,, — X and (I1—T)xn — 0, then (I-T)X =0.

(iii) If T is (-(quasi-)strict pseudocontraction, then the fixed-point set Fix(T) of T is closed and convex so that the
projection Priy (1) is well-defined.
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Lemma 2.8 ([26]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C bea
(-strictly pseudocontractive mapping. Let 'y and & be two nonnegative real numbers such that (y +08){ < y. Then

y(x—y) +8(Tx =Ty < (y +3)[x—yl, ¥xyeC.
The following lemma can be easily proven, and therefore, we omit the proof.

Lemma 2.9. Let V : H — H be an |-Lipschitzian mapping and F : H — H be an n-strongly monotone mapping. If
un —vyl > 0 for w,y > 0, then uF —vyV is (un — yl)-strongly monotone, that is,

(WF —=yV)x — (RF—=yV)y,x—y) = (i —vyD|x —y|?, V¥xy€eH.

Let C be a nonempty closed convex subset of a real Hilbert space H. We introduce some notations.
Let A be a number in (0,1] and let u > 0. Associating with a nonexpansive mapping S : C — H, we define
the mapping S* : C — H by

SM = Sx — AuF(Sx), Vx e C,

where F : H — H is an operator such that, for some positive constants k,n > 0, F is k-Lipschitzian and
n-strongly monotone on H; that is, F satisfies the conditions:

IFx —Fyl| < kfx—yl| and (Fx—Fy,x—y) =nlx—yl?
for all x,y € H.

Lemma 2.10 ([23]). S? is a contraction provided 0 < p < i—‘;; that is,

I* =Pyl < =20 x—yl, W¥xyeC,

where T =1— /1 —u(2n — ux2) € (0,1].
Lemma 2.11 ([23]). Let {an} be a sequence of nonnegative numbers satisfying the condition
an41 < (1—on)an +anPn, Yn =0,

where {own } and {Br } are sequences of real numbers such that

(i) {on} € [0,1] and 337y an = oo, or equivalently, [ [5_o(1 — an) := limn_y00 [ [R_o(1 — ax) =0;
(ii) limsup, . Bn <0, 0r 3 3 olonPnl < co.

Then, limp o an = 0.
Lemma 2.12 ([11]). Let H be a real Hilbert space. Then the followings hold:

@ [x—yl> = x>~ yl* = 2{x —y,y) forall x,y € H;
(b) |IM+ pyl|? = Allx|> + wlyl? — Aullx —y||® for all x,y € Hand A, € [0, 1] with A+ p = 1;
(c) If {xx} is a sequence in H such that xy. — x, it follows that

limsup [[xi —y|? = limsup [xic —x|P + [x —y[? vy e H.

k—o0 k—o0

3. Iterative algorithm and convergence criteria

Let C be a nonempty closed convex subset of a real Hilbert space H. In this section, we always assume
the followings:

e F:H — His a k-Lipschitzian and n-strongly monotone operator with positive constants k,1n > 0;
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e T:H — His a C-strictly pseudocontractive mapping and V : H — H is an l-Lipschitzian mapping;

e ©:C x C — Ris a bifunction satisfying conditions (A1)-(A4), ¢ : C — RU{+o0} is a proper lower
semicontinuous and convex function with restrictions (B1) or (B2), and A : H — H is «x-inverse
strongly monotone;

. O<p<211 and 0 < yl < T with T =1— /1 — p(2n — px?2);

e A:C— Hand B:H — H are two mappings satisfying the following hypotheses (H1)-(H4):

(H1) B is monotone on H;
(H2) A is B-inverse-strongly monotone on C;
(H3) B is L,- Lipschitz continuous on H;
(H4) VI(VI(Q,B),A) # () where Q2 := GMEP(O, ¢, A) NFix(T).

Next, we introduce the following triple hierarchical variational inequality problem (THVIP) with con-
straints of the GMEP (1.2) and the bilevel variational inequality problem (BVIP).

Problem 3.1. The objective is to
find x* € VI(VI(€2,B),A) :={x* € VI((2,B) : (Ax™,x —x*) > 0,Vx € VI((2, B)}.
That is, the objective is to find x* € VI((2, B) such that
(Ax*,x —x*) >0, Vxe€ VI(,B),
where VI((2, B) denotes the set of solutions of the VIP: find y* € (2 such that
(By",y—y") >0, YyeQ.

Algorithm 3.2. Initialization: choose u € H, xp € H, k =0, 0 < A < 2f3, positive sequences {0k}, {Ak},
{oac}, {Bx}, {vx}, {€x}, and {ry} such that

o0
lim &6, =0, € , ,b 0,2u),
JHm & ];)ek<00 {r} Cla,b] C (0,2c)

[e¢]
o+ BTV =1Yk >0, ) ax =00, lim|riy —1i[ =0,
0 k—o00

. _ = . _ 1 . _ < 1 >
]}grgoak 0, & = ofay), kh_r)r;OBk £e (g3l kh_{r;O?\k 0, A < ¢, Vk=0.

Step 1. Compute

O, y) + @(y) — @(w) + 1y — wi, we — (i — TeAxi)) 20, Wy € C,
U = Brux + (1 — Bi) Tuy,

Vi = oY Vi + vioxk + (1T —vi) D — o pF) iy,

Yk = Pao(vi — ABwy),

zi == Po(vk — AkByk).

Step 2. Inner loop j =0,1,.... Compute

Xk0 ‘= Zk — }\Alk,

Yi,j = Palxk,; —8Bxi ),

Xk,j+1 = 5Xk,0 + Bjxkj +ViPalxk,; — 8Byx,;)-

If ||xkj+1 — Pvi(a,B)XKk0ll < €k then set hy :=xy ;41 and go to Step 3.

Otherwise, increase j by 1 and repeat the inner loop Step 2.

Step 3. Set xy11 1= xxu+ Bixk + yihk. Then increase k by 1 and go to Step 1.
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Let C be a nonempty closed convex subset of H, B : C — H be monotone and L,-Lipschitz continuous
on C,and S : C — C be a nonexpansive mapping such that VI(C, B) NFix(S) # 0. Let the sequences {xn}
and {yn } be generated by

xp € C chosen arbitrarily,
Yk = Pc(xx — dxBxx),
Xk+1 = kX0 + Brxk +VkSPc(xk — 8xByx) Vk >0,

where {ay}, {B}, {yx}, and {6« } satisfy the following conditions:

Ok >0 Vk >0, limdx =0,
k—o0

o+ Pk +yvk =1 Vk >0,

o0

Zock =00, lim oy =0,
k—o0

k=0

0 < liminfPy < limsuppPyx < 1.
k—roo k—o00

Under these conditions, Yao et al. [27] proved that the sequences {xy} and {yx} converge to the same point

Pvi(c,B)nFix(S)X0-
Applying these iteration sequences with S being the identity mapping, we have the following lemma.

Lemma 3.3. Suppose that the hypotheses (H1)-(H4) hold. Then the sequence {xy ;} generated by Algorithm 3.2
converges strongly to the point Pyy o g)(zx — AAzy) as j — oo. Consequently, we have

|hk — Pyia,s) (zk —AAzZ)|| < & Vk > 0.

In the sequel we always suppose that the inner loop in Algorithm 3.2 terminates after a finite number
of steps. This assumption, by Lemma 3.3, is satisfied when B is monotone on (2.

Lemma 3.4. Let sequences {vi}, {yi}, and {z\} be generated by Algorithm 3.2, B be L-Lipschitzian and monotone
on H, and p € VI(Q, B). Then, we have

Iz = pI* < vic=plI* = (1= ML) [vie =y = (1 = AwL2) yie — 2|1 3.1)
Proof. Let p € VI((2,B). This means (Bp,x —p) > 0,Vx € Q. Then, for each Ay > 0, p satisfies the fixed
point equation p = P (p — AxBp). Since B is monotone on H and p € VI((2, B), we have
(Byk, yx —p) = (Bp,yx —p) = 0.
Then, applying Proposition 2.1 (ii) with vi. — A Byy and p, we obtain
Iz = pI* < Vi = AkByic =PI — vi — AByi — zic||?
= |[vic = pII* = 2Ak (Byk, vk — p) + AL[IByx|* — [[vic — zic|?
— AL By + 2Ak (Byi, vic — zi)
= vic = pII> = Vi — zicl > + 2Ak (Byx, p — zi)
= |[vic = pII* = [[vic = zicl* + 2M (Byx, p — yi) + 2Mk (Byie, Yxc — 2k)
< [vie=PI1? = lIvie = 2l + 2M By, yic — z4c).

(3.2)

Applying Proposition 2.1 (i) with v —AxBvy and zy, we also have

<Vk — }\kBVk —Yx,Zk —yk> < 0.
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Combining this inequality with (3.2) and observing that B is L,-Lipschitz continuous on H, we obtain

lzi = PI1* < v =PI = | (vic —yi) + (Y — zi) 1> + 2Ak By, Yie — zi)
= vic = pII* = v =yl = [y — 2l — 2(vic = Y1, Yi — zic) + 20 By, Y — i)
= Vi = PI* = vk = yiel* = llyx — zicl> = 2(vic = AcByx — yi, Y — 2k
= [vic = PI* = Vi =yl * = lyx — 2l > = 2(vic = McBvic — Y, Yie — i)
+ 2Ak (Bvk — Byy, zk —yx)

(3.3)
< vk = PI* = Ivic —ykll* = llyk — z« 1> + 2A (Bvi — Byx, zic — yx)
< vk = PIP = i = ykll* =y — zll* + 2Ak||Bvic — Byxcll]|zi — yxc||
< vk =PI = Ivic = yill* =y — zll* + 2ALa|[vic — vkl |z — |
< v =PpIP = Ivic = ykll* = vk — zcll> + McLa (v — yxlI* + [lz — yl*)
< v = pI* = (1= AkL2)[[vic — Yl > = (1 = AxL2) [[yk — 2«
Utilizing (2.1) and Proposition 2.3 (ii) we have uy = Trk 6.¢) (xx — T Axy) for each k > 0 and hence
luk — I = [ITH®) (xae — Tiexie) — T ®) (p — 1) |2
— 1 Axi) — (p — TiAp) |
|(xic = TicAxx) — (p — 1icAp) || (3.4)

<
< oo — I + T — 200) [ Axic — Ap|?
< o — I

Since limy_,o, B = & € ((, %], we may assume, without loss of generality, that {3} C [c,d] C ((, 1) for all
k > 0. Putting o), = 1—py and B = I —T, we know that B is 1EC—inverse—strongly monotone since T is

(-strictly pseudocontractive. Observe that Tix = Bruk + (1 — Bx)Tux = ux — ok Buy, which together with
(2.1), yields

[t — Pl = luk — ok Bui — (p — 01 Bp)||?

= |uk —p — ok (Bux — Bp)|]?

(3.5)
< Jwk —pl* = o (1 = ¢ — 0k) | B — Bp|?
=l —pl* — (1= Br) (B — Q[ — T[>,
So, it follows from (3.4) and (3.5) that
[t —pll < llwe =Pl < [xic—pll- (3.6)
This completes the proof. O

Lemma 3.5. Suppose that the conditions (A1)-(A4) and (H1)-(H4) hold and that the conditions (B1) or (B2) hold.
Then the sequence {x\ } generated by Algorithm 3.2 is bounded.

Proof. Since limy_,o 0t = 0, limyg_,oo P = & € ((, %] and oy + Bx + vk = 1, we get limy_oo(1 —vk) =
limy o (0t + Bx) = &. Hence, we may assume, without loss of generality, that 0 < 13‘%‘/1{ <1forallk > 0.
Take an arbitrary p € VI(VI(B,2),A). Then we have

(Ap,x—p) >0, Vxe VI,B),

which implies p = Pyy(q,5)(p —AAp). Then, it follows from (2.1), Proposition 2.1 (iii), B-inverse strong
monotonicity of A, and 0 < A < 2f3 that

IPvica,B) (zx — AMzi) —p|* = [|Pvi(a,p) (zx — Mzi) — Pyia,p) (P — AAP)||?
< (I=AA)z — (I-AA)p|?
Iz — Pl +A(A —2B)[|Azi — Ap|]?

2
Iz —PII*

N

3.7
< (3.7)
<



L.-C. Ceng, Y.-C. Liou, C.-F. Wen, A. Latif, ]. Nonlinear Sci. Appl., 10 (2017), 1126-1147 1136

Furthermore, from Algorithm 3.2, Lemma 2.10, and (3.6), we have

[vic =Pl = [loacy Vxi + viexi + ((1 —vi) I — aqepF) e — p|
= [loa (YVxi — uFp) + v (i —p) + (1 —vi) T — o tF) e — (1T — v ) T — o tF)p ||
<oyl —pll + o[ (vV — wF)p || +villx — pll
F (T =vi) T — o uF) e — (1 —va) T — caeuF)p|

(08 -

< oYU =pl + oac[(yV = wF)pll +viclxic = pll + (1 = i) (1 — 5 )|t —p (3.8)
< aucyl|x = pll + ol [(YV — uB)pl| + vic[lxk — Pl + (1 — v — o T) [ xic — P

[|(vV — uF)p||
—(1— —v1 _ Yy RYE T RUPH

(1 —ox(T—vy)|Ixk —pl| + ax (T —v1) —)
(YV — uF)

< maxd|xx —pl, 118% _;11 P||}'

Utilizing (3.3), (3.7), (3.8), and the assumptions 0 < A < 2B, Y $7, €k < co we obtain that

X1 — Pl = [[oacw + Brxi +yihi —p|
oo [[lu—pl + Bxllxk =PIl +Ykllhk — Py, (zk —AAzZi) || + Vi ||Pvi(a,B) (zk — Az ) — |

N

< ocllu—pl| + Brllxi —pll + Vi€ + vicllzk — pll

< oclu—pl| + Brllxi =PIl + Vi€ + Vic|vie — p

< ollu—pll + Brllxk — Pl + vi€x + vk max{|[xk —pl, W}
< o]+ 1 - ) max i — pl, LT =EDRD

< maxt el fu—pl, LT1OPL e,

[(yV —uF)p|
< max{fjxo = pl, Ju—pll, = }+Ze < oo

which shows that the sequence {xy } is bounded, and so are the sequences {uy}, {tix}, {vk}, {yx}, and {z}. O

Lemma 3.6 ([20]). Let {xi} and {yx} be two bounded sequences in a real Banach space X. Let {3} be a sequence
in [0, 1]. Suppose that liminfy_,, By <limsup, ,  Bx <1, Xk1 = (1 — Br)yk + Brxi and

limsup([[yx+1 — yxll — X1 —xk[[) <0
k—o0

Then, limk_mo ”yk — Xk” =0.

Lemma 3.7. Suppose that the conditions (Al)-(A4) and (H1)-(H4) hold. Assume that the conditions (B1) or (B2)
hold and that the sequences {vy} and {z\.} are generated by Algorithm 3.2. Then, we have

241 — zi|l < (1 + A l2)[[vierr — vl + Al Byl + Ak (IBvicr1 || + [IBywxrl| + [[Bv D). (3.9)

Moreover, {zy} is bounded and limy_, ||zxk+1 — zk|| = limk o0 ||[Vk+1 — VK| = 0.

Proof. Since B is L,-Lipschitzian on H, for each x,y € H, we have

I(T=AkB)x — (I—MB)yll < [Ix —yl[ + A[[Bx = By < (1 +AcL2)[[x —yl.



L.-C. Ceng, Y.-C. Liou, C.-F. Wen, A. Latif, ]. Nonlinear Sci. Appl., 10 (2017), 1126-1147 1137

Combining this inequality with Proposition 2.1 (iii), we have
zk+1 —zkll = [[Pc (V41 — A+1BYk41) — Pe(vie — A Byy) ||
< [[(Vi1 — Ak+1BYk1) — vie + A Byl
= |(vier1 — A1 Bvier1) — (Ve — Ak 11Bvi) + A1 (Bvier1 — Bywy 1 — Bvi) + AcByx ||
< (T + Ml vicrs = viel [ + Al Byl + M1 ([[Bvica |l + 1By || + [[Bvic]]).-
This is the desired result (3.9).
Now we denote xi 1 = (1 — Bx)wk + Brxk. Then, we have

Xp1U+ Viepihiepr o+ yichi

Wil — Wi =
et K 1— Bk+1 1-— ﬁk (3 10)
Xk+1 Xk Yk+1 Yk Yk+1 ’
=( — Ju+ ( — Jhi + —————(hy41 — hy).
1—PBr1 1—PBx T—Brp1 1—Br © 1T—PBryq 10k

Note that, for 0 < A < 23, we have from (2.1) that

IPvicaB) (k1 — AMAzii1) — Pyrap) (zx — Mzi) |2 < [[(T—=AA)zi1 — (I-AA Zk||2
<z — 2> + AN = 2B) [Azic 11 — Az
<z — zil*

Then, combining (3.9) with A < 23 and (3.10) we get
[Wit1 —wil| — [[xx+1 —xx ||
K41 X Yk+1 Yk
S | - +| - | hk
1—PBrs1 1—[3k” | —PBrs1 1-P el
1
e Hhkﬂ R [ o
1—Prp1
K41 Yk+1 Yk _
< - | u +| - I(||P (zik —AAzZy ) || + &)
T 1 [l A 1- By IPvi(a,B) |
Yk+1
+—F ”PVI(Q,B) (zk+1 — AAZi41) — Pyro,B) (2 — AAZL) ||
1—PBys1
Yi+1
+ ———(|IPvi(,B) (zk+1 — Mz 1) — hicy |
1—Pry1
+[|Pyvi(a,B) (2K — Az ) — hie]|) — (X1 —Xkc|
K41 X Yk+1 Yk _
< — +| - I(IPvi(q,B) (2K — AAZY)|| + €X)
1—Brs1 1—Bx el —Bry1 1—Px IPvae) |
1 1, _
+ LHlkH zi || + L(el@rl + &) — [Ixier1 — xxk |-
1—Pxp1 Bt
Hence,
[Wicr1 —wiel| — [[xx+1 — X« ||
Xk+1 Xk Yk+1 Yx _
< — +| - I(|Pvi(a,B) (2K — AAZy) || + €k )
T—Brn 1 pc Ty ~1op, | Pven) |

Yx+1

Yr+1(1+ A pla) _ _
- = v — i) +7(€k+1+€k)
Brr1

1—Br+1
Yk+1
+ 15— Mera(IBvicra | + [Byicall + [Bicl) + Al Bycll) — [xiesr — e (3.11)
1—PBr+1 .
Xk+1 XK Yi+1 Vi ]
S - +lg - I(|IP (zk — Mzi) || + &)
1_Bk+l 1—[_))k ” ” Bk+l 1_Bk || VI(Q,B) 4~k k || k
Y (1 +A Lz v ) i
1—Brt1 1—Brt1

+ EL (g ([[Bvicsall + Byl + 1Byl + Al Buxcl).
1—Px+1
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On the other hand, utilizing Proposition 2.3 (ii), (v), we obtain

w1 —wiel] = [T (1= i1 A)xaer — T @ (1= meA)xc|
HTrkH — Tkt A) X1 — T(@' 1= A |
TP T = A xier — TR (1 — A x|
HTrk+1 —Tkr1A) X1 — Trk N1 1A |

(e,
TN = i A e — OO (1= reA) x|
+ H I—Tk.A)Xk+1 — (I —Tk.A Xk”

R (3.12)
T o,
s, ||Trk+§p (I=rrgp1A) X1 — (T =T 1 A) X |
Tk+1
+ [re — il [|AX 1 || + HXk+1 — xi||
= |rip1 — 1l | [[Axcp ]| o HTTk+1 — i1 A) X1 — (T =11 A) x|
+ || XK1 — xk||
< Molrit — 1l + [ X1 — xx||,
where supk>0{||flxk+1|| + Tk+1 HTrk+l — 1A X1 — (T =11 A)xkr1]]} < Mg for some Mg > 0. Also,
utilizing Algorithm 3.2 and Lemma 2.8, we have
[Ter1 — T || = IBrg1ticr1 + (1 — Brep) Turepr — (B + (1 — Bi) Tage) ||
=[[(1— Tuy1 — Tuy) — —Bx)Tu
(1= Brr1)(Turs1 k) — (Brs1 — Bi) Tux (3.13)

+ Bt (Wiep1 — i) + (Brer1 — Bic)u|
< w1 —uk]| + 1Br41 — Bl [Jux — Ty

Moreover, we define Wy = %, which implies that vi = (1 —yk)Wk + YkXk. Simple calculations
show that

Vk+1 — Yk+1Xk4+1  Vk — ViXk

Wiyl — Wi =
i 1—vk11 1—vx
_ 1YV + (= v )T —ogepuF) e oy Ve + (1 —vid T — ogepF) i
I —vyx41 1—vx
Olk+1 x - - - K41 -
= —————YVXk41— YVxy + T — T + uFty — ————pFiy
1—7vKk+1 Ty M 1—vk 1—vk+1 N
K41 - Xk - . -
= — " (YVxxq1 — WFig1) + (WFt —yVxi) + T g1 — Tk
T—vks1 1—vx
So, it follows from (3.12) and (3.13) that
_ - Kk + ~
[Wic1 — Wi ]| < ﬁ (v Vxicll + lnFttieel]) + 7 — x|
Xk+1 -
< — (Y Vxiq + |uFtiesa ) + ||
1=y
+ 1Brt1 — Brllur — Tug
o ol - e (314)
< —— (v Vx| + |wFieg 1) + ||HFukH + v Vxx ) + Molrig 1 — i
T—vx+1 1—
+ X1 = x| + [Brg1 — Bl lJux — TukH
K41 0.4
< rern — x| + (52— + 5 frigr — Tl + [Brer1 — B )My,

1=y 1—vx
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where sup, - of[[uFix|| + [[yVxi || + [ — Tux[| + Mo} < My for some My > 0. In the meantime, from
vk = (1 —vi )Wk + vixk, together with (3.14), we get

[Vicrr = vill = [y + (1= vrr) Wik — (voae + (1= vid Wil ||
= (1T = vrr1) W1 — W) — (Yierr — Vi) Wk + Yier1 (X1 —Xi) + (Vi1 — Y|
< (1 =V ) W1 = W[l + Vi xe1 — x| + by = v lbac — W]
Kk+1 %33
1—vks1 1—7vx
+ Y lxe1 = xx [l + i —vllxc — W]

Kk+1 X
+ + i1 — Tl + Brs1 — Bl )My
T=vx41 1—7vk N M
+ i1 — vidl[xe — Wi

Combining (3.11) and (3.15) we have

< (1=vip1) | — x| + ( ke =l Bk = BrlMi | 5 45

< Ixier1 — xx|| + (

W1 —will = [P — x|
o 41 o Yk+1 Yx _
< - [l +1 — I(]|P (zic = AAzZy ) || + &)
T—Brn 1o gy~ 1—py (IPvicem) |
(1+AqDlo) o o
Vit K2 et — x|+ (— e K e — i+ 1B — BrMy
1—Brs1 T—=vrs1 1—vx
. Yk+1 _ _
+ i1 — vl = Wil = e —xil| + —5 (€1 + &)
1—PBxp1
+ L (A (Bvicall + [Byksa |+ I1Bviel) + Al By )
1—PBrs1 (3.16)
Kp+1 %43 Yk+1 Yk -
=| — [l +1 - I(||P (zxk — Az ) || + €x)
Yir1(1+Aep1la) 0 ogeqn o
[ + i1 = 1l + IBr+1 — BrlIMy
1—PBxp T—vrs1 1T—7vx * *
_ Yit1(1+ A p1l2) Y _ i}
+ it — Yl — Wil + (2 g — x|+ e (@i + &)
Yi+1
+ A1 UIBvicra [+ Byws 1l + [Bvil]) + Ax[[Byx )
1—Bxp1

From the assumptions ay + Bx + vk =1, limx_,0o B =& € ((, %], limy o 0t = 0, and limy oo A = 0,
it follows that limy o [Bx 11 — Bl = limyk 0 [y 41 — VK| =0,
. . Vi1 Yk Y11+ A1)
lim | — | = lim | — |=0 and Ilim =1.
koo 1—=Bry1 1—Px koo I =Py 1—Px k—00 1—Br+1

Combining these equalities with (3.16), we obtain from Lemma 3.5, limy_, €x = 0, and limy_o [Tk 41 —
T‘k| = 0 that

lim sup(|[wis1 —wi|| — [[xik41 —xk]]) <O.
k—o0

Now applying Lemma 3.6, we have
lim [[wyx —xk| = 0.
k—o0
Hence by xy11 = (1 — Bi)wk + Brxk, we deduce that
lim ka+l — Xk” = lim (1 — Bk) HWk —Xk” = 0, (317)
k—o0 k—o0

which together with limy_, Ax =0, (3.9), and (3.15), implies that

lim [viceg —vi| =0 and  lim ||z1q — 2z ]| = O.
k—o0 k—o0
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Lemma 3.8. Suppose that the conditions (A1)-(A4) and (H1)-(H4) hold and that the conditions (B1) or (B2) hold.
Then for any p € VI(VI(Q,B), A) we have

i1 —=pl? < oucllw—p1? + Brcllxic = plI* +viclvi —pl* + 2y ex|lzi — (3.18)
+ ¥k — V(1= ML) ([[vic =yl + lye — zi 1)

Moreover
lim |[PyyqB)(zx — AkAzi) — zk|| = lim |[PyiaB) (Y — AcAyk) —yxl| = 0.
k—o0 k—o0

Proof. By Lemma 3.3, we know that hmjﬁoo Xk,j = Pvi(o,B)(zk —AAzy) which together with 0 < A < 28,
inequality (3.1), limy_,o P =& € (C, 51, and p € VI(VI((2, B), A), implies that

[xk+1 —P* = [losew + Brxi + vichi — p|?

< oel[u—pl1* + Brcllxi = pII* + el — pI1?

< o[ —pl + Bilxk — pI* + Vi ([Pviia) (zk — Mzi) — p|| + &x)?

= o flu—plI* + Brllxi — pI?

+vr(|[Pyvi(a,) (zk — AMzi) — Pyria,p) (P — AMP)|| + &x)?

aacl[u—pl* + Brlxi =PI + v (1= AA)zi — (1= AA)p|| + &)

aic|lw—pl* + Bl — plI* + vicllzx — pll + &)?

= auc|lw—pl* + Brcllxi — pII* + villzi — plI* + 2vicerlzi — pll + viceR
< acllu—pl* + Brcllxi — 1> + 2viexllz — pll + vieR
+yi([lvic = pIP = (1 = ML) [vic = yiel* = (1= ML) [lyxe — zic[?)

= ol —pl* + Brcllxic — pII* + viclvi — pII* + 2vicerlzi — pll + vice
— Vi1 = ML) ([[vie = yuel® + llyie — zic 1)

N

<
(3.19)
<

On the other hand, from Algorithm 3.2 we have

[vic = pII* = [loacy Vi +viexi + (1 — i) I — oueuF) ik — p?
= [l (Y Vi — 1Fp) + v (31— p) + (1 = i) T — aepuF) e — (1 —vi) I — ot uF)p |
= [loaey (Vxi — Vp) + oac (YVp — uFp) + vk (xk —p)
+ (1 =11 — agenF)tig — (1 =3I — agenF)p |2
< oy (Ve — Vp) +vi (e — p) + (1 —vi) T — oqe uF) e
— (1 =y = ouF)p||* + 200 {(YV — uF)p, vic = )
< Loy ||V — Vpl| + vl — pll 4+ [[((1T —vi) T — g uF) T
— (1= y1)T = o uF)p||I* + 204 ((yV — uF)p, vic — p)
< oyl —pll +vilxe — pll + (1 = vic — o) [t — pI[I* + 200 (YV — uF)p, vic — p)

l ~
= loace L i =PIl + el = Il + (1= v = ence) e = PP + 20k ((YV — WF)p, vic =)

(vl)z

< T [ = pII? +vilxk = plI* + (1 = yi — oat) [T — > + 200 ((vV — 1wF)p, vic — p)

(v

< ok ||Xk—PH2+YkHXk—P||2 (1 =vi — o) [ —plP?

—(1—f3k)(f5k— )|l wk — Tuge[|*] + 2064 ((YV — uF)p, vic — p)

1 2
O eI il — I+ (L —vie — o)esc — I+ mc(ric — 20) i — Apl

< o
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— (1= Br) (Bx — O)|Jwie — Tuge|[Z] + 200 ((YV — uF)p, vic — p).
Thus,

T — (y1)?
e =PI < (1= 00 = el (1~ i~ oo ri2ox — i) A — A

+ (1= Bi) (Bx — Q)l[wi — Tuc|[*] + 20ac((YV — uF)p, vic —p)
< xie —pI* = (1 — v — o) [re (200 — 1) [ Axi — Ap ||?

+ (1= Bi) (Br — Ok — Tuge || + 204 ((YV — uF)p, v — p).
Combining (3.19) and (3.20), we get

(3.20)

i1 = pII? < aacllu—=pl* + Bclbe — pII* +vicllvic — pII* + 2yiéxllzi — pl|

+ ek — V(1= ML) ([vie =yl + lyie — 2 lP)

< ol —pl? + Bl — I + vidlxe —plI?
— (1 =y — oae0) [ (20— 1) [|Axsc — Ap > + (1= Bic) (Bre — ) fJuie — T[]
+200((YV — WF)p, vk — P)} + 2y Exllzi — p|
+ ¥k — Y1 = ML) ([[vic =yl + lye — zi 1)

< oncflu—p|? + [P — Pl = Vie(1 — vic — o t)[rie (20 — 1) [ Axic — Ap |2
+ (1= Br) (Bx — O)Jwk — Tuge||*] + 206 (YV — wF)p||[[vic — |
+ 2vicekllzi — Pl + viEk — vie(1 = AcL2) (lvic =yl + [y — z||?)

which immediately yields

Vi1 —vi — o) [ (200 — 1) [ Ax — Ap||* + (1 — Bi) (B — Q)i — Tuge||?]
+¥i(1 = AL2) (lvic— Yl |* + [y — zi|P)
ol —pl* + xi —plI* = [xi1 — P> + 20| (¥V — wF)p |l [vic — Pl + 2viExllzi — Pl + ViR

ol —=pl* + xi — x| (xie = pll + X1 =Pl + 200 [| (YV = uF)p |l [vic— P
+2yiexlzic —pll + yier.

NN

Since ot + Pk +vk =1, o = 0, B — & € ((, %], €k — 0, Ak = 0, |Ixk —xk+1]] = 0, and {r¢} C [a,b] C

(0,2a), from the boundedness of {xy},{vk}, and {z\ } we obtain
li - = i - =l — =l - =0.
Jim [lAxi —Ap[l = lim fux —Tuiel| = lim |vi —yill = lLim [y —zl| =0 (3.21)
Also, utilizing Proposition 2.3 (ii) and Lemma 2.12 (a), we obtain from (2.1) and {r¢} C [a, b] C (0,2«) that
e —pIP = [T (1= rexic = T2 (1= meA)pl P
< ((I— rkﬂ)xk —(I—=7A)p,ux —p)
1
= 5 (I =meA)xic — (1= T A)p|? + [we = pl* — (T — i) xi — (T—=TicA)p — (wie — p)|?)
1
< 5l =[PP+ [lux = plI> = (T = reA)xsc — (1= TA)p — (we — p) %)

1
= 5 (=PIl + [hwe = pII* = [Pxic = wie = me(Axic = Ap) )
which immediately leads to
e =PI < v = P11 = [ — wie = e (Axic — Ap) |

= |} =PI = I — wie|* = T [ Axi — Ap||” + 2ri (Axic — Ap, xic — i) (3.22)
< [ =PI = [ — il + 2l | Axic — Ap i — wie].
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Combining (3.20) and (3.22) we have
(vl

vie =PI < o= = PII* + vicleic = p[I* + (1 = yic — cuem) [Jwie — p®

—(1- Bk)(Bk — Q)lwie — T[] + 200 ((yV — uF)p, vic — p)

(y1)?

< oy Ixk —PII* +vilxe — plI* + (1 — vk — ™) [[u — pJ?

+ 2004 ((YV — uF)p, vic — p)
(vyl)

< Qg Ixk —PII* +villxe — pl* + (1 — vk — aa) [ xk — P>

— [P — w1 + 2ri [ Axac — Apll[Pac — wi[l] + 206 ((YV — uF)p, vic — p)

2 — (v1)2
< (1= o =y~ pIP — (1= vk — etk — P

+ 2rc[|[Axic — Apl|[[xic — x| + 20| (YV — uF)p||[[vic — |
< = pIP = (1 = vi — o) i — wie|[? + 2ric [ Axic — Al — wc|
+ 200 [[(yV = wF)pll[[vi —pll,

which together with (3.18), implies that

i1 — pII? < aacllu—=pl* + Brclbxic — I + vicllvic — pII* + 2vicéxllzi — pl|

+veer —vi(l = ML) ([vie =yl + l[yk — z«]%)

o [u—=pl* + Bl — PI* +vicllvic — pII* + 2vicexllzic — pll + vieek

ot [u—=pl* + Bl — I + vl —plI* = (1 =i — D) [Pere — wae

+ 2rie[[Axc — Ap|[ [} — ]| + 200 | (v — uF)pll[lvic — pIll + 2yicExllzi — Pl + viER
< ogel[u— P> + x — plI* =y (1 =y — ouet) i —wie|?

+ 21| Axi — Apll|[xi — ue]| + 20 [| (Y — uF)pll[[vic — Pl 4+ 2vkeEx|lzx — Pl + Vi Ex-

<
<

So, it follows that

Vi1 =y — o) P — wie[l* < aaclu—p|* + [P — pII* = [xicer — pII* + 2l [Axic — Ap|| I — wi|
+ 20| (YV — uF)p|l[[vic = Pl + 2vi&xllzic — pll + vic&:
< o[ —p1? + [P = xicsa | (x =Pl + Xkt = Il + 2l Axic — Ap]|
% e — il + 206 | (YV — wFp v — pll + 2vicewllzi — pll +vicel
Since ax + P +vk =1, ax — 0, P — & € (¢, %], €k — 0, |Ixk —xx+1l| = 0, ||Axx —Ap]|| — 0, and
{ri} C la,b] C (0,2«), from the boundedness of {xi}, {ux},{vk}, and {z\} we obtain

lim [|x, —uy| =0. (3.23)
k—o0
Thus, from ax — 0, Algorithm 3.2, (3.21), and (3.23) it follows that as k — oo,
[T —wiel| = (1= B | Tuwe — wie|| < [|Twe —uf| = 0,

and hence
[vie = xx || = [Joay Vi +vixi + (1 —vi) T — o uF) e — x|
= [loae (Y VX1 — uFtin) + (1 — i) (T — xi) ||
< o[y Vxg — Rt || + (1 —vi) [T — x|
< o[y Vxe — w4 (1 —vid) ([T — wie]| + [[ue —xxc[])
< oe|[y Vxi — Rt || + || T —uk]] + [Jluk —xx || — 0.
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That is,

lim ||ty —uk||=0 and lim |vx —x|| =0. (3.24)
k—o00 k—o00

Taking into consideration that ||[vi — zk|| < [[vi — Ykl + lyk — z«|| and ||z —xk|| < ||z — Vil + |[vi — Xk ||,
we deduce from (3.21) and (3.24) that

lim ||vk —z¢||=0 and lim |jzx —xk|| = 0. (3.25)
k—o00 k—+o00
It is clear from (3.21) and (3.24) that
lim [[xk —yk|]|=0 and lim |jyx —z«| = 0. (3.26)
k—o0 k—o0

Again by Proposition 2.1 (iii) and Lemma 3.3 we have

IPvi(a,B) (Yx — AAYK) — X1l
< [[Pvi(a,B) (Uk — AAYx) — Pyr(n,B) (2k — AAzi) || + [|Pvia,B) (2 — AAzi) — Xk 41|
< (T + AL [y — 2kl + o [[Pyvica,p) (zx — AAzi) —u|
+ Bil|Pvia,B) (zk — Mz ) — xi || + €
< (T+AL) lyk — zkll + o [Py ) (2 — AAzi) —uf| + & (3.27)
+ BilPvia,) (zk —AAzi) — Pyra,B) (Y — AAYL) ||
+ BxlIPvica,B) (Yk — AAYK) — Y|l + Brllyx — x|
< (T+ AL |lyx — zi || + o || Pvica,B) (2 — AAzZy ) —uf| + &
+ Br(1+AL1)[lzx —Yxll + Brl[Pvica,s) (Yx — AMAYk) — Yl + Brllyx — x« |-

Consequently, from (3.27), we have

IPvica,B) Yk —AAYK) —Yxll < [Pyvica,) (Y —AAYK) — X1l + (X1 — x| + Ix — Y|
< (T+ ALY [lyk — zkl| + o|[Pvi(,B) (2k — AAzi) —ul| + &
+ B (1 + ALz — yxll + BrlIPviia,s) (Y — AMAyk) — yi|l + Brllyr — x«|
+ a1 = xacll + [Ixie =yl
= (14 Br) (1 +AL1)[lyk — zil| + ok [Py B) (2K —AAZi) —uf| + &
+ BrllPvica,B) (Yk — AAYK) =yl + (1 + Bi) [y — x| + X1 — x|,
which immediately yields

1+ Bk

x €
IPvica,B) Yk —AAYK) —yi| < (14 AL) yx — zic]| + —— IPvica,B) (2 — AAzy) —u|| + u
1—By 1—Bx 1—PBy
1+ f)k 1
— Yy — x| + X1 — Xk -
1—PBx 1—Px

Since o +Prx+vk =1, ax — 0, P — & € (C,%], €k = 0, lyk —zkll = 0, [lyx —xk|| — 0, and
IXK+1 —xk|| = 0 (due to (3.17) and (3.26)), we conclude that

QEEOHPVI(Q,B](Uk_}\Ayk) — Ykl =0. (3.28)
From Proposition 2.1 (iii), it follows that

IPvi(a,B) (2 — AAzy) — zi || < ||Pyi(,B)(2k — AAZK) — Pyia,) (Uk — AL ||
+[IPvia,) (Yk —AAYK) — il + [[yx — z«|
< (T+AL)llzx —yxll + [IPvico,B) (Yk — AAYK) —yill + [[yx — 2|
< |IPvica,B) (Y — AAYL) —yi | + (24+ A1) [lyx — zk||-
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Utilizing the last inequality we obtain from (3.26) and (3.28) that
Hm [|Pyr(o,s)(zx —AAzi) — zi|| = 0.
k—o0

O

Theorem 3.9. Suppose that the conditions (A1)-(A4) and (H1)-(H4) hold and that the conditions (B1) or (B2) hold.
Then the two sequences {xy} and {zy} in Algorithm 3.2 converge strongly to the same point x* € VI(VI((2,B), A)
provided ||xy11 — xk|| = o(ax), which is a unique solution to the VIP

(T4+EuF=&YVIx" —u,p—x") >0, Vp e VI(VI(Q2,B),A),
where & =1—& € [1,1).

Proof. Note that Lemma 3.5 shows the boundedness of {xi}. Since H is reflexive, there is at least a
weak convergence subsequence of {xy}. First, let us assert that w,,(xx) C VI(VI((2,B),A). As a matter
of fact, take an arbitrary w € VI(VI((2,B), A). Then there exists a subsequence {xy,} of {xx} such that
Xk, — w. From (3.26), we know that yyx, — w. It is easy to see that the mapping Py p)(I—AA) :
C — VI((2,B) C C is nonexpansive because Py p) is nonexpansive and I — AA is nonexpansive for
-inverse-strongly monotone mapping A with 0 < A < 2. So, utilizing Lemma 2.6 and (3.28), we obtain
w = Py(q,B) (W —AAW), which leads to w € VI(VI((2,B), A). Thus, the assertion is valid.
It is clear that

(WF —=yV)x — (RF=yV)y,x—y) = (i —yD|x —y|?, ¥xy€H.

Hence, it follows from 0 < yl < T < pn that puF —yV is (un — yl)-strongly monotone. In the meantime,
it is clear that pF —yV is Lipschitzian with constant puk +yl > 0. We define the mapping I' : H — H as
below

I'x = (WF—vyV)x + é(x—u), Vx € H,

where u € H and & € (¢, %]. Then it is easy to see that I' is (un — vyl + %)-strongly monotone and

Lipschitzian with constant px +yl+ % > 0. Thus, there exists a unique solution x* € VI(VI((2,B), A) to
the VIP

((WF —yV)x* + é(x* —u),p—x") =0, Vpe VIVIQ,B),A). (3.29)

Next, let us show that xx — x*. Indeed, take an arbitrary p € VI(VI(2,B), A). In terms of Algorithm
3.2 and Lemma 2.4, we conclude from (3.1), (3.3), and the -inverse-strong monotonicity of A with A < 2,
that

[}k1 = PII* = llogew + Brexi + vichie — pI?
< 1B (xic —P) +vic (e — p)II* + 200 (u—p, X1 11— p)
< Buellxic = pII” + vicllhue — pII* + 200 (w —p, Xic 41— P)
< Brllxk —Pl? + v ([Pyica) (2 — Mzy) — p|| + &x)* + 200 (0 — P, Xx 41 — P)
= Bxxk = PII* + Yk (|Pvicn,) 2k — AMAzi) — Pyra,p) (P — MP) || + &x)?
+ 200 (u—Pp, XK1 —P)
< Brlxk = pIF + vie(l(I=AA)zi — (1= AA)p|| + &)? + 200 (W — P, Xi1 — P)
< Bl =PI +villlzx = pll + &)? + 200 (w = p, X111 — )
= Brlxk —plI* + vicllzic — PII* + vicex (2llzx — Pl + &) + 200 (w—p, X141 — P)
< Buelbac =PI+ vicllvie = pII® + vicex 2]z — pll + &) + 200 (W — p, Xic11 — P)-

(3.30)
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Combining (3.20) and (3.30), we get

s =PI < Belbac =PI+ vilvic = pII* + vi@x 2]z — pll + &) + 200 (w— P, X111 —P)

T — (y1)?
< Bl —pI2 + el a0 = p2

— (1 —vx — gD [re (20— 1) [[Axxc — Ap| + (1 — Bi) (B — &) [ wr — Tuxc[|?]
+ 200 ((YV — uF)p, vic — p)} + Yr €k (2]|zk — P[| + €k) + 200 (W — P, X141 — P)

2 TZ_('YUZ 2
< Bxlxk —pl| +Yk{(1_(XkT)HXk_pH + 20 ((YV — uF)p, vic — )}

+ YK€k (2||zk —pl| + &x) + 2o (U —P, XK1 —P)
— (yl)?
T

= (B + vk — vk )Ixk —PlI* + 20071 (YV — MF)p, vic — Xic 1) (3.31)

1
+ YK€k (2]|zk — Pl + €k) + 20t Vi ((YV — uF)p + Yfk(u—P),XkH -P)

2 2
f'[' —
< (1—oyk )

[ = plI* + 200 [|(vV — wF)p |l ([[vic = xic ]l + [ — xac11 )
+Vk&k(2]|zi — Pl + &) + 200y ((YV — uF)p + Ylk(u—P),Xkﬂ -Pp)

< x =Pl + 204 | (YV — wF)pl|([[vie — x| + [} — xxe1])
+ YK€k (2]lzk — Pl + &) + 200y ((YV — uF)p + ylk(u—P)/XkH —P)

which immediately yields

(WF —=yV)p + i(10 —Uu), Xk4+1—P)
Yk

1
< =PI = i1 = pIP)+ vV = WP i = el + [ = sl
€k _
—(2 — .
+ 2ock( [z — Pl + &) (3.32)
Xk —X 1
< DXl ) e — I+ Y — PP o — el + e — i )
XkYk Yk
+ 2 (2l — | + &)
o k—P k)

Since for any w € w., (xk) there exists a subsequence {xy.} of {xi} such that xx, — w, we deduce from
(3.24), (3.32), % — 1, and ||xy41 — Xk || = o(o) that

E/
1 1
(WF=yV)p + E(p*u),wfp) = lim ((uF —yV)p + T(]D*u),xki —Pp)

. 1
< lim sup((uF —yV)p + Tk(p —u), Xk —P)

k—o00

. 1
= lim sup((puF —yV)p + %(P —U), XK1 —P)

k—o00

. ||Xk—Xk+1H
< limsup————(|xx — | + [IXK+1 — Pl
el 20007k "

. 1
+ lim SuPy*kH(YV— )P || ([Jvie — x| + [Ixk — Xk 411])

k—o00
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. € _
+hmsupﬁ(2||zk —pll+ &)

k—o0

=0.

So, it follows that

(WF=vV)p+ = (p u),p—w) >0, Vpe VIVIQ,B)A).

3
Since w € wy, (xx) C VI(VI((2,B), A), by Minty’s lemma, we have

((4F—YV)w-+ lw—w),p—w) >0, ¥p € VI(VIQ,B),A)

that is, w is a solution of VIP (3.29). Utilizing the uniqueness of solutions of VIP (3.29), we get w = x*,
which hence implies that w,, (xi) = {x*}. Therefore, it is known that {xy} converges weakly to the unique
solution x* € VI(VI((2,B), A) of VIP (3.29).

Finally, let us show that || xx —x*|| — 0 as k — oco. Indeed, utilizing (3.31) with p = x*, we have

2 2
™ — (vl
X1 —x*|* < 1_“kYk7 %1 — x*[|* 4 200 | (YV — wF)x* || ([[vie — x| + Ixic — i1 ]])
* - * 1 * *
+ YK€k (2]lzik = XF|| 4+ €x) + 200 Vi ((YV — uF)x +Y7k(u_x ) X1 —X")
2 2
T — (vl)
= (1— oeyx——F )uxk—x*uz (3.33)
2 — (y1)? T
Zl(yV — uF)x _ _
o s T2 P v =l + ek =)
é * - * 1 * *
—l——t(Zsz—x |+ €x) +2{(yV— uF)x —|—Yfk(u—x ), X1 — X))

Since oy = 0, o+ Br+vk =1, Y % o =00, P = & € (¢ 3], & = ooy ), and xi — x*, from (3.17)

and (3.21) we conclude that > 3 ; o yk Tz*(T"l)z = oo and
im sap 51— 2 (V= WP v =]+ ek =)
k—o00 (’YU

1
+ 7(2”Zk =X+ &) +2((YV — uF)x* + —(u—x"), x 41 —x)] < 0.
Xk Yk

Therefore, applying Lemma 2.11 to (3.33), we obtain that ||xx —x*|| — 0 as k — oo. Utilizing (3.25) we
also obtain that ||z —x*|| — 0 as k — oo. This completes the proof. O
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