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Abstract

Analogous to the recent generalizations of the familiar beta and hypergeometric functions by Lin et al. [S.-D. Lin, H. M.
Srivastava, J.-C. Yao, Appl. Math. Inform. Sci., 9 (2015), 1731-1738], the authors introduce and investigate some general families
of the elliptic-type integrals for which the usual properties and representations are naturally and simply extended. The object of
the present paper is to study these generalizations and their relationships with generalized hypergeometric functions of one, two
and three variables. Moreover, the authors establish the Mellin transform formulas and various derivative and integral properties
and obtain several relations for special cases in terms of well-known higher transcendental functions and some infinite series
representations containing the Meijer G-function, the Whittaker function and the complementary error functions, as well as the
Laguerre polynomials and the products thereof. A number of (known or new) special cases and consequences of the main results
presented here are also considered. (©2017 All rights reserved.
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1. Introduction, definitions and preliminaries

In Legendre’s normal form, the incomplete elliptic integrals F(¢, k), E(¢, k) and TT(¢p, &2, k) of the first,
second and third kind (with modulus |k| and amplitude ¢) are defined by (see, e.g., [1, 3, 9, 11]),

F(o, k) = J@ S riw dt (1.1)

0 V1-K2sinf0 Jo /I -)1-KH2)

(<1, 029=7),
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@ sing [ _ 122
E(g, k) := J V1—k2sin?6 do = J ——_ dt, (1.2)
0 0 1—12

(<1, 0=9=7),

and

]
Mg, o2, k) = | a0

0 (1—a2sin®0)v/1—k2sin?0
sin @ dt
L (1—02t2)/(1—2)(1—K2t2)’

(1.3)

(\k2|<1, — 00 < o < o0, 0§(p§g),

respectively. In particular, when
y

E/
the definitions (1.1), (1.2) and (1.3) reduce immediately to the corresponding complete elliptic integrals
K(k), E(k) and TT(«?, k) of the first, second and third kind, which are defined by

[ do e dt >
Kl '_Jo 1—kzsin29_J0 VI =) (1K)’ r<1 (4

(p:

2 — U1 —ee2 )
E(k) :_J V1—K2sin20 do _J ——dt, (K<), (1.5)
0 o\ 1—t2
and
1T (0(2, k) = JZ do
0 (1—o2sin?0)v/1—k2sin?0
! dt )
= , K <1, o?#1), 1.6
JQM—MHMAL¢HM—W8) (1 71 (1.6)
respectively.

Over five decades ago, Epstein and Hubbell [19] (and, in a sequel, Weiss [36]) studied the following
interesting generalization of K(k) and E(k), which was encountered in a Legendre polynomials expansion
method when applied to certain problems involving computation of the radiation field off-axis from a
uniform circular disk radiating according to an arbitrary angular distribution law (see, for details, [7]):

00 | © 1.7)
0 (1—«%cos@) 2

0<k<1 jeNg:=NuU{0}, N:={1,23,---}).
Indeed, by comparing the definitions (1.4), (1.5) and (1.7), we have the following relationships:

2
Qo(k) = k\f K(k), and Qi(k) = K(l‘_‘/iz) E(k), <k2 = 12+K.<2> .

Motivated by their importance and also by their potential for applications in certain problems in
radiation physics, several recent works were devoted exclusively to the study of various interesting gen-
eralizations of the elliptic integrals (see [6, 8, 10, 17, 18, 21, 22, 29, 30, 34, 35]). In particular, Lin et al.
[22, p. 1178, Eq. (1.12)] and Bushell [8, p. 2, Eq. (2.2)] studied and investigated the following families
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H(@,k,v), and H(k,v) of incomplete elliptic integrals and complete elliptic integrals:

N|—

sing (1 1.2:2yy—1
d9:J (1—k*t°)Y 2

@
H(o, X, ::J 1—k%sin?0)Y~ = — 7~ dt,
(@, ¥ v) ( ) . e

0

(Ik2|<1, Oéwég, veC),
and
H(k,y) := Jg(l K2sin?0)Y 2 do = Jl & _Lz)y*% dt
A “hovie

(K <1, yeQ),

respectively, so that, obviously, we have

Tt
Hikv)i=H (3 kY), Hek0 =Flk), and Hlpk1)=E(pk),

and

H (g,k,o) —K(k), and H (g,k,1> — E(K).

The literature on Special Functions contains several generalizations of the Gamma function I'(z), the
Beta function B(w, 3), the hypergeometric functions 1F; and ,F;, and the generalized hypergeometric
functions Fs with r numerator and s denominator parameters (see, for details, [2, 12-16, 23, 24, 33]
and the references cited in each of these papers). In particular, for an appropriately bounded sequence
{Ke}een, of essentially arbitrary (real or complex) numbers, Srivastava et al. [33, p. 243, Eq.(2.1)] recently
considered the function © ({k¢}¢en,; z) given by

¢

ZKE%, (2l <R, 0<R<oo, Ko:=1),
(=0 :
O ({keheenNy 2) = (1.8)
1
Mo z¢ exp(z) {l +0 <z>} , (%(z) — 00, My>0, we C),

for some suitable constants 9ty and w depending essentially upon the sequence {k¢}¢cn,. In terms of the
function © ({k¢}¢en,; z) defined by (1.8), Srivastava et al. [33] introduced and investigated the following
remarkably deep generalizations of the extended Gamma function, the extended Beta function and the
extended Gauss hypergeometric function:

ré{Kz}leJNo) (Z) — JO tz—l e <{K€}€€]NO; —t— %) dt, (19)
(%(2) >0, %R(p) 20),

1

p({xdeene) (o, Bip) = Jo t*l(1-ybf1e ({Ke}eeNo;_t(lp—t)> dt, (1.10)

(min{R(a), R(B)} >0, R(p) 20),

and
({K"-}’ZENO) ) e 1 ({keteen, ) . z"
Sp (a,b;c;z) := B(b,c _b) nz_o(a)n B o/(b+mn,c—Db;p) T (1.11)

(<1, %(c)>%Rb) >0, R(p)20),
respectively, provided that the defining integrals in the definitions (1.9) and (1.10) exist.
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Lin et al. [23] introduced and investigated a substantially more general family of the generalized Beta
function and the Gauss type hypergeometric functions, which are defined by

=) (o gy = mlixdieny) (o, B; ps , v)

1
| 1 )81 .___ P
= [ a0 e (e P ) .12

(min{R(a), R(B), R(w), R(v)} >0, R(p)=20),

and

T
({ ) ) 0 H(a]’)n
KeteeNg PiH, Y ag, -+ ,0r, &1, ,&q; j=1
reaSseq e =) S (1.13)
C1, +Cs, Y1, qu/
n=0 H(Cj)n
j=1

4

liI %({Kz}eeNo)(cxj +n,v; —&5;p; W)zt
ke %({Kz}eeNg)(a].,yj —ay;p; w,v) n!

(a,1,s€No, [z <1, Rly;) >R(ey) >0, (=1,---,q), min{R(w),R()}>0, R(p)=20),

where, as usual, an empty product is interpreted as 1 and the involved parameters and the argument z
are tacitly assumed to be so constrained that the series on the right-hand side is absolutely convergent.
The special case of the definition (1.13) when

u=v=1, and g=r=s=1, (a1=1, ¢y =b, y1=0¢),
coincides precisely with the definition (1.11). Also, for
L=v=m, and g=r=s=1, (a1=1, xy=Db, y1=c),

and with the sequence {k¢}¢cN, given by

K¢g = ——, (eGN()),

the definition (1.13) would obviously correspond to the Gauss type hypergeometric function introduced
by Parmar [26, p. 44]:

> (p,o;m) _ n
(p,o;m) ) z B (b+n,c—b)z
Fp ((1, b/ C/Z) — (Cl)n B(b’ c _b) H’

n=0
(lzZl <1, R®(p) =0, min{R(p),R(c),R(m)} >0, R(c)>R(b)>0),
which, in case
u=v=m=1, and g=r=s=1, (a1=1, ¢y =b, y1=c),
and with the sequence {k¢}¢en, given by

ke=1, (LN, (1.14)

reduces immediately to the following p-Gauss hypergeometric function Fy, (a, b; ¢; z) studied by Chaudhry
et al. [13]:
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o0

Fpla,b;c;z) = Z (a)n

n=0
(p >0, lzZl<1, Rc)>AR((0Db) > 0).

Motivated essentially by the aforementioned and many other potential avenues of their applications,
we propose to introduce and investigate here a new extension of the elliptic-type integrals, which is based

upon the definition (1.12) of the generalized Beta function ‘ngifﬁo) («, 3). The extension proposed in

this paper will be seen to be extremely useful. Many of the known properties of the elliptic-type integrals
carry over naturally and simply for it. Furthermore, it provides connections with the complementary error
function, the Whittaker function and the Meijer G-function as new representations for special parameter
values of the extended elliptic-type integrals.

The plan of our paper is as follows: In Section 2, we introduce the generalized Appell and Lauricella
type functions of two and more variables. In Section 3, we propose some generalizations of the incomplete
and complete elliptic-type integrals. In Section 4, the extended complete elliptic-type integrals are pre-
sented in terms of the generalized hypergeometric type functions. In Section 5, various Mellin transform
formulas are obtained for these extended elliptic-type integrals. In Section 6 several derivative and inte-
gral formulas are derived for the extended elliptic-type integrals. In Section 7, we express several special
cases of these extended elliptic-type integrals in terms of some higher transcendental functions and give
various infinite series representations containing the Whittaker function and the Laguerre polynomials
and the products thereof. Finally, some concluding remarks and observations are presented in Section 8.

B(b+mn,c—Db; p) i
B(b,c—b) n!’

2. Generalized Appell and Lauricella type functions
In terms of the the generalized Beta type function ‘BL‘E;‘EE,KENOJ («, ) is given by definition (1.12), we
first introduce the generalized Appell and Lauricella type functions of two and r variables as follows:

({Ke}zemo)

({KZ}?-GIN ;p;u,V) /. 4. o - / sBP;LL,V (a+m+n,c—a) x™ Un
&) (4o, by = Y (B)m (D) B = e
m,n=0
(max{|x|,lyl} <1, R(p) 20, min{R(u),R(v)}>0),
Sg{Ke}ZENO;p;u'V)(a, b,b’;c,c’;x,y)
0 ({re}eeng) ({xeteeny) 1 ; ,
. b —b . (b —b moyn
= Y (@ Doy (0 C D Bpy (DTN D) X YE g )
B(b,c—b)B(b’,c’ —b’) m! n!
m,n=0
(Xl+hyl <1, Rp)=0, min{R(un),R(v)}>0),
and
(v)  bee e e S
gDr({K@}(’,ENO;P;HIV) (a/ bl/ /bT‘/ C/ Xl, /XT‘) . Z (bl)ml (br)mr
my, -, my=0
SB({KE}ZGJNO) my m
P,V (a+m1+--~+mr,c—a) Xq X
. - , (2.3)
B(a,c—a) my! m,!

(maX{‘Xﬂ, Tty |XT“} < 1/ i)%(-p) 2 O/ mln{%(u)/%(v)} > 0)
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Theorem 2.1. The following integral representation for the generalized Appell type function in (2.1) holds true:

DL 1
Sg{Kz}eeNolper )(a’ b,b/,' c; x,y) _ r(a)ll:((cc)_ a) JO tafl (1 o t)cfafl (1 o Xt)ib (1 o yt)ib
S <{Ke}eENo;tu(lp_t)v> dt, (24)

(R(p) >0, p=0, and max{|arg(l—x)|,|arg(l—y)} <7 R(c)>R(a)>0).
Proof. For convenience, we denote the second member of the assertion (2.4) by A, (x,y) and assume that
max{|x|, [yl} < 1. Then, upon expressing
(1—xt)7°, and (1—yt)™®

as their Taylor-Maclaurin series, if we invert the order of summation and integration (which can easily be
justified by absolute and uniform convergence), we find that

. r(c) La c—a-1 —b —b

0 (‘[Ke}eeNo)—Jw(lp_w,) dt
L I R e

MNa)l(c—a) — m! n!

1
. a+m+n—1 __ yyc—a—1 . p
JO t (1 t) @ ({KG}ZENO/ t“(l —t)V> dt/

(Xl +yl <1, R(c)>R(a)>0),
which, in view of the definitions (1.12) and (2.1), yields the assertion (2.4) of Theorem 2.1. O

Theorem 2.2. The following integral representation for the generalized Appell type function in (2.2) holds true:

({kedeengPinv) 1o o, _ 1
32 (a/b/b /C/C /X/y)_ B(b,C—b)B(b/,C/—b,)

Jl Jl tbfl(l _t)cfbfl ub’fl(l _u)c/fb’fl
0 (1—xt—yu)e

0

© <{K(’,}EGNO}—M> C) (‘[KE}ZGNO}—,MI)_J()\,) dt du,

(R(p) >0, p=0, and |x|+ Iyl <1, R(c)>R(Db)>0, R(c)>R((Db)>0).
Proof. Since [32, p. 52, Eq. 1.6(2)]

o0

it is easily seen that

d ad xt)™ (yu)™
Aty = Y O N = Y (@) BT U
N=0 m,n=0 ’

(xl+yl <1, max{lt]ul}<1),

which is rather instrumental in our demonstration of Theorem 2.2 along the lines of the proof of Theorem
2.1 O
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Theorem 2.3. The following integral representation for the generalized Lauricella type function in (2.3) holds true:

I'(c)

N e h

{Keeengipim, v

1
J 1= (L= t) ™ (=)
0

.0 <{KE}€e]N0) —7,(“(11)_ t)V> dt,

(SR(p) >0, p=0, and max{|larg(l—x1)|,---,larg(l —x;)[} <7, R(c)> R(a)> 0).

Proof. The proof of Theorem 2.3 is much akin to that of its special (two-variable) case (that is, Theorem
2.1 above) when r = 2. We, therefore, omit the details involved. O

3. Generalized elliptic-type integrals

In this section, we propose an extension of the classical incomplete and complete elliptic integrals of
the first, second and third kind (with modulus |k| and amplitude ¢) as follows:

({Kz}eeN) J(p 2 .0 _1 ( P )
Hyp. o, k,y) = 1—k"sin“0)Y 20O ({k ,———————— | do
e HTIRY ((P V) 0 ( ) { E}EGINO sin2” 0 COSZV 0
sin @ (1 7k2t2)y—% P
- >z 7 e j—————— | dt A1
,[0 m <{Ke}EE]N0/ tZ“(l _tz)v> 7 (3 )

(%) >0, p=0, and [ <1, 0=p=7),
so that, obviously, in the special cases when
v =0, and y=1,

we have

({xeteeny) J'(p 1 < P >
Iy, 0 ,k) = | ;—————— | dB
pny (0K 0 /1—K2sin20 tehene ~ oy oV g
sin ¢
:J ! © ({K(’,}IZGNO}—ZPZ> dt, (3.2)
0 V(1 -1)(1-Kt2) 21(1 — t2)v
( : 3
R(p) >0, p=0, and <1, 0S@=7),
({Ke}ee]N ) J(p ) ( P >
Epny 0 ,k) = vV1-—k? 00 ;———————— | do
P (.1 0 - tkeleeny sin®* 0 cos2Y 0
sing /1 _k2¢2 P

<2R(P)>O, p=0, and K2 <1, Og(pgg),
and
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({Ke}zelNo) 2 L @ 1
Mpy (@, a0 K) = — —
0 (1—oa2sin“0)v/1—k2sin"0
P
-0 ,———————— | df
<{K€}KENO sin?* 0 cos?V 9)
sin @ 1
_Jo (1—o2t2)y/(1—2)(1— K22)
) P
NG <{K€}€€]N0/_t2u(1_t2)v) dt, (3.4)

(iﬁ(p)>0, p=0 and K3 < 1, Ogcpég, —oo<oc2<oo).

In particular, when ¢ = 7, these last equations (3.2), (3.3) and (3.4) reduce to the corresponding general-
ized complete elliptic-type integrals given by

7T

({xeteen, ) Jz 2 .. 2 1 ( P >
Hyny o V(k,y) = 11—k 0)Y 20 j——e————— | do
Py, (k,v) . ( sin” 0) {KZ}ZE]NO Sin2" 0 cos2Y 0

1 2:2\y—1
(1—Kk"t)Y 2 . p
JO Ny © ( {kekeenoi — 2 1oy dt, (3.5)
so that, obviously, for
v =0, and y=1,

we have
({<e)een) Jz 1 < P >
Kpuv (k)= —/—m———m O ({k ;———m————— | dO
Pt (+) 0 v/1—Kk2sin%0 teeleeny sin?* 0 cos2Y 0
1 1 P
= O({x ;——————— | dt, 3.6
Jo VI—2)(1 -2 <{ eheeny tZu(1—t2)v> (3:6)
(R(p) >0, p=0, and K} <1),
({edeemgit ) oy LI ) ) P
SP;H/V 0 (k) = o 1—k#sin“6 © {Ke}fe]l\]o,—m de
1
[1—X%2t2 p
— JO ﬁ @ ({KE}EENO;_tZu(l_tZ)V) dt, (37)
(R(p) >0, p=0, and K} <1),
and
« 2 1
ngufi/%NO)(az’k) ::Jz .2 )
0 (1—o2sin“0)y1—k?sin"0

-0 ({Kz}eeNO;—p> de

sin?" 0 cos2Y 0
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! 1
N Jo (1—c22)/(1-2)(1_ K2

.0 ({Ke}eeNo; _tZu(lp—tz)V> dt, (38)

(R(p) >0, p=0, and [ <1, o #1),

respectively.
We now introduce the following generalization of the Epstein-Hubbell type elliptic-type integral in
(1.7):

({kedeeny) Jﬂ 1 P
Qv vy Y (k)= 0| {k ;— de, 3.9
Y Py (k) 0 (1—k2 cos@)y+% { E}eeNo sinZH (%) cos2Y (%) (3.9)

(R(p) >0, p=0, and 0=k<1, vyeC).

It is interesting to note that, if we put

t — cos 9 B /14 cos©
- 2) 2 !
({reteeny)

in (3.5), we get the following relationship between the generalized elliptic-type integrals H(.,, v (k,v)

defined by (3.5) and Q5<% (1) defined by (3.9):

gelixdieno) )7(2_](2)%% (kekeng) (K
TR ' Y) = e v\ h 2 )

In terms of the complementary modulus k’, the proposed extended complete elliptic integrals are
defined by

Ky 1) =3 ) =i Wi, )= vis ),
and
/{kedeen,) . ({xedeeng) 11.r . ({xedeeng) \/72 r \/72
&y (K) =Epuy - V(K) = Epy -V (V1I—K2), (K :=V1-k?), (3.10)
respectively.

Remark 3.1. The special cases of (3.2) to (3.10) when p = 0 or (alternatively) for
Keg = 0/ (e € N)/
are easily seen to reduce to the classical incomplete and complete elliptic integrals (1.1) to (1.6), respec-
tively (see, for details, [9], see also [8] and [19]).
4. Connection with generalized hypergeometric functions

In this section, we present generalized complete elliptic integrals in terms of generalized hypergeo-
metric type functions of one, two and three variables.

Theorem 4.1. Let
R(p) >0, and [k} <1

Then
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el o) = 5 o) (D oy, ), @
i) = 3 gl o) (3, 2, 42)
el = 7 gl ) (L L), 43)
and
QU ) = T e (v+3 30 12:;) . @)

Proof. Letting t* = u in (3.5), (3.6) and (3.7) and using the definition (1.13), we get the desired relations
(4.1), (4.2) and (4.3), respectively. Similarly, we can prove the relationship (4.4) asserted by Theorem
4.1. O

Remark 4.2. In a special case when
p=0, and ke =0, (L € IN),
equation (4.4) would reduce to a known result given by Weiss [36].

Theorem 4.3. For R(p) >0 and [k?| < 1, each of the following relationships holds true:

({keeeny) _ T ({xedeengipitv) 1 1 1_ § 2
j{p;u,\/ (k/Y) - 2 ',Sl 2/ 2/ 2 ‘YI 2/ 1/k 7 (45)
({keeeny,) _ T ({xedeengipitv) 1 1 lg 2
fK‘p;u,\/ (k) - 2 31 2/ 2/ 2/ 2/ 1/k 7 (46)
({redeen,) T _({kedeengpinv) (11 13 2
. k)= — 0 —, —,—— =1,k 4.7
Ep,u,v ( ) 2 31 2/ 2/ 2/ 2/ 7 7 ( )
. 1 1
M) (a2, 1) = T gledemams) (29 2q,62 02, (4.8)
" 2 2772
and
({xedeeny ) 2 _1 (3) 1 1 1 1 2 12
ﬂp;u,v ((x /k) - 4 %D/({KZ}EENO;p?H/V) 2/ 2/ 2/ 3/ 1/ 04 /k . (4‘9)

Proof. Upon letting t> = u in the equations (3.5), (3.6), (3.7) and (3.8), if we make use of the integral
representation in (2.4), we get the desired relations (4.5), (4.6), (4.7) and (4.8), respectively. On the other
hand, by putting t> = uin (3.8) and using the integral representation (2.5) for r = 3, we get the desired
relation (4.9). O

5. A set of Mellin transform formulas

The Mellin transform of a suitably integrable function f(t) with index s is defined, as usual, by

M{f(t): T — s} := ro 1 f(1) dr, (5.1)
0

whenever the improper integral in (5.1) exists (see, for details, [20] and [28]).
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Theorem 5.1. The following Mellin transform formula for C}{g}ﬁ‘fieeNO) (@, k,v) in (3.1) holds true:
((xeeeny) ki) ) sinZus+1
M3 FHpnr ™ (@, %,v) : —>s}:
i ’ 2(us +3)
11 1 3 5.5
‘K <p5+ ) v,i Vs; Us + 2,k sin” @, sin” @ |, (5.2)

(R >0, W<1, 09=T),

where Fy denotes one of the four Appell’s hypergeometric functions of two variables defined by (see, e.g., [31, p. 22,
Eq. 1.3(2)]):

Filo, B Baryixyl = 3 (PP YOV fape, iy < 1),
m,n=0 mn ’ ’

Proof. Using the definition (5.1), we find from (3.1) that

M {ﬂéﬁiﬁi“‘“o) (@, %) :p— s} = L petgclediema) (o 4 1) dp

sin®* 0 cos2Y 0
sin® ¢ (1 _th)yf%
s—1 0 ek ;—p> dt| dp,
J P Uo t1—1) <{ UteNy ~ i ) P

dt

2/t1—1t)
in the inner O-integral. Upon interchanging the order of integration on the right-hand side, which can

easily be justified by absolute convergence of the integrals involved under the constraints stated with
Theorem 5.1, we get

0 @

o [t o (o) 4 o
0 0

_L

where we have also set

sin?0 =t, and de =

M {%é{;we%)(@, ky):ip— S}

1 rinzw (1K) 3 [
= ok’ 2

J Ps_l@ <{K2}261N0}—tu(1p_t)v> dp} dt

0 t(1—1t) 0
1 1 s
= E JO tus_i (1 — t)'VS_i (1 — th)‘Y_Z <J0 wS—l@ ({K(}eeﬂ\]o; _w) dw> dt’

where we obviously have set

P g

T FEE w, and dp=t"(1—-1)¥ dw,
in the inner p-integral. We now interpret the w-integral by means of the definition (1.9) (with p = 0). We
thus find that

({xedeeny) sin? @
) (S)J TR (1 R (1K) R d,

M{f}fg;mem)(tp,k,v) p— S} — )
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which, upon setting
t= (sin® )T, and  dt= (sin’@)drt,

yields

ro({K@}le]No) (s) sin

2

({xedeeng) 2ns+l

®
M{j{p;u,v ((P/k/'\/) p— S} =

1
J 2 (1 —k?sin? (p’r)y*% (1 — sin? (pT)VS*% dr.
0

Finally, by using the following integral representation (see, e.g., [31, p. 276, Eq. 9.4(7)], see also [4] and
[51):

1
Fl(a,b,b/,‘ C}X,U) = r(a)rr((((::)—a) JO ta—l (1_t)c—a—1 (1 —Xt)_b (1 —yt)_b/ at,

(max{|arg(1 —x)|,|arg(1—y)l} <7, R(c) > R(a) >0),

we get the desired Mellin transform formula (5.2) asserted by Theorem 5.1. O
Theorem 5.2. The following Mellin transform formula for ﬂé{;ﬁ‘fi,eeNO) (¢, o2, k) in (3.4) holds true:
({xeeeny) . dustl
({xe}een,) 2 } N (s)sin®*stl ¢
MLTT. (o, a5, k):p—sp =
{ned om0 T
1 .11 3
. Fg) <us + 5 1, 55 Vs; us + 5; «? sin? @, k? sin? @, sin® (p> , (6.3)

(m(s)>o, K2 <1, og@gg, —oo<oc2<oo>.

Proof. The proof of Theorem 5.2 runs parallel to that of Theorem 5.1. It similarly makes use of the
following integral representation (see, e.g., [31, p. 283, Eq. 9.4(34) (with n = 3)]):

I'(c)

(3)
D (al 1,92, SICIX’IUIZ) r(a)r(c_a)

1
J t (1=t (1 —xt) 7P (1 —yt) P2 (1—2zt) 53 dt,
0

(max{|arg(1 —x)|,larg(1 —y)|, larg(1—z)[} <7, R(c) > R(a) > 0).
The details involved may be omitted. O

Remark 5.3. The Appell functions F; is expressible in terms of the Kampé de Fériet’s and the Srivastava-
Daoust hypergeometric functions in two variables (see, e.g., [31, p. 22, Eq. 1.3 (2)] and [31, p. 37, Eq. 1.4

2D)):
{ o B1; B2 ]
x,yl, (5.4)

Yi——

File, B1, B2 vi %yl = Fiigy

and
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— Fl:l;l

Filo, B1, B2;vix, Yl = Fiigh

|: (OC: 111) : (Blll)/(ﬁlll)l ]
XYl - (5.5)

v:L1):——

Now, by first applying the relationship (5.4) in (5.2) and the relationship (5.5) in (5.2) and then using
the Legendre duplication formula for the Gamma function (see, e.g., [31, p. 17, Eq. 1.2(14)]):

22z71 1
I'2z) = Nz)r =,
22) =2 (2+5)
we can deduce interesting Mellin transform formulas for J{]E,‘Eﬁfi““o) (@, k,v) in (3.1) as asserted by Corol-

lary 5.4 below. Further, if take Y = 0 and v = 1, we can deduce certain interesting Mellin transform
formulas for

glisden (o 1) and  ellden) g g,

in (3.2) and (3.3) as asserted by Corollary 5.5 below. The proofs of Corollaries 5.4 and 5.5 will be omitted
here.

Corollary 5.4. Each of the following Mellin transform formulas holds true:

ro({Ke}eeNO) (s) sin

2 (us+13)
[ MS+3:5 =Yg Vs

({re}eeng) 2us+l

®
M{j{p;uw (o,k,v) :p%s} =

1:1;1 2.2 .2
'F1:0;0 k* sin” ¢, sin (p] ,

Ms+ 3 : ——

and

ro({KeheNo)( 2us+1

s) sin
2 (us +5)
{ us+1:2,2): (3 —v,1); (3 —vs,1);

({xedeeng)

(Y
M {J—fp;u,y (o, k,v):p— s} =

CplLt
1:0,0
(2us +2:2,2): ; ;

k? sin? @, sin® (p] .
Corollary 5.5. Each of the following Mellin transform formulas for

glisden) (o 1y g gllde) (g 1,

in (3.2) and (3.3) holds true:

({Kl}eelNO) s 2us+1
({keteeny) ro (s) sin“t ®
MA< Ty, 0 LK) : =
{ [HIRY (@, kK):p—s s +1/2)
111 . 3 2 :.2 s 2
Fq (us—i— 25 VS; us + 2,k sin” @, sin (p> , (5.6)
({Ki}eeﬂ\lo) s 2us+1
({xedeeny) rO (s)sin™ 0]
M 9: . 0 ,k, N =
{ LAY (@, k):p—s s +1/2)
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1.1.1 .
14 us+s5:5,5—Vs;
1 2502 O a2
“Floo : k“sin® @,sin“ @ |,
us +5:—; ;

r({Ke}zeNO)(s) . dus+1

({kedeeny) } 0 sin ©
M 9:’ HTY 0 ,k . — S —
{ Pk, (o, k) :p Z(HS+%)
. (1 1). (1 )
i Qus+1:2,2): (2,1) ; (i —vs,l) S ,
-Fro0 k?sin® @,sin® @ | ,
(2us+2:2,2): ; ;
({xe}eeng) . 2us+1
({xeeeny) } [N (s)sin“"sT o
M< Ep; (o, k):p—sp =
{ PRy (@, k):p Z(HS—I—%)
1 11 3
-F (ps+ ) —VS; us + E;k2 sin? (p,sin2 (p> , (5.7)
({Ke}le]NO) - 2us+1
({xeteeny) } rO (s)sin* ©
M<Ey. “(p,k):p—sp =
{ PV Y P Z(HS-F%)
s+i:-L1 s
FliLl W8T 2723 K2 sin2 .2
1100 sin“ @,sin“ @ | ,
us+ 3 ——
and
({Ke}lelNO) s 2us+1
({xedeeny,) } rO (s)sin* ()
M Ep; (o, K):p—>sp =
{ Pi,v (o, k):p 2(H5+%)
- 2us+1:2,2): (-=3,1); (3 —vs,1);
“Frioi k% sin? @, sin? @
2Qus+2:2,2): ; .

Theorem 5.6. Each of the following Mellin transform formulas for

gelledena) gy gelledieme) gy g gllediem) gy

in (3.5), (3.6) and (3.7) holds true:

(Ixeheng) r({Ke}/Ze]NO)

M{Hp'uv (kY):p—>s}: 0 (s) B (us+3,vs+3)

2

11
2k <H3+2,2—Y}!~LS+VS+1;]<2>,

(wa>an&<L0§@§§)

({xedeeny)
M {K({K“}‘ENo)(k) p s} T Y (s) B (ws + 5, vs + 3)

EHIRY >
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11
2 Fq (ps—i—z, 5; ps—i—vs—i—l;kz) , (5.8)

(%) >0, P2 <1, 0§<p§§),

and

({Kz}e N )
M{Eg}:ﬁileﬂ\lo)(k):p_)s} _ r() €Ny (S)B(HS‘F%,VS—I—%)

2
1 1 5
2 F ps+§,—§;us+vs+l;k , (5.9)

(%) >0, <1, Oécpég)-

Proof. By putting @ = Z in (5.2), (5.6) and (5.7) and then using the following identity (see [20, p. 239, Eq.
y P & 2 & & y p q

(10)]):
F(y)T(y — o —B2)

My — Ty — B2)
we get the desired Mellin transform formulas asserted by Theorem 5.6. 0

File, B1, B2 v;x, 1] = oF1 (e, B1; v — B2sx),

Theorem 5.7. The following Mellin transform formula for ﬂé{;ﬁ‘fieENo) (a2, k) in (3.8) holds true:

1 1 1
M {ng}:ﬁi‘/eeNo)(“Z’ k) p— S} _ E ro({Kz}lelNo)(s) B (P‘»S + E/VS + 2)

1.1
-F (us—i— 5’1’ 5; us +vs+1; ocz,k2> , (5.10)

(R(s) >0, and K<l —oco<oa’< ).

Proof. Putting @ = % in (5.3) and using the following easily derivable reduction formula:
g 2 & g y

Fy)rly —oc—
Do B B Baivin, 1) = 1 S B o B, By — B,

we get the desired result (5.10) asserted by Theorem 5.7. O

Remark 5.8. If we choose the sequence {k¢}¢cn, as in (1.14) and set p = v = 1 in the assertions (5.8)
and (5.9) of Theorem 5.6 and in the assertion (5.10) of Theorem 5.7, we obtain the corresponding Mellin
transform formulas for the extended complete elliptic integrals as asserted by Corollary 5.9.

Corollary 5.9. Each of the following Mellin transform formulas holds true:

M{Kp(k) p— S}: 2257_"15 2F1 E,S+§,2$+1,k , (511)
VAT (s+3) 11 2
M{Ep(k):p%S}:WzFl _§/S+§’2S+1’k ’ (512)

and

1
2 7. _Vml(s+3) 1.1 212
M{ﬂp(a,k).p%s}—wﬁ s+§,1,§,25~|—1,oc,k .
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Remark 5.10. If we set s =11in (5.11) and (5.12), we get the following interesting relationships between the
original and the extended complete elliptic integrals:

JOOK(k)d F 11318
A e S TR AV 1L
which, in light of the known result [27, p. 473, Entry (93)], yields

1
3K2

*° T 13
E,(k)d oF ( ;3; k2>
L pUS P =362\ T

which, by means of the known result [27, p. 469, Entry (20)], can be put in the form:

f K, (k) dp = —— [K(k) — (2— K)D(K)],

and

= 1 2 2 4
JO Ep(K) dp = 5 [1+13)K(K) —2(1 -k + KD (k)]

6. Derivative and integral formulas

In this section, we state (without proof) several derivative and integrals formulas for the generalized
elliptic-type integrals.

Theorem 6.1. Each of the following derivative formulas holds true:

d 1
@ {S'E){;:Lﬁ/EENO } E |: p{tLZyENO ) 3:'1(){;51,2\}/(6]]\10) ((‘PI k):| 7
{ (xedeeng) | _ 1 [ { ({kedeeny) ({KmeNo)]
P,V [ P,V ’
{¢} k {xe} {e}
{8/p ':LevzeJNo 72 [8/]0 :LeveeINO) :KII(? I:LEVZGNO):| ,

dk/

1 2
16‘“ 2+m,2+m,1+m,k>,

1
K v 1 1
Z)m 8;5{ theng Pk, ) (—2+m,2+m/1+m;k2)1

{Ke}zeNO {Kz}eeNO) K({Kz}zewo)
Epiny k2 Epiy PiLY ,
{Ke}zeNO ({ceheeng i) (1
Ky 28
{ {Ke}zelNo}
( z}eeNO
p

T
om ({xedeeny,) Tt ({keteenypinv) 11

Theorem 6.2. Each of the following integral formulas holds true:

E ({Kz}zelNO P, Y) (1 1

SO .12
) n;1 2n,k>,

2 2%

and

K K dk
J[Kl(){;ugeemo)_Sl(jgugzemo)} di _81(){323‘/8611\10),
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({kedeen, ) dk 1 o ({xeheen, )
J:KP;H/V o K2 = Tk 8p;u,v o ’

k ({keteeny ) ({keteeny ) ({keteeny )
J'klz [fK/P;u,vE ’ _Elp;u,ve 7 dk = ‘g/p;u,vE °,

and

K {ke} (k) (k)
sz [Ké;s\/eENO) - Elg;gv%NO) dk’ = 81(9;3\/(6%)-

7. Special values and connections with other special functions
In this section, we first find the special values of K, (k), Kj, (k), Ep (k) and E{j (k).
Theorem 7.1. Each of the following relations holds true:

Kn(0) =K 1) = 5 8 (
, 1

Ep(0) = Ep(1) = 5 B(
1

2

Ep(1) = E,(0) =

and

2

Remark 7.2. The Meijer G-function [16, p. 232, Eq. (5.124)], the Whittaker function Wy ,(z) [16, p. 229,
Eq. (5.107)], the complementary error function erfc(z) [16, p. 229, Eq. (5.106)] and the confluent hyperge-
ometric function U(a, b, z) [16, p. 229, Eq. (5.109)] are expressible in terms of the extended Beta function
B (x, ;p) for R(p) > 0 as follows:

Kp(1) =K., (0) = = B <;,0;p> :

Lgl_i x+yz+1
B(x,uy;p) = v 2" XV G [ 4p , (7.1)
0,%y
11 T _1 _o
B(= = =./= 1 P 4
<2,2,P) \/; pie TW_11(dp),
B (1 1'p =7 erfc(2/p)
2/ 2’ 7
and
11\ _4p 11

Now, by applying the relationships (7.1) to (7.2) in Theorem 6.2, we can deduce several interesting
representations of the extended complete elliptic integrals. These are given (without proof) in Corollary
7.3 below.

Corollary 7.3. Each of the following representations holds true:

Kp(0) = K}y (1) = Ep(0) = Ej (1) = 7 erfe(2,/p),
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Kp(0) =K, (1) =Ep(0) =E, (1) =ym p 4272 e 2P W

1
0,3

(4p),

1
'z

s

Ky (0) = Kj (1) = Ep(0) = B (1) = Y 624 (410

and

Kp(1) = K}, (0) =

Next, in terms of the simple Laguerre polynomials L. (x) given by (see, e.g., [16, p. 238, Eq. (5.152)])

La():=L10'(x), and LM(x)=)_ (“ i ‘?‘) iy

— |
—\n-j/) gt
we derive the representations asserted by Theorem 7.4 below.

Theorem 7.4. Each of the following Laguerre polynomial representations holds true:

1 3
Kp(k) == e 2P ML L e (1 3. 312 s
Pl Z (Mm+n+2)! m(P)Ln(p) 2F1 2/m+2,m+n+ ; , (7.3)
. 2¢ " m—M aP)oF1 (=2, m+ 2 12 7.
rk =3 2 (mint2)l ™ (P)Ln(p) 2F1 { =5, m+ 5im+n+3k ), (7.4)
m,n=0
and
T[ — - m+1 n+1
My(a?, k) = = e 2P —L L
m,n=0
3
Proof. Upon setting
dt
Sinze: 7 and d9:71
2,/t(1—1t)
in (36)/ we get
K(k)—lrté 1-1 21—k exp——P— ) dt 76
20 “P\ia—vy) & :

We now make use of the known identity for the simple Laguerre polynomials (see, e.g., [16, p. 238, Eq.
(5.155)], see also [25]):

exp <_t(1p > —Z‘p Z L tm—!—l(l_t)n—!—l’

m,n=0
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in the integral representation (7.6). After a little simplification, we get the desired representation (7.3).
A similar procedure for E;, (k) and TT,, (o2, k) yields (7.4) and (7.5). O

Theorem 7.5. Each of the following Laguerre polynomial and Whittaker function representations holds true:

1 3 = (1 mion
Kp(k):wexp<—2p> Z <2> pz e

m,n=0

an

—l2m+2n+5), }(2m+2n+1)(p) al

.a;\~

and

1 3 i 1 amaon_1
B0-gree(-3) X (), "

m,n=0
an

- (7.8)

L (PIW_1 mion i), 2ma2nt1) (P)

Proof. Using the following known identity for the Laguerre polynomials (see, e.g., [16, p. 239]):

p(1
exp<—t(1p_t)>:(l—t)exp< +t> ZL

in the integral representation (7.6), we get

1 1 1
E,(k) = ;JO t72 (1—1)"2

(E6).59) om0 Soe] o

Upon interchanging the order of summations and integration, we find from (7.9) that

00 1 1 1 2\n
Ep(k) = % ev Y <_;> Lim(p) UO M (117 exp (—%) dt] (kn3 . (7.10)

Finally, by using the integral representation [16, p. 362, Eq. 3.471(2)]:

72

1
T NV | P . _P
Jo t (1—-1) exp ( t> dt=p 7 exp ( 2) I'(v) Wl—uszv u(p),

(R(v) >0, R(p)>0),

in (7.10), we arrive at the desired representation (7.7).
A similar procedure for E, (k) would yield the second assertion (7.8) of Theorem 7.5. O

8. Concluding remarks and observations

Our present investigation is motivated essentially by many potential avenues of applications of var-

ious families of incomplete and complete elliptic-type integrals as well as the generalized Beta function

‘BI(,{;EQ,“NO) (o, ) defined by (1.12). By means of the definition (1.12), we have introduced and systemat-

ically studied new extensions of the generalized Appell and Lauricella type functions of two and more
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variables and also of the incomplete and complete elliptic-type integrals. We have shown that the ex-
tensions proposed in this paper are potentially useful and that many of the known properties of the
elliptic-type integrals carry over naturally and simply in terms of these extensions. We have also pro-
vided connections with the complementary error function, the Whittaker function and the G-function as
new representations for special parameter values of the extended elliptic-type integral.

References

[1] M. Abramowitz, I. A. Stegun (Eds.), Handbook of Mathematical Functions, with Formulas, Graphs, and Mathematical Ta-
bles, Third printing, with corrections, National Bureau of Standards Applied Mathematics Series, Superintendent
of Documents, U.S. Government Printing Office, Washington, D.C., (1965). 1
[2] M. Ali Ozarslan, E. Ozergin, Some generating relations for extended hypergeometric functions via generalized fractional
derivative operator, Math. Comput. Modelling, 52 (2010), 1825-1833. 1
[3] L.C. Andrews, Special Functions for Engineers and Applied Mathematicians, Macmillan Company, New York, (1985).
1
[4] P. Appell, J. Kampé de Fériet, Fonctions Hypergéomtriques et Hypersphériques; Polynomes d’Hermite, Gauthier-Villars,
Paris, (1926). 5
[5] W. N. Bailey, Generalized hypergeometric Series, Cambridge Tracts in Mathematics and Mathematical Physics, Vol.
32, Stechert-Hafner, Incorporated, New York, (1964). 5
[6] G. Barton, Do attractive scattering potential concentrate particles at the origin in one, two and three dimensions? III: High
energies in quantum mechanics, Proc. Roy. Soc. London Sect. A: Math. Phys. Eng. Sci., 388 (1983), 445-456. 1
[71 M. ]. Berger, J. C. Lamkin, Sample calculations of gamma-ray penetration into shelters: Contributions of sky shine and
roof contamination, J. Res. Nat. Bur. Standards Sect. B, 60 (1958), 109-116. 1
[8] P. J. Bushell, On a generalization of Barton’s integral and related integrals of complete elliptic integrals, Math. Proc.
Cambridge Philos. Soc., 101 (1987), 1-5. 1, 3.1
[9] P. F. Byrd, M. D. Friedman, Handbook of Elliptic Integrals for Engineers and Scientists, Second edition, revised, Die
Grundlehren der mathematischen Wissenschaften, Band 67, Springer-Verlag, Berlin-Heidelberg-New Yok, (1971).
1,31
[10] B. C. Carlson, Some series and bounds for incomplete elliptic integrals, ]. Math. and Phys., 40 (1961), 125-134. 1
[11] B. C. Carlson, Special Functions of Applied Mathematics, Academic Press [Harcourt Brace Jovanovich, Publishers],
New York-London, (1977). 1
[12] M. A. Chaudhry, A. Qadir, M. Raflqu, S. M. Zubair, Extension of Euler’s beta function, J. Comput. Appl. Math., 78
(1997), 19-32. 1
[13] M. A. Chaudhry, A. Qadir, H. M. Srivastava, R. B. Paris, Extended hypergeometric and confluent hypergeometric
functions, Appl. Math. Comput., 159 (2004), 589-602. 1
[14] M. A. Chaudhry, S. M. Zubair, Generalized incomplete gamma functions with applications, J. Comput. Appl. Math., 55
(1994), 99-124.
[15] M. A. Chaudhry, S. M. Zubair, Extended incomplete gamma functions with applications, J. Math. Anal. Appl., 274
(2002), 725-745.
[16] M. A. Chaudhry, S. M. Zubair, On a Class of Incomplete Gamma Functions with Applications, Chapman & Hall/CRC,
Boca Raton, FL, (2002). 1,7.2,7,7,7,7
[17] D. Cvijovi¢, J. Klinowski, On the integration of incomplete elliptic integrals, Proc. Roy. Soc. London Ser. A, 444 (1994),
525-532. 1
[18] D. Cvijovi¢, J. Klinowski, Integrals involving complete elliptic integrals, J. Comput. Appl. Math., 106 (1999), 169-175.
1
[19] L. E. Epstein, J. H. Hubbell, Evaluation of a generalized elliptic-type integral, J. Res. Nat. Bur. Standards Sect. B, 67
(1963),1-17. 1, 3.1
[20] A. Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher Transcendental Functions, Vols. I and II (Based, in
part, on notes left by Harry Bateman), McGraw-Hill Book Company, Inc., New York-Toronto-London, (1953). 5, 5
[21] E. L. Kaplan, Multiple elliptic integrals, J. Math. Phys., 29 (1950), 69-75. 1
[22] S.-D. Lin, L.-F. Chang, H. M. Srivastava, A certain class of incomplete elliptic integrals and associated definite integrals,
Appl. Math. Comput., 215 (2009), 1176-1184. 1
[23] S.-D. Lin, H. M. Srivastava, J.-C. Yao, Some classes of generating relations associated with a family of the generalized
Gauss type hypergeometric functions, Appl. Math. Inform. Sci., 9 (2015), 1731-1738. 1, 1
[24] M.-]. Luo, R. K. Raina, Extended generalized hypergeometric functions and their applications, Bull. Math. Anal. Appl,,
5(2013), 65-77. 1
[25] A.R. Miller, Remarks on a generalized beta function, ]. Comput. Appl. Math., 100 (1998), 23-32. 7
[26] R. K. Parmar, A new generalization of gamma, beta, hypergeometric and confluent hypergeometric functions, Matematiche
(Catania), 68 (2013), 33-52. 1



H. M. Srivastava, R. K. Parmar, P. Chopra, J. Nonlinear Sci. Appl., 10 (2017), 1162-1182 1182

(27]
(28]

[29]
(30]

(35]

(36]

A. P. Prudnikov, Y. A. Brychkov, O. I. Marichev, Integrals and Series, Vol. 3, More Special Functions, Translated
from the Russian by G. G. Gould, Gordon and Breach Science Publishers, New York, (1990). 5.10

L. N. Sneddon, The Use of Integral Transforms, McGraw-Hill, New York, (1972). 5

H. M. Srivastava, Some elliptic integrals of Barton and Bushell, ]. Phys. A: Math. Gen., 28 (1995), 2305-2312. 1

H. M. Srivastava, S. Bromberg, Some families of generalized elliptic-type integrals, Math. Comput. Modelling, 21
(1995), 29-38. 1

H. M. Srivastava, P. W. Karlsson, Multiple Gaussian Hypergeometric Series, Ellis Horwood Series: Mathematics and
Its Applications, Ellis Horwood Limited, Chichester; Halsted Press [John Wiley & Sons, Incorporated], New York,
(1985). 5.1,5,5,5.3,5

H. M. Srivastava, H. L. Manocha, A Treatise on Generating Functions, Ellis Horwood Series: Mathematics and its
Applications, Ellis Horwood Limited, Chichester; Halsted Press [John Wiley & Sons, Incorporated], New York,
(1984). 2

H. M. Srivastava, R. K. Parmar, P. Chopra, A class of extended fractional derivative operators and associated generating
relations involving hypergeometric functions, Axioms, 1 (2012), 238-258. 1, 1

R. Srivastava, A note on the Epstein-Hubbell generalized elliptic-type integral, Appl. Math. Comput., 69 (1995), 255-262.
1

H. M. Srivastava, R. N. Siddiqi, A unified presentation of certain families of elliptic-type integrals related to radiation field
problems, Radiat. Phys. Chem., 46 (1995), 303-315. 1

G. H. Weiss, A note on a generalized elliptic integral, . Res. Nat. Bur. Standards Sect. B, 68 (1964), 1-2. 1, 4.2



	Introduction, definitions and preliminaries
	Generalized Appell and Lauricella type functions
	Generalized elliptic-type integrals
	Connection with generalized hypergeometric functions
	A set of Mellin transform formulas
	Derivative and integral formulas
	Special values and connections with other special functions
	Concluding remarks and observations

