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Abstract

Recently, differential equations for Changhee polynomials and their applications were introduced by Kim et al. and by using
their differential equations, they derived some new identities on Changhee polynomials. Specially, they presented Changhee
polynomials Ch,, N (x) by sums of lower terms of Changhee polynomials Chy (x). Compare to the result, Kim et al. described
Changhee polynomials Ch;, ;  (x) via lower term of higher order Chaghee polynomials by using non-linear differential equations
arising from generating function of Changhee polynomials. In the first part of this paper, the author uses the idea of Kim et al.
to apply to generating function for Daehee polynomials. From differential equations associated with the generating function of
those polynomials, we derive some formulae and combinatorial identities.

Also, Kwon et al. developed the method of differential equations from the generating function of Daehee numbers and
investigated new explicit identities of Daehee numbers. In the second part of the present paper, the author applies their methods
to generating function of Daehee polynomials, and get the explicit representations of Daehee polynomials. And specially we
put x = 0 in our results, we can get new representations of Daehee numbers compare to the above results. (©2017 All rights
reserved.
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1. Introduction

It is common knowledge that the Bernoulli polynomials By, (x) for n > 0 can be generated by

(see [2, 7, 11]).
With the viewpoint of deformed Bernoulli polynomials, the Daehee polynomials D, (x) for n > 0 are
defined by the generating function to be

oo tn

1+ =) Dn(x)—. (1.1)

n!

log (1+1)

n=0
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It is easy to see that the generating function of the Daehee polynomials D, (x) can be reformed as

108(1+t)(1+t)x ~ log(1+1) oxlog (1+1).

T oelog (1+t) _q

From (1.1), we note that

log (1+t) > 1
Toarirn g B = ZOBn(X)n!(log (1+1)"
[ee] o0 ‘tm
=) Ba(x) ) Silmmn)— (1.2)
n=0 m=n
oo m m
5 (Z B (x)S1(m n)) 3
m=0 \n=0
where S;(m, n) stands for the Stirling number of the first kind which is defined as
x)o=1, X)n=x(x—1)---(x—mn+1) ZSlnl (n>1).
Combining (1.1) with (1.2) yields the following relation
ZB x)S1(m,n), (m>0).
By replacing t by e* —1 in (1.1), we can derive
= tn t 4 1,
Z Bn(x)ﬁ = ot _1ex = Z Dm(x)a(e 71)m
n=0 m=0
o0 tn
=Y Dml(x) )_ Saln,m)— (1.3)
m=0 n=m n
oo n n
s ( 5 Dn(x)sz(n,m)> .
n=0 \m=0

where Sy(n, m) is the Stirling number of the second kind which is given by x™ = > 2, S2(n, 1)(x)y,
(n>0).
Comparing the coefficients on the both sides of (1.3), we obtain

Z D (x)S2(n,m), (n>0). (1.4)

In recent decades, many mathematicians have investigated some interesting extensions and modifica-
tions of Daehee polynomials related combinatorial identities and their applications (see [1, 2, 5, 6, 9, 11—
13]).

In [4], differential equations for Changhee polynomials and their applications were introduced by Kim
et al.. By using their differential equations, they derived some new identities on Changhee polynomials.
Specially, they presented Changhee polynomials Ch,,{n(x) by sums of lower terms of Changhee polyno-
mials Chy(x). Compared to [4], Kim et al. described Changhee polynomials Chy,yn(X) via lower term
of higher order Chaghee polynomials by using non-linear differential equations arising from generating
function of Changhee polynomials in [8]. Both papers [4] and [8] treated the inversion problem for the
results in Kim’s work (see [3]). In the first part of this paper, we use the idea of [4] to apply to generating
function for Daehee polynomials. From differential equations associated with the generating function of
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those polynomials, we derive some formulae and combinatorial identities.

Also in [10], Kwon et al. developed the method of differential equations from the generating function
of Daehee numbers and investigated new explicit identities of Daehee numbers. In the second part of
the present paper, we apply their methods to generating function of Daehee polynomials, and get the
explicit representations of Daehee polynomials. And specially we put x = 0 in our results, we can get
new representations of Daehee numbers compare to the above results.

2. Differential equations for Daehee polynomials

Let log (1
F=Flt,x) = —o = (t RIS (2.1)
By taking the derivative with respect to t in (2.1), we can derive
FO = L = [ (x4 —— )+ 1)1 -t F (2.2)
dt log (1+1)

and

@_ ey _fp—2 (1 -1 [ 2x=1 _ -2
F th [2t 2<log(1+t)+x>(1+t) t +<log(1—|—t)+x(x 1))(1—|—t) ]F.

Similarly, we get

d 1 2x —1
FG — (@) — | _4t3 1 1,2 1) —2,-1
dt 6 6 gy )Y T3 gy TX D J RO
3x2 —6x+2 _3
<10g(1_’_t)+X(X—1)(X—2)>(1+t) :|F
Continuing this process, we are led to put
d\N A bi(N,x) L
F(N) [ e F — (N LA 1)t i—N F 2.
<dt> (t,x) [%(al( 'X)+log(1+t)>(t+ )t , (2.3)
where N =0,1,2,---
Moreover, from (2.3), we note that
rN
d . bi(N,x) i N—
(N+1) _ B p(N) _ _ 1pi—N—-1
F =4 F Z(N 1)<al(N X) + log(1+t)>(t+1) t ]F
rN
(N x) bi(N,x) —i-1,i-N
— 1 F
IZO<”“ g+t (1og(1+t))2>(t+ T ]

N

bi(N,x) —i AN | (D)
+ Z(a1 1+t)>(t+1) t ]F

Li=0
< N, x) + DilNx) )(t+ 1)%1‘\’11 F

TN
=0 log (1+1)

Li

ibi (N, x) bi(N,x) —i-1,i—N
B ;)<m1Nx 10g(1+t)+(log(1+t))2>(t+1) ¢ ]F

rN
+ <xa1(N,x)
0

Li=

log (1+1t) (log (1+1))?

ai(N,x) +xbi(N,x) bi(N,x) >(t+1)—i—1ti—N‘| F
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N
— [Z (ai(N,x) + W)(t+1)itiN1‘| F

P log (1+ 1)
=— [i(N —1) (ai(N/X) + w) (t+1) N
+NZH<1— Dag 1(N,x)+1 lg;b(ll i(gj )+(ll:)tg_(11“1l$))2> (t+1) N1 2.4)
El <xai_1 (N, %)+ ! (Nllc;) axrgl (N, (ll:g(lﬁ’s))z)(t +1) N

bi(N,x) —i4i-N-1
+Z<ale 10g(1+t)>(t+1) t }F.

On the other hand, by replacing N by N + 1 in (2.3), we obtain

N+1
bi(N+1,x) N
FIN+D) . PiUNT L, A) ifi-N-1| ‘
;O ai(N+1,x)+ og (170 (t+1)"'t F (2.5)
By comparing the coefficients on both sides of (2.4) and (2.5), we have
bO(N+1,X) _ bO(N/X)
aO(N+1,X)+m_ (N+1)<(10(N,X)+10g(1+t)>, (26)
bN+1(N +1/X) o o bN (er) aN (er)
ana(NFLX) -Gy — N (aN(N’X) T log (1 +t)) log (111)’ @7)
and bi(N +1,%) N0\,
. OiN+Lx) ) bi1(N,x)\ ai_
aNFLX)+ oy T (a”(N’X) * log TEA log 1+t 8)
—(N—l—i-l)(ai(NX log 1+t)
where 1 <1 < N. We also note that
0,x)
F=F0 = ol :
[GO(O x)+ log (1+t) 29)
Hence, by (2.9), we get
0(01 X)
ap(0,x) + fog (1+1) (2.10)
From (2.10), it follows that
(0,x) =1, be(0,x) =0
In addition, (2.2) and (2.3) lead to
v —1_ 1| g _ gD
{<x+log(1+t)>(t+1) ¢ }F_F
1
_ . bi(1,x) i1
= l;)(al(l,x) + og (14 1) +t))(t+ 1) W F (2.11)
. bo(l X) 1 bl(l/x) —1
= [(ao(l, )+ 7102%(1 +t))t + <a1(1,x) + 7105;(1 +t)) (t+1) }F.

Comparing the coefficients on both sides of (2.11) results in

aO(llx) = _1/ bO(llx) = O/ al(llx) =X, bl(llx) =1
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Also by (2.6) and (2.7), we have

b()(N +1,X) . bO(N/X)
ag(N+1,x) +m __(N+1)<GO(N'X)+log(1+t)>
e 10 BN L)
= (-1) (N+1)N(aO(N 1,x)+ log (14 t) 212)
= (=1)N bo(Lx) NN
=(=1)"(N+1)N 2<a0(1'x)+log(1+t)>_( 1) (N+1)!
and
bN+1(N+1,X) . bn (N, x) an (N, x)
an+ N+ LX)+ = T _(X_N)(GN(N'X)+log(l+t)> log (11 1)
bn_1(N—1,%)
_(X_N)(X_(N_l))<aN1(N_1'X)+10g(1—|—t))
N an(N,x)+ (x —N)an_1(N—1,x)
log (1+1)
bl(l,x)
—(X—N)(x—(N—l))~~~(x—l)<a1(1,x)+log(lth))
an(N,x)+ (x —N)an—1(N=1,x)+---+ (x—N)--- (x —2)ay(1,x)

+

log (1+1)

n (IN(N,X) + (X—N)aN,l(N —1,X) +- 4+ (X—N) ~-(X—2)al(1,x)
log (1+1)

Mz

O(X|N)N—kak(klx)

log (1+1)

= (X)N41 +

From (2.8), we can derive

by (N+1,x)
log (1+1)

B bo(N,x) ap(N,x) b1(N,x)
_X(GO(N'X)+log(1+t)> log(1+t)_N<al(N'X)+log(1+t)>
o bo(N,X) bQ(N*l,X)
= x(ao(N,x) + fog (1+ 1) —N (aO(N —1,x)+ 7102(;(1 ey ))
ag(N,x) —Nag(N —1,x) b1(N—1,x)>
log (1+1) log (1+1)

a;(N+1,x)+

+(=1)°N(N—1) (al(N —1,%)+
(2.13)

N-—-1 . .
_ i), . bo(N—1,%)\  ao(N—1,x)
= 3 N x(eolN -+ PR )+ PR

i=0
bl(l,X) )
log (1+t)

N . .
_ i), . bo(N—1,%)\  aog(N—1i,x)
=3 N [x (antN =150+ NI ) ol R

+(=1)NN! (al(l,x) +
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bz(N + 1,X)
ax(N+1,x) + og (1 +t)

= (x—l)(al(N xX)+ X \4 4

b1 (N, x) ba(N, x)
log(1+t/‘10 1+t (1—N)(a2(N,x) log(1+t)>
1(N, x)

_ bi(N—1,x)
=(x—1) <a1(N,x)+log 1 +t)+(_1)(N - 1)<a1(N _1’X)+log(l+t)>)
al(N/X)_(N_l)al(N_]-/X)
log (1+1)

+ (=1’ (N=1)(N-2) (az(N 1%+ m>

(2.14)

N-2

I\’l

i=0

+ (DN (N =1 (az(z,x) + 102;8'_’:%)

. bl(N—i,X) al(N—i,x)
[(X 1)< N =)+ i >+ log (11 1) ]

N

[ay
—

i=0

. b1(N —1,x) a; (N —1,x)
—1)1[(x—1)<a1(N—1,x)+ log (1+1) >+ log (1+1) ]'
and

b3(N + 1,X)
a3(N+1,x)+ log (1+t)

B 2(N,x) \I az(N, x) B b3(N, x)
_(X_2)<a2(N'X)+log 1+t / log ( 1+t) +2 N)<a3(N'X)+log(1+t)>

= (x-2) (N0 2+ DN -2) (N = 1 ) )
og(1+1)

log (1+1)
a(N,x) — (N —=2)ax(N—1,x)
log (1+1t)

(2.15)

N—3

i=0

+(—1)N2(N—2)!(a (3,x) + 23 )
log (1+1)
N-—-2

_ o i o . . s bz(N—:L,X) aZ(N_i,X)
- i:0( 1*(N 2)1[(x 2)(az(N i,x) + log (1 +1) >+ fog (141 ]

. bo (N —1,%) ax(N—1,x)
[(X 2)< 2(N =) + 10g(1—l—t)> log(l—i-t)]

Continuing in this fashion, we can find that

. N—j+1 '
bgma = X VM-I

i=0

’ [(X_j = <““(N A bjmlg“(\ijt')m>+aj101g(](wljt')m]

a;(N+1,%x) +

(2.16)
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where 1 <j < N.
We remark that the (N + 1) x (N + 1) matrix with the (i,j) entry given by (a;(j, x))o<ij<n is given by

0 1 2 N
0 /1 —1 (=12 ... (=DNN!
0 x :
210 (x)2
N\0 0 0 (XN

Now, we give explicit expressions for a;(j,x). From (2.12), (2.13), (2.14), (2.15), and (2.16), we can
derive

N
a(N+1,x) =x ) (-1 (N)iao(N—1,%) = x(~1)N(N+ 1),
i=0

| N—-1
a(N+1,x) = (x—1) Z (D" (N =1y a1(N—ip,x) = (x)o (DN HN=1)1 Y (N—1y),
=0 =0
N-—-2 N—2N-—-2—1,
as(N+1,x) = (x—2) Y (—1)2(N—=2),a(N —1ip,x) = (x)3(—1)N (N —2)! (N—ip—1;—1),
12=0 =0 ;=0
and
N-3
as(N+1,x) = (x—3) Y (—=1)%(N—3),a3(N —is,x)
i3=0
N—3 N—3—i3 N=3—iz—i,
= (X)a(-DN3(N-3)! Y N—iz—ip—iy —2),
13=0 1i,=0 i1=0

Continuing in this manner, we get

(N +1,%) = (x); (DN TH(N = + 1)
N—j+1 N—=j+1—i54 N—j+1—ij_q-—ip

> Z Z Z (N—ij_q — - —11—j+2),

ij1=0 i =0 i1=0

(2.17)

where 1 <j < N+1.
On the other hand, we now turn our attention to b;(j, x). From (2.12), (2.13), (2.14), (2.15), and (2.16),
we can obtain

z
-

bi(N+1,x) = Y (=1)'(N) [Xbo(N —1,%) + ag(N —i,x)] = (DN (N+1),

o
o

z
-

bz(N + 1,X) (—1)11(1\] — 1)11 I:(X— 1)b1(N —il,X) + Cll(N —i1,X):|

0

o

1
N—-1 N—-1

= (x—DEDNTIIN=DE DY (N=i) +x(-DNHN=1)! > (N—1iy)

;=0 i1=0
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N-1
= @2x=DEDNIN=D Y (N—i),
i;=0
N—2
b3(N+1,x) = (—=1)"2(N —2)3, [(X —2)ba(N —1p,x) + a(N — izfx)]
i,=0
N—2N-—2—i,
= [(2x=1)x=2)+ () (DN AN=2)tx 3 > (N—ip—i—1),
=0 ;=0
and
N-3
ba(N-+1x) = X (~1)(N =3 | [x = )balN — g, ) + aalN —ia )]
l3:0
= [(2x = 1) (x =2)(x =3) + (x =3) (x2) + (x)3](=1)" *(N —3)
N—3N—3—i3 N-3—iz—i,
X Z Z (N—l3—12—11 2)
1320 12:O 11:0
By continuing this process, we get
bi(N+1,%) = ZH YN N1
x—k
(2.18)

N—)—|—1N j+1— 1]*1 N*]+171J,1712

x Y > > (N—ij_1— - —1 —j+2),

ijfl =0 ij,zZO i1=0

where 1 <j < N+1.
Therefore, by combining (2.17) and (2.18), we obtain the following theorem.

Theorem 2.1. For N =0,1,2,- -, let us consider the following family of differential equations:
A bi(N,x)
F(N) N iU —ii-N|
[;)(a (N, x) + log(1+t)>(t+1) t ] ,

where

ao(N,x) = (=1)NN!,  bo(N,x) =0, forall N,
N—j N—j—ij N—j—ij_q1-—12

aj(N,x) = (x); (=)™~ xZ > 2 (N—hg——h—jtl),

1) 1= =0 1] 2= =0 11:0
j—1j-1
=> J[x-dx—K0 7 =DNT(N-j)
k=01=0
N—j N—j—ij N—j—ij_1-—12

x Y Y Y (N—fjg——ip—j+1), (I<j<N+1I).

ij_] =0 ij,2:0 11=0

Then the above family of differential equations has a solution

F=F(t,x) =

log(1+1) (1 LA ITIINTY
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From (2.1), we obtain

tk N o .tk
Z Dnk(x (2.19)

= ) Dy(x)(k)
K=N

Recall from [7] that the Bernoulli numbers of the second kind by, for n > 0 are generated by

log (1+1t) 1 +1t) Z "l (2.20)
The first few Bernoulli numbers b,, of the second kind are
bo=1, b1==, by=——

Furthermore (2.20), we observe that

log (1+1) 1—|—t Z "l +an+1 Z 1n'

Therefore, by Theorem 2.1, we acquire that

N
FN) _ [Z <ai(N,x) T W) (1) HN|

= og(1+1)

N 00
bri1 t" | bi(N,x)
=) [aNX) +bi(N,x) ) —+
< n:On+1 n! t

i=0

= itl-1 PN — tP
X<Z(—1)1< ) >t1>t N];)Dp(x)

1=0

N x irl—1\ 1 tk
ZO N DY Y k!(—l)l( ) >p!Dp(x)k!

k=01+p+i—N=k

i+1—1\ b k
; NXZ Z k!(—1)1<1+1 >p!(sfl)!Dp(X)chd (2.21)

k=01+s+i—N+p=k

a i i+1—1) 1 £k
—i—;bi(N,x)Z 3 k!(—1)1(1 X >Dp(x)k!

P!
k=0 l+p+i—N-1=k

C1 3
(N, x) Z (_1)1<1+1 1> 1DP(X)T;<!

!
1=0 l+p+i—N=k p:

N i — “
DL IL IS S I (N Ere=v it

0 l+s+i—N+p=k

00 . _ k
+Z{k!Zbi(N,x) ) (—1)1<1“L 1) ;Dp(x)];!.

i=0 l+p+i—N—1=k

1
M8
=~
l\/]z
e

By equating coefficients of (2.19) and (2.21), we finally arrive at the following theorem.
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Theorem 2.2. For N =0,1,2,--- and k =0,1,2,-- -, we have

Dyin(x k'Za1 (N, x) Z (—1)l<i+11_1> pl!Dp(x)

l+p+i—N=k

i+1—-1 1
+ k! Zbi(N,X) Z (—1)1< 1 >p!(s—|—1)!bs+1Dp(X)

i=0 l+s+i—N+p=k

N .
+KY bi(Nx) Y (_1)1<1+11—1> ;!Dp(x),

i=0 l+p+i—N—1=k

where a;(N,x)’s and bi(N,x)’s are as in Theorem 2.1.

3. Daehee numbers associated with differential equations

Now we consider

G=G(tx)=log(l+t)(1+1t)". (3.1)
Then, by (3.1), we have
m_d _ x—1 1 _ x—1
G —aG(t,x)—(let) +xlog(1+1t)(1+1t) =1+t +xG(t,x—1)
and
G = C&G =(x—1DA+)*2+xG (t,x—1) = (x = D1+t 2 +x(1+ ) 2 +x(x —1)G(t,x —2).

Continuing this differentiation N-times, we derive

LY N-1 ,N—1
™ = (dx> Gt =Y (H(x—j))(ut)m + (ING(t,x—N)

R

N—1

= Z <H >(1+t)x N+ ()N log(1+t) (141N

j=0
j#A

(3.2)

On the other hand, the left hand side of (3.2) has the presentation as follows:

d (N) 00 tm—!—l
- (&) (Z Pt ) (33)



i=0
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For the right hand side of (3.3), we observe that
o0 tm+1
(XING(t,x—N) = (x)nlog(1+t)(1+t)* Nt = (x)n ) Dm(x—N) -~
Lm0 (3.4)
tm
= > (X)NMDp1(x—N) =,
m
m=0
In addition, we note that
ANt Tl e (5 U (S b mb
~ log(1+1) t N " n! ! A
n=0 1=0
o Tm o (3.5)
-y [Z <m> b Du(x—N) | —.
m=0 ln—o \" )
Also we can expand (1 +1t)*~N as follows:
N_ v tm
A+ N =) x=Njm_— (3.6)
m=0 )
Now by (3.2), (3.3), (3.4), and (3.5), we have the following results
N—1 ,N—1 mo
(M4 N)D () = Y (Hw—n)[ (n)anl(x—N) 67
i=0 “j=0 n=0
J#L
and
N—1 ,N—1
(1 4+ N)D i (x Z(H >x N)m + ()N D1 (x — N). 68)
Jsél

Therefore, we obtain the following theorem.

Theorem 3.1. For N € N and m > 0, we have

N—-1 ,N—1 m
N0 = Y (TT6x=31) 3 (™ )onDitx—n
i—0 ;;(1) n=0
N—1 ,N—1
= 3 (TT0=3 )= Nim + (N mD s = N)
i—0 \j=0
j#L

When x = 0 in (3.7), we have the following identity on Daehee numbers.

Corollary 3.2. For N € N and m > 0, we have

1 \WN=1(N m
DmiNn-1 = ( 1)111—}—(]:1 1)' Z (:) anl(*N)-

n=0

The above corollary can be compared to Theorem 2.1 of [10], which presents D, n—1 via higher order

Daehee numbers, we record the result here.
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Theorem 3.3 ([10, Theorem 2.1]). For N € IN and m > 0, we have

CINSL N
Dmin-1 = ( 1)m—|—(m L' > <TT]:> (—n*N"D(M

n=0
When x = 0 in (3.8), we get the same identity on Daehee numbers, which appears in [10].

Corollary 3.4 ([10, Theorem 1]). For N € IN and m > 0, we have

_1)N-1 — =
( 1)m+“: 1)!2(—1)“1\1“51(“1'“)'

n=0

DimyNna1 =

From (3.5), we replace t by et —1, we get

N et =1ty (e, (et=1)n > gt
B R A P | DRLNR
= 2_bn ) Samm)— ) (D Bulx—N)ig
n=0 m=n k=0
o m - o o (3.9)
= Z Z bnSZ(mrn)m ZBk(X—N)ﬁ
m=0n=0 k=0
(o) [m m L tm
=D 12 ()2 tnS2(Ln)Brmt(x—N)| —.
m=0 L1=0 ( 1> n=0 m!
On the other hand,
oo tm
(e M=) x=N"—. (3.10)
m=0 )
Comparing the coefficients of (3.9) and (3.10), we have
m 1
m
x—=N)™=) (1) D baSo(Ln)By 1(x—N). (3.11)

1=0 n=0

Thus if we take x = 0 in (3.11), we can obtain

m 1
N =) > <m> 6nS2(1,1)Bm—1(—N). (3.12)

Bm-t(—N) = Y Dy(-N)Sy(m—1,k). (3.13)
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From (3.6), we replace t by e* — 1, we have

(e N=> (=N T

0
m=0 m=0 n=m
0

(3.14)

Thus we have
(x=N)"= > (x=N)mS2(n,m).
m=0

If we take x = 0 in (3.14), we have the following result, which is the same that of (2.16) in [10]

— nam
e M=) (1) n!’
n=0
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