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Abstract

Based on a specific way of choosing the indices and a new concept, namely, an analogue of inner product, a modified
Krasnoselski-Mann iteration scheme is proposed for approximating common fixed points of a countable family of asymptotically
nonexpansive mappings; and a strong convergence theorem is established in the framework of CAT(0) spaces. Our results greatly
improve and extend those of the authors whose related researches just involve a single mapping and the weaker A-convergence.
(©2017 All rights reserved.

Keywords: Krasnoselski-Mann iteration, CAT(0) spaces, infinite families of nonexpansive mappings, strong convergence,

A-convergence.
2010 MSC: 47H09, 47H10, 47]25.

1. Introduction

Let (X, d) be a metric space and x,y € X with 1 = d(x,y). A geodesic path from x to y is an isometry
c:[0,1] — X such that ¢(0) = x and c(1) = y. The image of a geodesic path is called a geodesic segment,
denoted by [x,y] as it is unique. A metric space X is a (uniquely) geodesic space if every two points of X
are joined by only one geodesic segment. A geodesic triangle /\(x1,%2,%3) in a geodesic space X consists of
three points x1,x2,x3 of X and three geodesic segments joining each pair of vertices. A comparison triangle
of a geodesic triangle A\ (x1,%z,x3) is the triangle A(xq,x2,%3) := A(X1,%2,%3) in the Euclidean space R?2
such that d(xi,x;) = dga(Xy,X;) for all i,j = 1,2,3, where X; is called the comparison vertex of xi,1=1,2,3.

A geodesic space X is a CAT(0) space if for each geodesic triangle A := A(xq,%2,%3) in X and its
comparison triangle A = A(Xq,%2,%3) in R?, the CAT(0) inequality

d(X, U) < d]R2 (f, g)

is satisfied by all x,y € A and their comparison points X,y € A. The meaning of the CAT(0) inequality is
that a geodesic triangle in X is at least thin as its comparison triangle in the Euclidean plane. A thorough
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discussion of these spaces and their important role in various branches of mathematics are given in [1, 2].
The complex Hilbert ball with the hyperbolic metric is an example of a CAT(0) space (see [10]).

Fixed point theory in a CAT(0) space was first studied by Kirk (see [13, 15]) who showed that every
nonexpansive (single-valued) mapping defined on a bounded closed convex subset of a complete CAT(0)
space always has a fixed point. Since then the fixed point theory for single-valued and multivalued
mappings in CAT(0) spaces has been rapidly developed and much papers have appeared (see, e.g., [3, 5-
8,11, 12, 14, 17, 22-24]).

In 2008, Kirk and Panyanak [16] used the concept of A-convergence introduced by Lim [18] to prove the
CAT(0) space analogs of some Banach space results which involve weak convergence, and Dhompongsa
and Panyanak [9] obtained A-convergence theorems for the Picard, Mann and Ishikawa iterations in the
CAT(0) space setting.

In 2010, Nanjaras and Panyanak [19] proved the demiclosed principle for asymptotically nonexpansive
mappings in CAT(0) spaces. As a consequence, they also obtained a A-convergence theorem of the
Krasnoselski-Mann iteration for asymptotically nonexpansive mappings in this setting.

Inspired and motivated by those studies mentioned above, in this paper, by using a specific way of
choosing the indices of the involved mappings and a new concept, namely, an analogue of inner product,
we propose a modified Krasnoselski-Mann iteration scheme for approximating common fixed points of
a countable family of asymptotically nonexpansive mappings and obtain a strong convergence theorem
in CAT(0) space. The result improves and extends that of Nanjaras and Panyanak [19] whose related
research involves just a single mapping and the weaker A-convergence.

2. Preliminaries

In this paper, we write (1 —t)x ® ty for the the unique point z in the geodesic segment joining from x
to y such that
d(z,x) = td(x,y), d(z,y) = (1 -t)d(x,y), Vt € [0,1]. (2.1)

We also denote by [, y] the geodesic segment joining from x to y, thatis, [x,y] :=={(1—t)x &ty : t € [0,1]}.
A subset C of a CAT(0) space is convex if [x,y] C C for all x,y € C.

In the sequel we shall need the following preliminaries.

Let X be a uniquely geodesic space equipped with two operations o and @, respectively defined by:

Definition 2.1.
(1) For any « € R and any x € X, a ox stands for the unique point u € X such that

u = xXx,

—_ —

where ~ is the comparison vertex in the comparison triangle A(5,6,7) := A(5,0,7) of A(+,6,-); and 6
denotes a fixed x¢ € X.
(2) For any x,y € X, x @y stands for the unique point v € X such that

vV=X+Y,
where V is the comparison vertex in the comparison triangles A(x,0,v) and A(y, 0,V) of A(x,0,v)
and A(y,0,v).
We then have the following conclusion:

Proposition 2.2. A uniquely geodesic space X equipped with two operations o and @ forms a vector space whenever
its power is no larger than X, namely, the cardinality of continuum. Such a space is called a geodesic vector space.

This follows from the fact that it is reasonable to define the mappings x — X and v — ¥ as in-
jections, determined respectively by the mappings A(x,0,x) — A(x,0,%) and (A(x,0,v), Ay, 0,v)) —
(A(x,0,v), Ay, 0,V)), since X is equivalent to R2.
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By the uniqueness of the negative element of any member of geodesic vector X, an operation © is
defined by
xoy=x®((—1)oy), ¥x,y € X.

Since a CAT(0) space is a uniquely geodesic space, then a CAT(0) space, equipped with two operations
o and @, is called a CAT(0) vector space whenever it possesses the cardinality of continuum.
Let X be a CAT(0) vector space, with respect to which the following definition is given.

Definition 2.3. An analogue of inner product (-,-) : X x X = R is defined by
<le> = <¥/g>lR21
where X,y are the comparison vertices in the comparison triangle A(X, 0,7) of A(x,0,y).

It is obvious from the definition of the function (-,-) that it has the following properties: for any
x, Y,z € Xand any o € R,
1) (x,x) 20, (x,x)=0<x=6;
2) (xy) = (Y, x);
(3) (xox,y) = x(x,y);
@) (x®y,2) = (x,2) +{y, 2).

Then a distance p on X can be defined by

px,y) =V (xSy,xO),

which coincides with the original distance d on X, since the distance dg. on R? is just induced by (-, ) gz
and d(x,y) = dr2(X,Y).
Next, we define a function ¢ : X x X — R™" by

d(x,y) = d*(x,y),
which obviously has the following property:
by, x) =d(z,x)+dy,z) +2(zoy,xO z), Vx,y,z € X. (2.2)
Lemma 2.4 ([20]). Let {an},{on}, and {by} be sequences of nonnegative real numbers satisfying
ant1 < (14+6n)an +by, Vn € N.
IFy X 106n <ocoand ) 77 by < oo, then limn_, o an exists.
Lemma 2.5 ([21]). A geodesic space X is a CAT(0) space if and only if the following inequality
P((1-t)x@ty,z) < (1—-t)d*(x,z) + td*(y,z) — t(1 — t)d*(x, y)

is satisfied by all x,y,z € X and all t € [0,1]. In particular, if x,y, z are points in a CAT(0) space and t € [0,1],
then
d((1—t)xdty,z) < (1—t)d(x,z) + td(y, z).

Let {x,,} be a bounded sequence in a CAT(0) space X. For x € X, we set

T(x,{xn}) = limsup d(x, xn).
n—oo

The asymptotic radius r({xn}) of {xn} is given by
r({xn}) = inf{r(x,{xn}) : x € K}
and the asymptotic center A({xn}) of {xn}is the set
Al{xn}) ={x € K:r(x,{xn}) = r({xn})}

It is known (see, e.g., [8]) that in a CAT(0) space, A({xn}) consists of exactly one point. We now give the
definition of A-convergence.
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Definition 2.6 ([16, 18]). A sequence {xn} in a CAT(0) space X is said to A-converge to x € X if x is
the unique asymptotic center of {u,} for every subsequence {u,} of {xn}. In this case one writes A-
im0 Xn = x and calls x the A-limit of {xn}.

Recall that a mapping T : C — C is called asymptotically nonexpansive if there exists a sequence
{un} C [0, 00) satisfying p, — 0 as n — oo such that

d(T™x, Thy) < (1+ pn)d(x,y), Vx,y € C, Yn € N.

Lemma 2.7 ([9]). Let K be a closed convex subset of a complete CAT(0) space X, and let T : K — X be a
nonexpansive mapping. Suppose {xn } is a bounded sequence in K such that limn o d(xn, Txn,) = 0 and {d(xn,v)}
converges for all v € F(T), then w,(xn) C F(T). Here w,(xn) := UA({xn}) where the union is taken over all
subsequences {un } of {xn}. Moreover, w,,(xn) consists of exactly one point.

We now turn to a wider class of spaces, namely, the class of hyperbolic spaces, which contains the
class of CAT(0) spaces (see Lemma 2.11).

Definition 2.8 ([17]). A hyperbolic space is a triple (X, d, W) where (X, d) is a metric space and W :
X x X x [0,1] — X is such that

(W1) d(z, W(x,y,«)) < (1 —a)d(z,x) + «d(z,y);

(W2) d(W(x,y, a), W(x,y,B)) =l — Bld(x,y);

(W3) W(x,y,a) = (y,x 1—«);

(W4) d(W(x,z, &), W(y,w, &) = (1 —«)d(x,y) + «d(z,y) for all x,y,z,w € X, «, B € [0,1].

It follows from (W1) that for each x,y € X and « € [0,1],
d(X/ W(X/U/ 0()) < ‘Xd(XIU)/ d(UIW(X/U/ OC)) g (1 - Cx)d(xly)' (23)

Comparing (2.3) with (2.1), we can also use the notation (1 — )x @ ay for W(x,y, &) in a hyperbolic space
(X,d,W).

Definition 2.9 ([17]). The hyperbolic space (X, d, W) is called uniformly convex if for any r > 0 and
€ € (0,2] there exists a & € (0,1] such that for all a,x,y € X,

d(x,a) <7 L
dlya)<r ,=d <2x69 S a) < (1-=29d)r.
d(x,y) <er

A mapping 1 : (0,00) x (0,2] = (0,1] providing such a é := n(r, €) for given r > 0 and e € (0,2] is
called a modulus of uniform convexity.

Lemma 2.10 ([17]). Let (X, d, W) be a uniformly convex hyperbolic with modulus of uniform convexity n. For any
r>0,e€(0,2,A€(0,1],and a,x,y € X,

d(x, a)
d(y, a)
d(x,y)

Lemma 2.11 ([17]). Assume that X is a CAT(0) space. Then X is uniformly convex, and

NN N

T
oy = d(1—Ax®Ay,a) < (1—2A(1—An(r, e))r.
€

T

2

€
Tl(Tfe) - §

is a modulus of uniform convexity.
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Lemma 2.12 ([4]). The unique solutions to the positive integer equation

(Mp —1)my

n=in+ > , My =>ip, n=1,23,...
are
B ( —1) B 1 1 B
ih=n— > , My = — 5 2n+1 n=1273...,

where [x] denotes the maximal integer that is not larger than x.

3. Main results

Theorem 3.1. Let X be a complete CAT(0) vector space and C a closed convex nonempty subset of X. Let {T;}° ;
C — C be a sequence of nonexpansive mappings with a sequence {u&f )} satisfying > 324 3 %4 uﬂ ) < oo and the

interior of F := N2 F(Ty) # 0. Starting from an arbitrary x; € C, define {xn} by
Xn+1 = (1 —an)xn @ an(T;)™xn, Vn € N, (3.1)

where {xn} C [e,1— €] for some € > 0 and T} = T;, with i, and m,, being the solutions to the positive integer

equation: n = i + m (Mn > in,m =1,2,...), that is, for each n € IN, there exist unique i, and my

such that
hW=lLhb=1Li3=2u=115=2i=3,ir=11=2,...,
m=1lm=2m3=2mMy=3,ms=3mg=3my=4mg=4,....
Then {xn} converges strongly to a common fixed point x* of the mappings {T;}°

Proof. We divide the proof into several steps.

(D) limy 00 d(xn, q) exists, Vq € F.
From (3.1), we have

d(Xn+1, ) =d((1—otn)xn & axn (T, )mnxnl q)
< (1= o) d(xn, ) + ond((T5) ™ xn, (T5)™ Q)
<a- mum®+an@+u ') dlxn, q)

Note that ¥ utit) = 52 sy [0 < 52 5% IV < . So by Lemma 2.4 we conclude
limyn o d(xn, q) exists and hence {x,} and {(T};)™"x,,} are bounded.

(I xp > x*€ Casn — oo.
For any q € F, we have, by Lemma 2.5,
d*(xn+1,9) = d*((1 — ot )xn ® ot (T35) ™ xn, q)
< (1= o) d?(xn, q) + ot d2((T2) ™ %n, q) — ot (1 — 0t ) A% (xn, (T) ™ %)
< (1= o) &(xn, @)+ ot (1418 ) @0, ) = otn (1= o) (xn, (T)™x0)  (32)
< (1 1)) @lxn )

- dZ(XTL/ q) + V'Eriz)/
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where vgl o an d2(xn, q),andso Y ¥, an) < o0o. Furthermore, it follows from (2.2) that

d)(pz Xn) = ¢(Xn+1lxn) + d)(P; Xn+1) +2<Xn+1 @’P, Xn S Xn+1>r VP S X.

This implies that

@ xn) — 6P, xms1)). (3.3)

1
<Xn+1 ©Pp, Xn 9Xn+1> + Ed)(XnJrlr Xn) = >

Moreover, since the interior of F is nonempty, there exists a p* € F and r > 0 such that (p*@roh) € F
whenever /(h, h) < 1. Thus, from (3.2) and (3.3) we obtain

1 1
0< {1 & (p* T 0R), X0 ©Xns1) 5 Pl xn) + 5 Van - (3.4)

Then from (3.3) and (3.4) we obtain

(in) (in)

N 1 1 1 N N 1
T‘<h/7(n 9Xn+1> < <Xn+l OpP ,Xn @Xn+1> + §¢(xn+1lxn) + Evmn = E(‘b(p ,xn) —o(p /Xn+1)) + Evmn ’

and hence , .
(N, Xn ©%Xn41) < g(d)(P*,xn) — P, xni1)) + EVE&).
Since h with /(h, h) < 1 is arbitrary, we have, by taking h = m o (Xn ©Xni1),
1 . . I (i)
d(xnzxn+l) < E(d’(p /Xn) - d)(P /Xn+1)) + Evmn . (35)
So, if n > m, then we have
n—1 1 n— 1 n—1 i)
d(xm,xn) < ) d(xj,%j11) <5 Z (1", %) = d(P™, Xj41)) + - Z Vi,
j=m 1 j=m 1 . j=m (3.6)
* * (1)
:E(Cb(]f’ /Xm)_q)(P /Xn))+2r.Zm'V1‘rL)j .
J:

But we know that {¢(p*, xn)} converges, and } [, vEn AP Therefore, we obtain from (3.6) that {x,}

is a Cauchy sequence. Since X is complete there exists an x* € X such that x, — x* € X as n — co. Thus,
since {x} C C and C is closed and convex, then x* € C, that is,

xn —x"€C(n— oo). (3.7)

(IIT) x* is one of members of F.
Since {on } C [e,1 — €], we have, from (3.2),

2 (xn, (T2) ™ xn) < d(xn, q) — A (xns1,q) + Vi)

so that o
e? Y xn, (Th) ™ xn) < d(x1,q) + Z Vin

n=1
This implies that
lim d(xn, (T5)™xn) =0. (3.8)

n—oo

It follows from (3.5) that

lim d(xny1,xn) =0,
n—oo
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which implies that, by induction, for any nonnegative integer j,

lim d(xn4j,%n) =0. (3.9)

n—oo

Next, for any i € IN, we consider the corresponding subsequence {x](f) }k - of {xn}, where k € T} =
€

i

{k EN:k=1+ G ik £k = 1k, jk € ]N} For example, by Lemma 2.12 and the definition of I, we
have rl — {1’2,4/7’ 11/ 16,} and i‘l — :LZ — ‘L4 — "L7 = ill = i'l6 = ... =1. FOI' SlmphClty, {X](Qi]}k rr
cli

{3, cr, and {jg‘) }ke . are written as {x},}, {T).}, and {my}, respectively. Since m, > 2 whenever

n > 2, we have, for each n € IN,
d(xy,, TAX%) < d(xiwlr n)+ d( Xn41/ (Tr/1+1)m“+1xix+1)
+d ((T’ )m““an, (Tn+1)mn+17‘;1) +d ((TT/LH)’“““X;V TT’LXQ)
< d(xp i xn) +d (O (T )™ %0 1)
+ (1 - ”mnﬂ) dOxpir,xn) +d ((Thp) ™ xg, Taxn) -
Note that {mpjner, ={i,i+1,1+2,..},ie, mpy1 —1=my, ugik) = ugi), and T = T; = T ,; whenever
k € T;. Then from (3.8), we have, as n — oo,

d ((TAH)m““xﬁ, TT’IXA)

d (T ) (T )™ X)), Thx )
(1+u1 ) T/ )T 1x/ X )
(

L i) d((T) ™ xq, x0) = 0.

Then it follows from (3.8) and (3.9) that
lim d(x], T x)) =0.

n—oo

That is, for each i € IN, there exists a subsequence {xﬁf )} of {xn} such that

lim d(xn (1) Wyl ):o.

n—o00

Since (T;i)(i) =T, we have, for each i € IN,

lim d (xif),Tifo)) —0.

n—o0

Thus, from (3.7), since for any i € IN, xs ) s x* asn — oo and T; is continuous, we obtain x* € F(T;), i.e.,

x* € N, F(Ty). The proof is completed. O
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