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Abstract

In this paper, we show the difference between an approximate solution and an accurate solution for a stochastic differential
delay equation, where the approximate solution, which is called by Carathéodory, is constructed by successive approximation.
Furthermore, we study the p-th moment continuity of the approximate solution for this delay equation. (©2017 All rights
reserved.
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1. Introduction

An approximate solution is one of the fundamental concepts in stochastic differential systems. In the
study of the stochastic differential delay equations, if there dose not exist an explicit solution, then “how
can we obtain the approximate solution ?” is a very important problem.

In 2015, Kim [4] considered the following stochastic differential delay equation:

dx(t) = F(x(t),x(t—1),t)dt + G(x(t),x(t —7),t)dB(t), to<t<T, (1.1)

and defined the Carathéodory approximation for a solution of the delay equation (1.1) as follows:
For each n > 1, define a function x (t) on [—T, T] by

Xn(to+60) =£(0), —Tt<0<0O,

and

t t

Ipe (s)F(xn(s — l),xn(s —1),s)ds +J Ip, (s)F(xn(s—=1/n),xn(s —1— l), s)ds
n t n

xn(t) = £(0) +j

to
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+ r Ipe (s)G(xn(s —1/n),xn(s —7),s)dB(s)

to
+ || To, (5160 (s = 1/m),xals == 7, 5)dB(s)

for tg <t < T, where
1
Dnp={telt,Tl:t< E}

for D¢, = [to, T] — Dn.
In [4], by employing the non-Lipschitz condition and the nonlinear growth condition, Kim established
the following results for the second moment to stochastic differential delay equation:

Theorem 1.1. Assume that there exists a constant K and a concave function k : Ri — Ry such that
(1) (The non-Lipschitz condition): for all t € [to, T] and x,y, %,y € R,

|F(X/y/ t) - F(flg/ t)|2 \/ |G(X/U/t) - G(Y/g/ t)|2 g K(|X _¥|2 + |U _g|2)/

where the concave function x is a nondecreasing function such that k(0) = 0, k(u) > 0 for any uw > 0 and

Jor K(lu) du = oo;
(2) (The non-linear growth condition): there exists K > 0 such that, for all (x,y,t) € R x R X [tg, T],

F(0,0,t)*VIG(0,0,t)* < K.
Then we have

E< sup [x(t) _Xn(t)|2> < <0Q/(T—t()) +21 +E2> eSoW(T*tO),
to<t<T

where y = 4(T —tg +4),

= 1
Ky = 8ay[C+2T(x(1+2C) + K)}E

Ry = 8ary (IC + 4T((1 +2) + K)]% ren),

1
C= (2 + 4E|[E|* + 6K (T —to +4) (T — t0)> el2e(T—to+4)(t—to),

and u={t € [ty, to + 1+ %] 0<t< %} stands for the Lebesgue measure on R.

For some more details on stochastic differential equations, refer to [1-3, 5-11] and references therein.
By using the nonlinear growth condition and nonlinear growth condition, in 2015, Kim [4] studied the
difference between the approximate solution and the accurate solution to the stochastic differential delay
equation (shortly, SDEs).

In this paper, motivated by the results mentioned above, we establish some exponential estimates for
the p-th moment and show the difference between the approximate solution and the unique solution to
the stochastic differential delay equation, which can be obtained from non-Lipschitz condition and special
linear growth condition. For our main results in this paper, we use the Carathéodory approximation
procedure.

2. Preliminary

Throughout this paper, unless otherwise specified, let (), J,P) be a complete probability space with
a filtration {J }¢>¢, satisfying the usual conditions (i.e., it is right continuous and J, contains all P-null
sets). Let | - | denote the Euclidean norm in R™ if A is a vector or a matrix, its transpose is denoted by AT
ifA is a matrix, its trace norm is represented by |A| = \/trace(ATA). Assume that B(t) is an m-dimensional
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Brownian motion defined on complete probability space, that is,
B(t) = (Ba(t), Ba(t), -+, Bm(t))".

Let BC((—o0,0;R%) denote the family of bounded continuous R%-valued functions ¢ defined on
(—o0,0] with norm |@|| =sup_ _g<ql®l. Let M?((—00,0];IRY) denote the family of F,-measurable and

R4-valued process ¢(t) = @(t, w) for all t € (—oo, 0] such that

0
EJ lp(t)Pdt < .

In [7], Ren et al. considered the following d-dimensional stochastic functional differential equations:
dx(t) = f(x¢, t)dt + g(x¢, t)dB(t), to<t<T, (2.1)

where x; = {x(t+0) : —0co < 0 < 0} can be regarded as a BC((—oo,0];IR¢)-valued stochastic process,
where

f:BC((—o0,0; RY) x [to, T] = RY, g :BC((—o0,0;RY) x [tg, T] — RE*™
are Borel measurable functions. Moreover, the initial value is as follows:

Xy, = & =1{&(0) : —oo < 0 < 0} is an Fy,-measurable;
BC((—o0,0]; R4)-valued random variable such that & e M?((—oo,0];RY).

A special, but important class of stochastic functional differential equations is the stochastic differential
delay equation.
Now, we consider the following stochastic differential delay equation:

dx(t) = F(x(t),x(t—1),t)dt + G(x(t),x(t —7),t)dB(t), to<t<T, (2.2)

where F: R9 x RY x [ty, T] — R9 and G : R4 x R4 x [ty, T] — R4X™ are Borel measurable. Moreover, the
initial value is as follows:

xt, = & ={(0) : —1 < 0 < 0} is an Fy,-measurable; 23)
BC([—r,0]; R9)-valued random variable such that & e M?([—t,0];R9). '

If we define

(@, t) = F((0), (—1), 1), 9(e,t) = G(¢(0), (1), t)

for all (@,t) € M?([—7,0];RY) x [to, T], then equation (2.2) can be written as the equation (2.1) and so one
can apply the existence and uniqueness theorem established in [7] to the delay equation (2.2).
Now, we need the following lemmas in order to show the main results:

Lemma 2.1 (Moment inequality, [5]). If p > 2 and g € M?([0, TI; R4*™) such that

T
EJ Ig(s)|P ds < oo,
0

then

-
EJ g(s)dB(s)

0

In particular, E| fg g(s)dB(s)]? = Efg lg(s)|> ds when p = 2.

P N T
< <p(p2 )> TPTZEJ I9(s)IP ds.
0

Lemma 2.2 (Moment inequality [5]). Under the same assumptions as Lemma 2.1, we have

P 3 5 T
P p-2
E( su < T2 EJ lg(s)|P ds.
<O<t£T > (2(17—1)) 0 J

t
J o(s) dB(s)

0
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3. Approximate solutions

First, we discuss the Carathéodory approximation procedure. Consider the stochastic differential
delay equation (2.2) with initial data (2.3).

Now, define the Carathéodory approximation as follows: for each integer n > 1, define x,(t) on
(to—1,T] by

Xn(to+0) =£(6), —T1<0<0,

and

F(xn(s— l),xn(s—'r— 1),s)ds—i—Jt G(xn(s— l),xn(s—'r— l),s)dB(s) (3.1)
n n n n

to

for tg <t < T. Note that, for tg <t <ty + %, Xn (t) can be computed by

t

Hamimxﬂm+j G(£(0), £(0), s)dB(s);

to
then, for to+ 1 <t <to+ 2,

t t

F(xn(s— 1),xn(s—’t— 1),s)ds—i—J G(xn(s— l),xn(s—’r— l),s)dB(s)
n n n n

1
Xn(t) =xn(to+ —) +J
n t0+%

t0+%

and so on. In other words, xn (t) can be computed step-by-step on the intervals [to, to + %], (to + %, to+ %],
--- . Since our goal is to study exponential estimates on the difference between the approximate solutions
and the uniqueness solution, we assume that there exists a unique solution x(t) to the equation (2.2) under
the non-Lipschitz condition and the special linear growth condition.

On the other hand, for our results, we impose the non-Lipschitz condition and the special linear
growth condition, that is, for all t € [to, T], and x,y,X,y € R4

F(x,y,t) — F(X, 5, t)* VIG(x,y,t) — G(X, T, t)I* < k(x — x> + Iy — gP), (3.2)

where k(-) is a concave nondecreasing function from R to R such that k(0) =0, k(u) >0 for allu >0
and fo+ —L_du = o0, and there exists K > 0 such that, for all (x,y,t) € R4 x R% x [to, T],

K ()
[F(0,0, ) VIG(0,0,1)* < K. (33)
Now, we give an exponential estimate for p-th moment as follows:

Lemma 3.1. Assume that the conditions (3.2) and (3.3) hold. Then we have

E( sup Ixn(s)Ip) <Cx:=Cy exp(lZp_locp/zCl(t—tg)) (3.4)

to—T<s<t
forall t > to, where

Cp = [(T—t0)? "+ (p*/2(p — 1))P/2(T — to) P~/
and
Co = (1+3P E[E[P + 6P [KP/2 4+ 2(P=2)/26P/2)(T — () C;.

Proof. Fix n > 1 arbitrarily. From the definition of x, (t) and the conditions (3.2) and (3.3), it is easy to see
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that {xn (t)}t,<t<T € M?((tg — 7, TI;RY). From (3.1), note that, for tg <t < T,

t
pen(s)P <3 e + 37| | Flxn(s = ) xmls =7 1), s)ds]”
¢ n n
0 (3.5)
[t 1 1 P
+37 1| Glxnls = ) xnls =7 ), 5)dB(s)|
to n n

Using the Holder inequality and Lemma 2.2, we can derive from (3.5) that, for to <t < T,

t 1 1
E( sup |xn(s)|P)<3P1E|£(O)|P+3P1(t—to)P1EJ [Flxn(s = ), xn(s —T——),5)/Pds
to<s<t 9 n n

3

+3P*1( P

p/2 2 [t 1 .
m) (t—to) 2 EJ |G(X“(S_E)'XH(S_T—E),S)|pds,

to
By the conditions (3.2) and (3.3), we obtain
E( sup ben(s)P) <3P EIE(0)P + 67 (t — o) 1K/
to<s<t
t

1 1
+ 6‘”‘1C1EJ [K(lxn (s — =)+ xn(s —1— =)P)IP/2ds,
to n n

where C; = [(T—to)P 1+ (p3/2(p — 1))P/3(T — to) (P—2)/2]. Since «(-) is concave and k(0) = 0, we can find

a positive constant « such that k(u) < «(1 4 u) for all u > 0. Therefore, we have

E( sup Ixn(s)lp) < 3P LEIE(0)P + 6P L (t — tg) CrKP/2 4+ 6P 12(P2)/ 262 — ) Cy
to<s<t

t
+6p—12p—1(xp/2C1J E( sup |Xn(r)|p>ds'

to tp—T<r<s

Note that

t
E( sup Ixn(s)p)<C2+12p_1ocp/2C1J E( sup Ixn(r)\p)ds,

to—T<s<t to to—T<r<s

where C; = (1+ 3P 1)E||&||P + 6P 1[KP/2 4 2(P=2)/2qP/2](T — t5)C;. An application of the Gronwall in-
equality implies that

E( sup Ixn(s)lp)<Czexp(12p_1cxp/2C1(t—to))

to—T<s<t

and so the desired inequality follows immediately. This completes the proof. O

In other words, the estimate for E|x,, (t)|P can be done via the estimate for the p-th moment. In view
of Lemma 3.1, we know that the p-th moment of the solution satisfies

E( sup Ix(s)lp)ng. (3.6)

to—T<s<t

This means that the p-th moment grows at most exponentially with some exponent. Making use of the
approximation (3.1) we can show the following theorem in the same way as Lemma 3.1.
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Theorem 3.2. Suppose that (3.2) and (3.3) hold. Then, forany to <s <t < Twitht—s <1,
E(Ixn(t) - xn(s)|p) < [4P7ICKP/2 4 4P 12(P=2)/20P/2Cy 4 8P 1aP/2C5 Cy] (L —5),

where C1 and Cy are defined in Lemma 3.1 and

C3 = [(T—t0)? "+ (p(p—1)/2)P2(T — 1) P22,

Proof. Using the Holder’s inequality and Lemma 2.1, it follows from (3.1) that, for tp <t < T,
t

E(nl®) = xn(9)) <27 (e = 9P T | [Fixnlr— J)xnlr =7 1), 1P dr
n n

S

_ /2 t 1 1
+2r! (M)p (t— s)(p_z]/zEJ Gl (r— ) xn(r—1— ), 1)Pdr.
2 s n n

By the conditions (3.2) and (3.3), we obtain
-1 /2 -1 ¢ Lo L 2y
E(Ixn(t) = xn(s)IP) <477 CaKP/2(t—s) + 47T CoE | [(lxn(r— — )P +Ixn(r—T— )PP 2dr,

S

where Cz3 = [(T—1t0)P 1+ (p(p — 1)/2)P/2(T — ty) (P—2)/2]. Since «(-) is concave and k(0) = 0, we can find
a positive constant « such that k(u) < «(1+u) for all u > 0. Therefore, we have

t
E(Ixn(t)—xn(s)|p><4p1[Kp/2—|—2(p2)/zocp/2]C3(t—s)+8p1ocp/2C3J E( sup Ixn(r)lp>ds.

s to—T<r<s

Hence, by Lemma 3.1, it follows that
E(Ixn(t) —xn(s)lp) < 4PUKP/2 4 2(P=2)/25P/2]C4(t — 5) 4 8P LaP/2C3Cic (t — )

and so the desired inequality follows immediately. This completes the proof. O

As another application of Lemma 3.1, we showed the continuity of the p-th moment of the sequence
given in Theorem 3.2. In view of Theorem 3.2, we know that the p-th moment of the solution satisfies

E((6) = x(s)P) < Cult—s). (3.7)

This means that the p-th moment of the solution is continuous.

The following theorem shows that the Carathéodory sequence converges to the unique solution of the
equation (2.2) and gives an estimate for the difference between the approximate solution x,,(t) and the
accurate solution x(t).

Theorem 3.3. Suppose that (3.2) and (3.3) hold. Then we have

E( sup [x(s) = xn(s)IP) < 2771300/ 71l 2C, [ (T — tg) + Ca exp (227 7130/2 7 1a/2Cy (1~ 1) ), (3.8)

to<s<T

where Cy is defined in Lemma 3.1 and

Cy = zpfl[zpcj +(T—(to+ %))Cl +2PC]' +(T—(top+T+ %))Cl][l/n]
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Proof. From (2.2) and (3.1), it follows that, for tp <t < T,

[x(s) = xn (s)P < 2P~ J F(x(s), X(s — ), 5) — Flxn(s — +),xn(s l“”ds\p
to n n
t 1 1
+zp‘1” [Glx(s),x(s =7),8) = Glxn(s = ) xn(s == ), s)IdB(s)
n n

to

‘P
By the Holder inequality, Lemma 2.2, and the condition (3.4), it follows that

—1 t 1 2 1 2 2
E( sup IX(s)—xn(s)P’) <L2P C1EJ [K(IX(S)—xn(s—E)I +|X(S_T)_Xn(5_T_E)| )IP/2ds.

toSs<t to

By the conditions (3.2), (3.3), and the definition of k(-), we obtain

E( sup IX(S)—xn(S)Ip)
to<s<t
t
< p-13(P/2-14p/2¢, {(t_to) +J
to

(Elx(s) xS — 1P+ Ex(S — ) — xn (s —T— 1)|P)ds]
n n

Therefore, we have

E( sup Ix(s)—xn(s)lp)
to<s<t
t
< 2r13(P/2)=1yp/2C, [(t —to) + zplj
to

(Elx(s) —x(s—1/n)P +Ex(s—1) —x(s—T— 1/n)|p> ds
t
+2P J (E sup [x(r) —xn(r)lp) ds}.
to to<r<s
But, using the inequalities (3.6) and (3.7), we can estimate

1

J Elx(s) — x(s — 2)[Pds = 275+ (T (1o + l))cl} 1
n n n

to
and
1

Jt 1 1
Ei(s—1) —x(s == —)Pds = [2°C; + (T (to+ T+ ))Ct .

to

Hence an application of the Gronwall inequality implies that

E( sup [x(s) —xn(s)|p> < 2r~13(P/2)=1gp/2C, {(T—to) + C4] exp (22p*13(p/2)*1ocp/2C1(t—t0)>,
to<s<t

where
Cy=2P"12PCy + (T (to+ %))Cl +2PCi+ (T—(to+T+ %))Cl][l/n]
and the required result (3.8) follows. This completes the proof. O
Let us continue with the discussion of the following stochastic differential delay equation:
dx(t) = F(x(t),x(t—0(t)), t)dt + G(x(t), x(t — &(t)), t)dB(t) (3.9)

on t € [ty, T] with initial data (2.3), where & : [to,T] — [0,7], F : R4 x RY x [to,T] — RY and G :
RY x R4 x [ty, T — R9*™ are Borel measurable functions.
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If we define
f(e,t) = Fl@(0), o(=0(1)),t), glo,t) = G(@(0), o(-0(t)),1)

for all (@,t) € M?([—7,0];R?) x [to, T], then the equation (3.9) can be written as the equation (2.1) and so
one can apply the existence and uniqueness theorem established in [7] to the delay equation (3.9).

Now, we define the Carathéodory approximation as follows: for each integer n > 1, define x,(t) on
[tO —T, T} by

Xn(to+6) =£(0), —Tt<0<0,

and

t 1
xn(t) = £(0) +J Iog ($)F(xn (s — ), xn(s —8(s)), s)ds

to

t 1 1
+ | Ip, (s)F(xn(s—=),xn(s—0(s) —=),s)ds

Jtg n n

t 1 (3.10)
+ | Ipe(s)G(xn(s— =), xn(s—0(s)),s)dB(s)

to n

't 1 1
+ | Ip,(s)G(xn(s— =), xn(s—0(s)—=),s)dB(s)

Jtg n n

for tg <t < T, where
1
D ={telty, T]:5(t) < {}

for DS, = [tg, T] — Dn.

In the sequel of this section, x,(t) always means the Carathéodory approximation (3.10) rather than
the Carathéodory one (3.1).

The following lemma shows that the Carathéodory approximation sequence is bounded in p-th mo-
ment.

Lemma 3.4. Suppose that (3.2) and (3.3) hold. Then, for all n > 1, we have

E( sup Ixn(s)lp> < Cm :=Cs exp(ZOpfl(Z(x)p/zCl(t—to))

to—T<s<t
forall t > to, where Cy is defined in Lemma 3.1 and
Cs = (1+5P VE[[E||P + 5P 1[2PKP/2 4 4P 1aP/2]Cy (T — to).

Proof. By the Holder inequality and Lemma 2.2, we can derive, from (3.10), that, for to <t < T,

E( sup bnls)P) < 5P IEEO) +5p_1(t—to)p_1E(Jt Tg (5)[Fxn (s — ), xnls — 8(s), s)Pds

to<s<t to

FE [ Tou s1F(s = 1 xals —3(s) — 1))
)" (=10 E ([ 104916 0xn(s— 2 ), xnls— 3ls), 5)Pds

to

3

_ p
o 1<2(19—1)

t
+ ]| T, (51605 = ) xn(s = 8ls) = 1), s)Pds).

to
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By the conditions (3.2) and (3.3), we obtain

E( sup Ixn(s)|p> < SPLEE(0)[P +2P5P L CyKP/2(t — o)

to<s<t

_ _ t 1
107 = 0P | e ls = 117+ s — S5
t n
t
|| ks = P+ benls = 5(5) = 2P )
to n n
(P P2 2t 1., A
+10P (2(p_1)) (t—to) E(LO[Kuxn(s—nn+|xn(s_5(s))| 1IP/2ds
t
+J [K(|Xn(5—%)|2+|xn(s—5(s)—%)|2)]p/2ds),
to

where C; = [(T —tg)P ' 4 (p3/2(p — 1))P/3(T — t9) P—2)/2]. Since «(-) is concave and k(0) = 0, we can find
a positive constant « such that k(u) < «(1+u) for all u > 0. Therefore, we have

E( sup xn(s)P) <57 TEIE(0)P + 2757 KP/2C (t — to)

to<s<t

t
+20pflocp/2cl(t_t0) _i_zop*l(zo()p/zcl J E( sup |xn(1‘)|p)d5.

to to—T<r<s

Note that

t
E( sup Ixn(s)lp)<C5+20p1(2oc)p/2C1J E( sup Ixn(r)\p)ds,

to—T<s<t to tp—T<r<s

where Cs5 = (1+5P 1)E||g||P 4 5P 1[2PKP/2 4 4P~ 1oP/2]C{(T — tp). An application of the Gronwall in-
equality implies that

E( sup |xn(s)\¥>)gc5exp(zop—l(za)P/ch(t—to))

to—T<s<t
and so the desired inequality follows immediately. This completes the proof. O

In other words, the estimate for E[x,, (t)|P can be done via the estimate for the p-th moment. This
means that the p-th moment grows at most exponentially with some exponents.

By using the approximation (3.10), we can show the following theorem in the same way as Lemma
3.4.

Theorem 3.5. Suppose that (3.2) and (3.3) hold. Then, for any to < s <t < T witht—s < 1, we have
E(hen(t) = xn ()P ) < [2P4P7IKP/2C5 4 2747 1P/ 2Cat — 5) 4 2P 4P~} (20)P/2CoCon (1 5),

where C3 and C, are defined in Theorem 3.2 and Lemma 3.4.

Proof. Using the Holder inequality and Lemma 2.1, we can derive from (3.10) that, for to <t < T,

E(rn() ~xn(P) < 715 Flxn(r— 1) xalr —s(r)), P an
s n
t

i s)PlEJ F(xn (1 — 2, xn (1 — (1) — —), 1)[Pdr
n n

S
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+4pf1(@>p/2(t_s)(pfz)/2‘£ Jt Glon (r— %),xn(T— §(r)),T)Pdr

By the conditions (3.2) and (3.3), we obtain

t
E(xnlt) ~xn(s)P) <2747 IKP2Cs(t =) +87CAE | [i(lenlr = 1)P + fenlr 3PP 2dr

S

t
8P 1CAE [ Ii(len(r— 1P + enlr—8(r) = PP 2ar,
n n

S

where C3 is defined in Theorem 3.2. Since k(-) is concave, we can find a positive constant « such that
k(u) < o(1+u) for all u > 0. Therefore, we have

E(Ixn(t) —xn(s)|p> < 2P4PIKP/2C4(t — 5) + 2P4P—1oP/2C4(t — )
t
+2p4p1(20c)p/2C3J E( sup Ixn(r)lp)ds.
s to—T<r<s

Hence, by Lemma 3.4, it follows that
E(hen(t) = xn ()P ) < [274P7IKP/2C5 4 2747 1o/ 2Cs(t — 5) 4 2747} (200)P/2Cs o (£ — ).
and so the desired inequality follows immediately. This completes the proof. O

As another application of Lemma 3.4, we showed the continuity of the p-th moment of the sequence
given in Theorem 3.5. In view of Theorem 3.5, we know that the p-th moment of the solution is continuous.

The following theorem shows that the Carathéodory sequence (3.10) converges to the unique solution
of the equation (3.9) and gives an estimate for difference between the approximate solution x.,(t) and the
accurate solution x(t).

Theorem 3.6. Suppose that (3.2) and (3.3) hold. Then we have
E( sup [x(s) — xn(s)|p> < 4P~13(P/2=14P/2C, Cgexp <4p_13(p/2)_1ocp/2(1 £ 2P)Cy(t— to)), (3.11)
to<s<T
where Cy is defined in Lemma 3.1,
1 2 2
Co = 2P Cy + (T = (to+ L )CUL/m, G =2°C5(5) + CuT = (0 + ) (1/m),
and

Cs = (T —tg) +2p_1(2C6 + Cr).

Proof. By the Holder inequality, Lemma 2.2, the equation (2.2), and the sequence (3.10), we can derive that

t
E(sup ix(s)—xn(o)) <47 1= 1P 1 [ (o (SR (e xn )P + I (S)IFa (%0 ds
to<s<t to

3

p4pl (2(;7 5 )p/z(t —tp)P ! LO

t

(105 (8)1G1 (%, 0P + I, ()IG2(x, 0 )P ) i,
where

F1(x,xn) = F(x(s),x(s —8(s)),s) — F(xn(s — %),xn(s —8(s)),s),
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Faloe xn) = Fix(s), x(s = 8(s)),5) ~ Flxn(s = =), xn(s = 8(5) = ),5),

G1(x,xn) = G(x(s),x(s —8(s)), s) = G(xn(s — %)/Xn(s —8(s)),s),

),s).

Gal xn) = Glx(s), x(5 — 5(s)),5) — Glxnls — ), xnls —8(s) —

By the conditions (3.2) and (3.3), we obtain

p/2
} ds

t
B sup [x(s) = xn(s)P) <47 1CIE | Tog(5) <l (x, xn )P+ a0 50 ) )

to<s<t to
t

P/2
FAPTICE [T, (5[ 00 )P I xn) )]s

to
where

f1(,xn) = x(8) —xn(s — %), f2(x,xn) = x(s —8(s)) —xn(s—0(s)),

f3(x, xn) = x(s —8(s)) —xn(s —8(s) — =).

1
n
By the definition of k(-), we obtain

t

1

E( sup [x(s) —xn(s)|p> < 4P 13(P/2) =162 /2¢, (1 — 1) +8p13(p/2)1ocp/2C1EJ [x(s) —x(s— —)|Pds
to<s<t to n

1
——)Pds
n

t
+8p13(p/2)1ocp/2C1EJ Ip,, (s)[x(s — 8(s)) —x(s — 5(s)
to
t
+4P—13(P/2)14P/2(1 4 2Py J E( sup [x(r) —xn(r)|p> ds.
to to<r<s
But, using the inequalities (3.6) and (3.7), we can estimate

1

t 1 1
J Ei(s) —x(s— —)IPds = [27C; + (T (to+ —))C] =

to
Also, setting Do = {t € [to, T] : 8(t) = 0}, we have

1 2 2.1

J F_|x(s—5(s))—x(s—é(s)—%)wds<[2ch+(T—(t0+%))cl} +2°C; =+ CUT— (to+ )

to n

Therefore, we have

E( sup [x(s) —xn(s)lp) < 4P 13(P/2)=16P/2C (t — )
to<s<t

+8P13(P/2) =1 oP/2Cy Cg + 8P 13(P/2) 1 0P /2Cy (Cg + C7)
t

+4P~13(P/2)=15P/2(1 4 2P,y J E( sup [x(r)— xn(r)lp) ds,
to to<T<s

where
Ce=12PCj +(T—(to +1/m))Cl[1/n], C7=2PC;(2/n)+ Cy(T — (to +2/n))(1/n).

Hence an application of the Gronwall inequality implies that

E( sup [x(s) —xn(s)lp) < 4P 130P/2)=152/2C, Cq exp (4p_13(p/2)_1ocp/2(1 +2p)C1(t—t0)),
toSs<t

where Cg = (T —t9) + 2P~ 1(2C¢ + C7) and so the required result (3.11) follows. This completes the
proof. O
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