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Abstract

In this paper, we construct two iteration schemes for approximating a common element of the set of solutions of equilibrium
problems (GMEP and GEP) and the set of common fixed points of a finite family of k-strictly asymptotically pseudo-contractions
in Hilbert spaces. Fixed point theorems are established in Hilbert spaces. Numerical examples and applications are provided.
The main results of this paper modify and improve many important recent results in the literature. (©2017 All rights reserved.
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1. Introduction

Let H be an infinite dimensional real Hilbert space. Let C be a nonempty subset of Hand let T: C — C
be a mapping. Recall that T is said to be nonexpansive if and only if

[Tx—Ty|| <[x—y|, ¥x,yeC Vn=>1
T is said to be asymptotically nonexpansive if and only if there exists a sequence {k,,} C [1,00) such that
[T =Tyl < knlx—yl, ¥x,yeC, ¥Vn>1

A mapping T is called a k-strictly pseudocontractive mapping if and only if there exists a constant k €
[0,1) such that
T = Tyl? < [lx =yl +Klx —y = (Tx = Ty)[>, vx,yeC.

A mapping T is called a k-strictly asymptotically pseudocontractive mapping if and only if there exist a
constant k € [0,1) and a sequence {kn} C [1, 00) with limy o kn = 1 such that

[T =Ty <K llx—ylP+k[I=T)x—(1-T")y|?> ¥xyeC.
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Recall that T is called uniformly L-Lipschitzian if and only if there exists some L > 0 such that
[T'x—TYy| < L|x—y|, ¥x,yeC, vyn>1.
It is obvious to observe that
(i) T is a k-strictly pseudocontractive mapping when k,, = 1;
(ii) T is an asymptotically nonexpansive mapping when k = 0;
(iii) T is a nonexpansive mapping when k, =1 and k =0;
(iv) if {Tih<ign is a finite family of {si };<i<N-strictly asymptotically pseudo-contractive mappings with
sequence {si} C [0,1) and {kn i} C [1,00) such that limn o kn,i = 1, then we have
T = TRy < Kl =yl +sl(T=TM)x = (I-TMy[?, ¥,y eC,
for all 1 <1 < N, where constant s = max{s; : 1 <1 < N} and sequence {kn,} = max{kn;:1<i< N}
with limy oo kn = 1.

Recently, the class of k-strictly asymptotically pseudocontractive mappings has been extensively in-
vestigated by many authors as an important extension of asymptotically nonexpansive mappings; see
[13, 16, 22, 23] and the references therein. To study computational fixed points of nonlinear mappings,
various iterative methods, such as mean valued iteration methods, projection iterative methods, splitting
iterative methods, regularization iterative methods and so on, have been introduced and studied based
on different analysis techniques; see [5, 7, 12, 18, 21] and the references.

Recently, Qin et al. [16] constructed a new iterative algorithm for approximating common fixed points
of a finite family of k-strictly asymptotically pseudocontractive mappings in real Hilbert spaces by gener-
ating the sequence {x,,} as follows:

xn = 01X+ (1= o )T X1, > 1 (1.1)

Specifically,
x1 = apxo + (1 — o) Trxo,
X2 = ox1 + (1 — o) Toxy,

XN = aN—1XN—1 + (I —an—1)TNXN—1,
XN41 = anxn + (1 — on) TExN,

2

XaN = 0oN—1XN—1 + (1 — aon—1) T Xon—1,
_ 3

XaN+1 = 0oNX2N + (1 —oon) TP x2N,

where we can write that n = (h —1)N +1, where i = i(n) € {1,2,..N},h = h(n) > 1 is a positive integer
and h(n) — oo as n — oo. When sequence {«,,} satisfies certain conditions, the sequence {x,} generated
by algorithm (1.1) converges weakly to a point in ()}, F(T;).

Let B : C — H be a monotone mapping, that is,

(Bx—By,x—y) >0, V¥x,yeC.

Let ¢ : C — R be a semicontinuous and convex functional and © : C x C — R be a real-valued bifunction.
Assume that © satisfies the following conditions:
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(A1) O(x,x) =0, Vx € C;
(A2) O is monotone, i.e.,, O(x,y) +O(y,x) <0, Vx,y € C;
(A3) limsup, ,,0O(x+t(z—x),y) <O(x,y), ¥x,y € C;

)

(A4) the function y — ©(x,y) is convex and lower semicontinuous.

Recall the so-called the system of generalized mixed equilibrium problems (GMEP) is to find x € C
such that
Oxy)+ Bx,y—x) +oy)—e(x) 20, vyeC (1.2)

We use GMEP(O, B, @) to denote the set of solutions to (1.2), i.e.,
GMEP(O,B,¢) ={x € C:O(x,y) + (Bx,y —x) + o(y) —@(x) > 0, vy € Ch

If ¢ = 0, problem (1.2) turns into the mixed equilibrium problem for ©, B, denoted by GEP(®, B)
which is to find x € C such that

O(x,y)+ (Bx,y—x) >0, WyecC.

If B=0and ¢ =0, problem (1.2) turns into the equilibrium problem for ©, denoted by EP(®) which
is to find x € C such that
O(x,y) >0, WweC.

The generalized mixed equilibrium problem, which includes many important problems, for instance,
complementarity problems, variational inequality problems, optimization problems, and fixed point prob-
lems as special cases, has been extensively investigated by many authors; see [2, 6,9, 11] and the references
therein. There are numerous problems in physics, optimization and economics which can be reduced to
find a solution of generalized equilibrium problem. For exploring its solutions, various iterative methods
have been proposed, see [15, 19, 24] and the references therein.

Due to extensive applications of equilibrium problems and k-strictly asymptotically pseudo-contrac-
tions, the topic of approximating common element of the set of solutions of the equilibrium problem and
the set of the fixed points of k-strictly asymptotically pseudo-contractions attract more attention recently.
For solving these problems, Liu [13] proposed the following iterative method:

xp € C chosen arbitrarily,
Yn—1 = Xn—1Xn—-1+ (1— O(n—l)T:EErS)Xn—lz (1.3)
xn € C, such that O(xn,y) + (Byn—1,Y —xn) + 5= (Y —Xn,Xn —yn—1) 20, Yy € C,

n—1

where {Ti}i<ign is a finite family of strictly asymptotically pseudo-contractive mappings, ¢ : C — Ris a
proper lower semi-continuous and convex functional, B : C — H is a continuous and monotone mapping
and © : C x C — R satisfies (A1)-(A4). Under appropriate conditions imposed on sequences {o,,} and
{Bn} satisfied, they obtained weak and strong convergence theorems.

Motivated by the above mentioned results and the on-going research, we construct several new it-
eration schemes for approximating a common element of the set of solutions of equilibrium problems
(GMEP and GEP) and the set of common fixed points of a finite family of k-strictly asymptotically pseudo-
contractions in Hilbert spaces.

The main contributions of this paper are the following:

(i) The Modified Mann iteration method in algorithm (1.3) is replaced by a new iteration in our paper.
Moreover, we also consider approximating the common element of the set of solutions of generalized
mixed equilibrium problems (GMEP), not only equilibrium problem (GEP), and the set of common
fixed points of a finite family of k-strictly asymptotically pseudo-contractions. And we obtain two
different weak convergence theorems.
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(ii) By means of hybrid algorithms, we obtain two strong convergence theorems corresponding to weak
convergence theorems.

(iii) We apply the results to approximate the common element of the set of solutions of equilibrium
problems (GMEP and GEP) and the set of common fixed points of a finite family of asymptotically
nonexpansive mappings under suitable conditions.

(iv) We apply our results to (mixed) equilibrium problem (EP and MEP), (mixed) variational inequality,
convex minimization problem and convex feasibility problem.

The rest of the paper is organized as follows: Section 2 describes several definitions and lemmas
which we will use in proving our main results. Also, we give an example of a k-strictly asymptotically
pseudocontractive mapping with nonempty set of fixed points to support our results. Section 3 presents
our main results which include two weak convergence theorems and two strong convergence theorems.
Section 4 introduces several interesting applications of our results. Finally, we conclude our paper in
Section 5.

2. Preliminaries

Throughout the paper, — and — denote the strong convergence and weak convergence, respectively.
In addition, F(T) and w,,(xn) denote the fixed point set of T and the weak w-limit set of x,,, respectively,
thatis, F(T) ={x € C: Tx =x} and w,(xn) ={u: Fxn; — ul.
In an infinite dimensional real Hilbert space H, for all x,y € H, the following properties hold:
e =yl® = IX[* = [yl* = 2( =y, y),
A%+ (1 =Nyl = Al + (1= ly[> = A1 =A)[[x —yl?>, VA€ 0,1]. 2.1)

Let C be a nonempty closed and convex subset of H, for each x € H, there exists a nearest point from x
to C. We denote the nearest point by Pcx, i.e., ||[x — Pcx| =inf{||x —y|| : y € C}, where P¢ is called metric
projection from H onto C, and we have that

(x —Pcx,Pcx—y) =20, WyeC. (2.2)

Let B be a mapping of C into H. Recall that B is an x-inverse-strongly monotone mapping if and only if
there exists o > 0 such that

(Bx — By, x —y) > «||Bx — By||?,¥x,y € C.

It is clear that if B is an a-inverse-strongly monotone mapping, then it must be a %-Lipschitz operator.
Moreover, for all x,y € C and r > 0, we can observe that
J(T=rB)x — (I=7B)y|* = | (x —y) —r(Bx—By)|*
= [x—yl[* —2r(x —y, Bx — By) +*|[Bx — By (2.3)
< llx =yl +r(r — 200 | Bx — By||*.
From the last inequality, we can see that I — B : C — H is nonexpansive when r < 2a. The class of
inverse-strongly monotone mappings has recently extensively investigated by many authors in different

framework of spaces; see [3, 8, 17] and the references therein.
To obtain the main results of this paper, we also need the following lemmas:

Lemma 2.1 ([4, 10]). Let C be a nonempty closed convex subset of H. Let © be a bifunction from C x C — R
satisfies (Al)-(A4), and let ¢ : C — R be a proper lower semicontinuous and convex function. Let B : C — H be a
continuous monotone mapping. Then for r > 0 and x € H, there exists w € C such that

1
O(w,y) + (Bu,y—u) +oy) —o(u) + ;<y —uwu—x) >0, weC
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Define a mapping K, : H — C as follows:

1
Kix :={ue C:0(w,y)+ (Bu,y—u)+o(y) —eu)+ ;(y—u,u—x) >0, Wy eC}

forall x € Hand v > 0. Then, the following hold:

(i) Foreachx € H, Ky (x) # 0;
(ii) Ky is single-valued;
(iii) K, is firmly nonexpansive, that is, for any x,y € H,

[Kpx — KrUHZ < (Kex = Kpy, x —y);

(iv) F(Ky)=GMEP(O, ¢, B);
(v) GMEP(O, @, B) is closed and convex.

And notice that Q(x,y) = O(x,y) + (Bx,y —x) + @(y) — @(x) satisfies conditions (A1)-(A4) (see [10]).
Additionally, if B =0 and ¢ =0, GMEP(O, ¢, B) reduces to EP(O), that is,

1
O(u,y) + ;(y —u,u—x) >0, WyeC.

Then, define a mapping T, : H — C and

1
Tx:={ue C:@(u,y)—l—;(y—u,u—x) >0, Wy e C}

for all x € H and r > 0. It is obvious that the above conclusions of Lemma 2.1 are also suitable for EP(®).

Lemma 2.2 ([20]). Let {an}, {bn}and {cn} are sequences of nonnegative real numbers satisfying the inequality
An+1 < (1 +bn)an +cn, Y20,
ify 5 gbn <ooand ) 7 cn < 0o, then limn_o an exists.

Lemma 2.3 ([16]). Let C be a closed convex subset of a real Hilbert space H and T be an asymptotically k-strictly
pseudocontractive.

(i) T is uniformly L-Lipschitzian.
(ii) If F(T) is nonempty, then (1 —T) is demiclosed at zero, that is,

Xn —=uwand (I-T)xn, 0= (I—-T)u=0.
(iii) F(T) is closed and convex so that the projection Py 1y is well-defined.
Lemma 2.4 ([11]). Let C be a closed convex subset of a real Hilbert space H and x,y,z € H. The set
veC:|y—v|*< x—v|*+(z,v)+a}
is convex (and closed), where a is a real number.

Lemma 2.5 ([1]). Let C be a closed convex subset of a real Hilbert space H and sequence {x} be bounded in H. If

(i) ww(xn) CC
(ii) limn_ye ||xn —p|| exists, Vp € C.

Then sequence {xn} converges weakly to a point in C.
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Lemma 2.6 ([14]). Let C be a closed convex subset of a real Hilbert space H and sequence {xn} be bounded in H.
Let g = Pcx,x € H. Assume

(i) wwlxn) € C

(i) fxn —x[| <lx—gql, ¥n e N.

Then sequence {x} converges strongly to q.
Remark 2.7. We now give an example of a k-strictly asymptotically pseudocontractive mapping with

nonempty set of fixed points.
Suppose that H:=R and C:=[-1,1] C R. Let T: C — C be defined by

X, X S [_]—/ O)/
Tx:=< 1

EX' x € [0,1].

Then we observe that F(T) = [—1, 0], and hence the set of the fixed points is nonempty.

Now, we show that T is a k-strictly asymptotically pseudocontractive mapping. Suppose that C; =
[—1,0) and C, = [0, 1].

Case 1. If x,y € Cq, then, T"x = x, T"y =y, we have that

T — Tyl =[x —yl. (2.4)

Case 2. If x,y € Cy, then, T"x = z%x, Ty = Z%y, we have that
1
T =Tyl = 5ok =yl 25)
Case 3. If x € C1,y € Cy, then, T"x = x, T"y = 5y, we have that
1
[T"x — TMy| zlx—z—nyl <Ix—yl (2.6)
Case 4. If x € Cp,y € Cq, then, T"x = z%x, T™y =y, we have that
1
IT“x—T“y|:|2—nx—y|<|x—y\. (2.7)

Therefore, from (2.4), (2.5), (2.6), and (2.7), it is obvious that T is an asymptotically nonexpansive mapping
with kn, =1, then T is a k-strictly asymptotically pseudocontractive mapping for any k € [0,1).

3. Main results

In this section, we first prove two weak convergence theorems via two kinds of iteration schemes for
finding a common element of the set of solutions of equilibrium problems (GMEP and GEP) and the set of
common fixed points of a finite family of k-strictly asymptotically pseudo-contractions in Hilbert spaces.
Two strong convergence theorems are also established based on the hybrid algorithm.

3.1. Weak convergence theorems

Theorem 3.1. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<isnN be a finite family of {sih<i<N-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kn,i} C [1,00) such that limn oo kni = Land Y 7 _s(kni—1) < co. Let ¢ : C — Rbea
proper lower semi-continuous and convex functional and let B : C — H be a continuous and monotone mapping.
Assume that © : C x C — R satisfies (A1)-(A4), s = max{s; : 1 <1< NJ, {kn} = max{kn i :1 <1< N}pand
M=, F(T) N GMEP(@, B, @) # 0. Let {xn} be a sequence generated by the following algorithm:
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xo € C chosen arbitrarily,
Yno1 = Brn1xn1+ (1= Bn)T{ xn1,
Zn-1 = 0n_1Xn—1+ (1 — ocn_l)T:E:;)yn_l, (3.1)
xn € C such that

Ok, ) + (Bxn, Y —Xn) + @(y) — @(xn) + 1=

(Y—%Xn,Xn—2zn-1) =20, YyeC, n>1,

1
where {otn}, {Bn} C (0,1) and {rn} satisfying the following conditions:
(1) g“ >s,Vn>0;
(ii) iminfy 0o Th >0, Yn > 0;
(iii) liminfy 00 gn-1>0, Yn > 1,

where In—-1 = (1 - o‘n—l)(l - Bn—l)[ki(n)(ﬁn—l —s)— (1 - Bn—l)zl—zs + Bn—ls]-
Then sequence {xr,} converges weakly to a point in T

Proof. Our proof is divided into the following three steps.
Step 1. We prove that limp o [|[xn — p|| exists, for all p € T".
From (3.1) and (2.1), we have that

Hznfl_pHZ = “o‘nflxnfl+(1 Kn— 1)T gn 1_pH
= a1 xn1 = PIP + (1= o) [T yn1 — 1 (32)

- anfl(l —&n—1 ”an1 - Ti(n) ynle ’

and

Hynfl_sz = H[-)’nflxnfl‘i'( Bn l) ))xn l_sz

= Brnalln 1=l + (1= Bn1) ||T- Xn—l —pl? (3.3)
—Bn-1(1—=Bn-1)lIxn-1— T}}( ))Xn 1”
Since that T; is a si-strictly asymptotically pseudo-contractive mapping, where i € {1,2,..., N}, one has

h
Iy 1 =plP <1 un1 =PI+ slyn—1 = T yn % (34)

and
h(n
T X1 =PI < K Pt — 2 + sllxn—1 — T x| (3.5)

Substituting (3.5) into (3.3), we obtain that
[yn—1=pI* < Bralxn1—pIP+ (1= Bn1) () lxn1—plP
+s\|xn 1= T % alP) = Bt (1= B 1) Ixn1 — T x| (3.6)
<Ky X1 = PIP = (Bt = )1 = B 1) xn 1 = T{1 ) xn 1|
Observe that
[Yn—1— T&;T;)ynlez = [IBn—1Xn—1+(1— ﬁnq)T-}E(T;)an - T-h(n)ynlez
=bn-iln-i - Ty 2 (1= B )T
— T Y a2 = B 1 (1= B 1)1 — T, ))xn_lnz
< anl\lxnfl T Yl + (1= B Llxn—1 — Y1 (3.7)
— Br1(1— Ba1) X1 — T xn
<f5n—1||xn—1—T- yn—1|| + (1= Bn)’L[xn 1

h(n h(n
— T X = B (1= Bra) [xn—1 — Ty a2
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Substituting (3.6), (3.7) into (3.4), we get that

||T yn 1 =PI <Ky Ky X1 = PIP = (B = 8) (1= Br1)[[Xn 1
— T a2+ s[Bra 1 = T Yo |2
+ (1= B Pt — T a2
— Br1(1— Bat)lxno1 — T Xn 1P
= K X1 =PI+ sBrallxn 1 = T{ yna |2
— (1= Bn-1)kf () (Brn-1—5) = (1= Pn_1)*L7s

h(n
+Sﬁn 1 Hxn 1— T, (( ))Xn, ||2

(3.8)

Substituting (3.8) into (3.2), and combining with condition (i), we obtain that
Izn—1—Pl* = an1lxn-1—pl* + 1_(Xn DI Xn—1 = pP?
+5Bntllxn—1 = T Yn—1 /= (1= Bu1) G ) (Br1 =)
—(1—PBn- 1)2L28+Sf3n 1 = T xn 1”
—ocn,1(1—ocn,1 Hxn,l—T. yn,lH (3.9)
< Ky [Xn— 1—P||2 (1—oan— 1)(0¢n 1— PBn-18)

h(n h(n
X HXn,1 T ynf H —On— lHXn 1— T(( ))Xn 1”2

4 h(n
< Ky ¥n—1 —pu — gn1llxn—1 — T Xn a2
Since x, = Ky, ,zn_1, it follows from Lemma 2.1 and condition (iii) that
e = pI1? = K,y zn1 =PI

Izn—1— | (310)
wllxn—1 =7l '
2

= (1+ Xy — Dlxn-1—pl

NI

From condition Y " (kni—1) < co, we have Y " ;(kn —1) < co. Hence } 37 k4( ) —1) < co. Again
by Lemma 2.2, we have that lim,_, || xn — p|| exists. So, {||xn —p||} is bounded, this implies that {x,} is

bounded.
Step 2. We prove that w., (xn) CT.
First, we prove that w., (xn) C ﬂlNzl F(Tp). In fact, we only prove that

lm |[xn — Tixnll = 0, V1€ {1,2,..,Nb.

n—oo

It follows from (3.9) that
_Th(n) 2 < d 2 2
In-1lxn—1 =T *n-1ll” <Ky lIxn—1 =Pl = llxn —pl*
From the fact that liminf, o gn—1 > 0, k() = 1 and limy . ||Xn —p|| exists, we obtain that

xn—1 =T X1l =0, (n— o0). (3.11)
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From (3.1) and Lemma 2.3, we have that

[zn—1—%n-1l = latn—1%n—1+ (1 —otn— 1)T Un 1—Xn-1]|
=(1—oan ||T Un 1—Xn—1]|
< (1= ot )T yn 1—T*z()xn 1H+IIT Vxn1 = x|
< (IT—an—1)L[yn—1—xn- 1H+||T V1 — anllﬂ
= (1 - otn_1)[(1— Brn_y)L+1|T}; Xn 1—Xn—1[| = 0.
From Lemma 2.1, we get that
n =pl? = [[Kr,_yzn-1—p]
< (*n =P, Zn-1—p)

= E(Hznfl _pHZ + IPxn _pHZ —llzn1 _XnHz)

It follows that , ) )
[zn—1 = xn[I” < [[zn—1 —PlI" = [Ixn — 7P|
<

4 2 2
ki) lXn-1=p[" = [[xn —p[I* =0
Hence, we have

Hxn _anlH < ”Xn _anlu + Hznfl _anln — 0, (Tl. — OO)

It is obvious that

Hm [[xn —Xntil =0, ¥je{1,2,.., N (3.12)
n—o0
Notice that
Xn = Tnxnll < xn =Xl + X0+ = Tnajxnag |+ [ TnsiXneg — Tnajxal (3.13)
< 1+ D) —=xntjl + [Xnt5 = Tatjxnill,
and
HXTL - anH S ”Xn —Xn— 1” + ”Xn 1 _Tnxn IH + HTan 1 _TanH (3 14)
<(1+LHXn_Xn 1”+"Xn 1_Tnxn l” .
For all n > N, we can write n = (h(n) —1)N +i(n), where i(n) € {1,2,...N}. Then,
n—N=(h(n)—1—1)N+in) = (h(in—N)—1)N+1i(n—N),
thatis, h(n —N) = h(n) —1,i(n — N) = i(n). We can obtain that
h(n
Hxnfl _Tnxnflu Hxn 1—T, i(n) Xn 1” + ||T anl _Tnxnflu
h(n
< Ixn1 =T %na -+ [T %1 = Tignyxna
< n1 = T Xn [+ LT 21 —xn | (3.15)
< 1 = T ]+ L HT o = T e
+ ”Ti(n_N)Xn*N _X(an)le + ||X(an)71 _Xn—lu)/
h(n)-1 h(n)-1 h(n)-1 h(n)-1
1T ona1 = Ty XNl = T 1 =Ty xnnll (3.16)

< I—Hxn—l —Xn—N H/
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and
h(n)—1 h(n)—1 h(n—N)
”Ti(nn—N)X“—N _X(H*N)flu < ||Ti(nn_N)xn—N _Ti(nn—N) X(an)flu

h(n—N
+ HTi(nn,N))X(n—N)—l —X(n-N)-1l

N (3.17)
no
ST moN) X(n=N)—1 = X(n—N)—1]l
+ Llxn—~n = xn—ny-1ll-
Substituting (3.16) and (3.17) into (3.15), we have that
xn—1 = Taxn—1ll < [%n—1 = T %n 1|+ L(Llxn—1 — Xn_n|
h(n—N
+ L[Xn-N = Xm-n)—1l + HTi(iLn_N))X(an)fl
—X(an)—lH + Hx(an)fl _Xn—1||)-
From (3.11) and (3.12), we have that
lim ||xn_1— Thxn_1| =0. (3.18)
n—oo
Substituting (3.18) into (3.14), we can obtain
lim ||xn — Tnxnl| =0. (3.19)
n—oo

It follows from (3.12), (3.13) and (3.19) that
lim [[xn —Tixnl| =0, Vle{l,2,.. N}
n—oo

Since {xn} is bounded, there exists a subsequence {xn;} of {xn} such that {xn;} — z. Since [|xn; — Tixn, || =
0, (n — 00), from Lemma 2.3, we have z € F(Ty), for all 1 € {1,2, ..., N}. That is, w, (xn) C ﬂ{\jzl F(Ty).
Next, we show w, (xn) € GMEP(O, B, ¢). From limy, _, [|zn—1 — Xn || = 0 and condition (ii), we have
that
i o=l
im =
n—oo Tnil

0.

Since x, = Ky, ,zn—1, we also have
1
Q(Xn/y) +ﬁ<yfxnzxn*2n—l> 2 0/ VU S C/
e
where
Qxn,Y) = B(xn,Y) + (Bxn, Yy —xn) + @(y) — @(xn).
It follows from (A2) that
1

Th—1

<y _XTL/XTI _anl> 2 —-O—(me) 2 -O—(U/Xn)r vy € C

w = (0, we can obtain that
.

Qy,z) <0, Yyel, VzeE wp(xn).

Again from (A4) and limn,_,

Putys =ty+(1—t)z, forallt € (0,1),y € C and z € ww(xn), then, y¢ € C. Therefore, Q(y,z) < 0.
From (A1), we can obtain that 0 = Q(y¢,yt) < tQ(ye,y) + (1 —t)Q(yt, z) < tQ(yt,y). So, Q(y¢,y) =0,
for all y € C. Taking t — 0, we have Q(z,y) > 0, for all y € C, then, z € GMEP(Q, B, ¢). That is,
Ww(xn) € GMEP(O, B, @), and w,(xn) CT.

Step 3. We prove that sequence {x,,} converges weakly to a point in T".

Since Wy (xn) € T and limp o [[Xn — p|| exists, it follows from Lemma 2.5 that sequence {x} con-
verges weakly to a point in T". O
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Theorem 3.2. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<isnN be a finite family of {si}<i<N-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kn,i} C [1,00) such that imp_yoo kni =1and 3 7 (kni—1) < oco. Let B: C — H be an «-
inverse-strongly monotone mapping. Assume that © : C x C — R satisfies (A1)—(A4), s = max{s; : 1 <1 < N},
{kn} = max{kni:1<i< N}and T = ﬂ{il F(Ti) () GEP(O,B) # 0. Let {xn} be a sequence generated by the
following algorithm:

xo € C chosen arbitrarily,
Yn1 = Brn1xn1+ (1= Bn )T xn 1,
Zn-1=0®n_1Xn_1+ (1— ocn,l)Ti}E:;)yn,l, (3.20)
xn € C such that

O(xn,y) + (Bzn—1,y —xn) +

(Y—xn,xn—2zn-1)20, VyeC, n=>1,

Th-1
where {otn}, {Bn} C (0,1) and {rn} satisfying the following conditions:
(i) g2 >sVn=0;
(ii) Tn € [a,b] for some 0 < a <b < 20, Vn > 0;
(iii) liminfy 00 gn—1 >0,
where gn 1 = (1 —an1)(1— anl)[k%t(n)(ﬁnfl —s)—(1- anl)zl—zs + anls]/for alln > 1.

Then sequence {xr} converges weakly to a point in T

Proof. Our proof is divided into the following steps.

Step 1. We prove that limn o ||[Xxn — p|| exists, for all p € T.

From algorithm (3.20), we can obtain that x, =T ,(zn—1 —Tnh—1Bzn_1). Again from Lemma 2.1 and
(2.3), we have that

Ixn =PI? = 1T (Zn1=Tn1Bzn 1) = Tr, (P = Tn1Bp)|?
< |lzno1 —Tn-1Bzn_1— (p —Th_1Bp)|?

< llzn1—=p[? +rn-1(rn1 —2a)|Bzn—1 — Bp|%.
Similar to the first step of Theorem 3.1, we find from conditions (ii) and (iii) that

Hxn _pHZ < Hanl _pHZ + T‘nfl(‘rnfl - 20‘)”an71 - BPH2
h
< K 1 =PI = gntlxn—1 — T xn 12 621
+Tno1(Tho1 —2«) HBanl - Bp”z

< (14K ) — Dlxn-1 —pl*

Since Y o y(kni—1) < oo, we have Y 7 (kn —1) < co. Hence Zfzo(k‘%ln —1) < co. Again by Lemma

2.2, we have that limp o |[Xn — p|| exists. So, {||xn — p||} is bounded, this implies that {x, } is bounded.
Step 2. We prove that w., (xn) C I'. The difference between Theorem 3.1 and Theorem 3.2 is the proof

of limp o [[Xn — Tixn|| — 0, for all 1 € {1,2, ..., N} and wy,(xn) € GEP(O, B). From (3.21), we have that

h(n)
gn—1l[xn—1— Ti(nT; XTL—1||2 < k%l(n) Xn—1 _p”z —[Ixn _p”zr

and
Tno1(200— 1) [1Bzn1 = Bp|® <Ky Xn—1 = pI* = X — pI*

Again from conditions (ii) and (iii), we have that

. h(n) .
'r}ggo Hxn—l - Ti(n) Xn—lH =0,
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and
Jim [|Bzn 1 —Bpl| = 0.

Observe that

h
lzn—1 = Xn—1]| = lotn—1%n—1+ (1= atn 1) {1t Yn—1 — 31 |

= (1= ot DT Yn1—xn 1]
<1t )T Y1 =T x|
+ HT{ES)an — Xn—1]| (3.22)
< (1= otn—1)[L[yn—1 —xn-1]|
+ ||T:E£S)xn,1 —Xn—1l]
= (1= o) [(1 = Bt ) L DT e — X
— 0.

From (3.20) and Lemma 2.1, we have that

Hxn - P||2 = ||Trn,1 (Zn—l - T'n—lBZ'n—l) - Trn,l (P - T'n—pr) HZ

< <Zn—1 —Tn-1Bzn 1 — (p - r‘rl—pr)/ Xn — P>

1
= 5(I(zn1=mn1Bzn1) = (p = Tn1Bp) %) + [xn — P

—l(zn-1—"n-1Bzn_1) — (p — Tn_1Bp) — (xn — )

1
< E(Hznfl —P||2 + HXTL —P||2 - H(anl - Xn) - rnfl(Banl - Bp)Hz)

1
= 5llzn-1 —pl* + [xn —PlI> = llzn—1—%nll* =75 _111Bzn_1 — Bp|?
+ 27‘1’171 <Zn71 — Xn, anfl - BP>)
It follows that
Ixn =PI < llzn1=PI* = 21— x> =75 _1]/Bzn_1—Bp|?
+2rn-1(zZn—1 —Xn,Bzn_1 — Bp)
< ki(n) [xn—1 _P||2 —lzn-1 _XnHZ —fﬁ_l\lBanl - BPHZ
+2rh 1 <Zn71 —Xn,Bzn_1— BP>
So, we have
Jon 1 —xnl < 1 — PP = xn = pl2+ (4 ) — Dlxn 1 — p|?
—12 1IBzn_1 —Bp|* +2rn_1(zn_1 —Xn,Bzn_1 — Bp).
Since limy 00 kn = 1, limy 0 ||[Bzn—1 — Bp|| = 0 and limy . [|xn — p|| exists, we obtain that
lim zn_1 — xn| = 0.
n—oo
Therefore,
[xn —xn-1 < [[xn —zn-1ll +[[zn-1—xn-1| = 0.

The remaining is the same to the proof of limy ;o ||xn — Tixn|| = 0, forall L € {1,2,..., N}
Next, we prove that w,,(xn) € GEP(O, B). Since xn, = Ty, ,(zn—1 —Tn_1Azn_1), we have

Q(Xn/y) + <BZn71/y - Xn> + <y —Xn,Xn — Zn71> >0, Vy e C.

n—1
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It follows from (A2) that

1
<an—1/y - Xn> + ﬁ@J —Xn,Xn — Zn—1> > 0O(y,xn). (3.23)
e
Let y¢ = ty+ (1 —t)z, wherey € C, z € wyw(xn) and t € (0,1), it is easy to see that yy € C. Combining
with (3.23), we can obtain that

(BYyt, Yyt —xn) = (Byt, Yyt —xn) — (Bzn—1,Yt —xn)

1
- <Ut_anXn_Zn—1>+®(Ut/Xn)
Th-1
> (Byt — Bxn, Yt —xn) + (Bxn —Bzn_1,Yt —xn)
Xn — Zn—
— (Y — Xn, 1) £ Oy, Xm)-
Thn-1
It follows from limp 0 ||Zn—1 — Xn| = 0 that lim,_, lzna=xall — 0 On the other hand, we have

Th—1

|IBxn —Bzn_1]| — 0. Again by monotonicity of B, we obtain that (Byt — Bxn,yt —xn) = 0. Then,
replacing n by ny and letting k — oo, from (A4), we can easily observe that

(Byt,yt —z) = B(yy, 2).

Again combining with (A1) and (A4), we have

0 =0y, yt)
<tO(yt,y) + (1 -t)O(yt, z)
<tO(yy,y) + (1 —t)t(Byy, y —z).

It follows that

O(yt,y) + (1 —t)(Byt,y —z) > 0.
Taking t — 0, we obtain that

O(z,y)+(Bz,y—2z) >0, vyeC.

Then z € GEP(Q, B), that is, w,(xn) € GEP(Q, B). The remaining is the same to the proof of Theorem
3.1. O

Remark 3.3. Since asymptotically nonexpansive mappings are O-strict asymptotically pseudo-contractions,
therefore, we can obtain two kinds of weak convergence theorems for a finite family of asymptotically
nonexpansive mappings by putting s; = 0, for all i € {1,2,..., N} in Theorem 3.1 with the condition
replaced of the following:
(1) iminfy 00T >0, Vn > 0;

(i) {on} € 10,1), {Bn} € (0,1);

(iii) limsup, ., on <1,0 <liminfy o Bn <limsup, . Pn <1,
and in Theorem 3.2 with the condition replaced of the following:

(i) Tn € [a,b] forsome 0 < a < b < 2«, Vn > 0;

(ii) {an} C[0,1), {Bn} C (0,1);
(iii) limsup, ,  on <1,0 <liminfy o Bn <limsup, . Bn <1

3.2. Strong convergence theorems

Theorem 3.4. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<isN be a finite family of {sih<i<N-strictly asymptotically pseudo-contractive mappings with sequence
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{si} € [0,1) and {kn;:} C [1,00) such that imn_yeokni = 1and 3} 7 (kni—1) < co. Let ¢ : C — Rbea
proper lower semi-continuous and convex functional, and let B : C — H be a continuous and monotone mapping.
Assume that © : C x C — R satisfies (A1)-(A4), s = max{s; : 1 <1 < NJ, {kn} = max{kni :1 <1< N}pand
M=, F(Ti) N GMEP(O, B, @) # . Let {x,,) be a sequence generated by the following algorithm:

xo € C chosen arbitrarily,
Yn-1=PBn-1Xn-1+(1— E’n—l)Ti}E:;)Xn—lr
Zn-1=&n_1Xn-1+(1— o‘n—l)Tih(S)Un—lz
Un—1 € C, such that forally € C,

O(un—1,Y) + (Bun—1,y —un—1) + ¢(y) —o(un—1) + rnl,l (Y—un—1,un-1—2n-1) 20,
Cnot ={v € Ct Jun—1 = VI < xn1 = VI +0n—1 — hn_allxn_1 — T X112
Qn1={veC:{xp—xn-1,%Xn-1—v) =0},

Xxn =Pc, nQ.X%, m=1,

where 0, = (k‘%l(n) —1)pn, pn = sup{||xn —pll : p € T} < co. When {an}, {Bn} C (0,1) and {rn} satisfying the
following conditions:
i) g>=s V=0
(ii) liminf, oo™ >0, VR > 0;
(iii)) liminfy, 400 gn_1 >0, Vn > 1,
where gn-1= (1 - Cxnfl)(l - anl)[k%(n)(ﬁnfl - 5) - (1 - anl)szs + anls]-

Then sequence {xr,} converges strongly to Prx.

Proof. Our proof is divided into the following five steps.

Step 1. We show that C,,_; and Qn_1 are closed and convex for all n > 1.

From the definition of C,,_; and Qn_1, it is obvious that C,;_; is closed and Q1 is closed and
convex. From Lemma 2.4, we know that C,,_1 is also convex.

Step 2. We show that ' C C;,_1()Qn_1, foralln > 1.

The proof of I' C Cy,_; is similar to the first step of Theorem 3.1, we only replace x,, with u,,_1 in (3.9)
and (3.10). Then, we can obtain for allp € T,

2 2
un—1 =Pl < llzn—1 =Pl

h
< kﬁ(n) %n—1—PI* = gn-1lXn-1— Ti(:;)xnlez

h
< fpn1 = PIP +0n1— gnalxn1 = T xm a2,

thatis, ' C C,,_q, foralln > 1.

We prove that I' C Qn,_1, for all n > 1 by induction. We have I' C C = Qp. Suppose I' C Qy_1. Since
xn = Pc,. N0, X0, we find from (2.2) that

(o =Xn,Xn—u) 20, Yue Cph4 m Qn—1-

Since ' C Cpi1(1Qn_1, we have I' C Q.
Step 3. We prove that {x, } is bounded.
Since the definition of Q_1, we know that x,,_1 = Pq, ,x0. Also, xn € Ch—1(1Qn—1 € Qn_1. Then

[Xn—1 =0l < [Ixn —xoll
Therefore, the sequence {||xn — Xo||} is nondecreasing. Again since I' C Qn,_1, for all n > 1. It follows that

[Xn—1—=xoll < l[p—xoll, VpeT. (3.24)
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So, we have limy o || Xn — X0l exists, that is, {xn} is bounded.
Step 4. We prove that wy, (xn) CT.
The difference between Theorem 3.4 and Theorem 3.1 is the proof of

lim [Jxn — Tixnl| = 0, V1€{1,2,..,N},
n—oo

and w,(xn) € GMEP(O, B, ¢).
First, we show that lim,_, ||[xn — Tixn|| = 0, for all 1 € {1,2, ..., N}. Obviously, we only need to prove

that limn o ||Xn —Xn—1|| = 0 and limp 00 ||Xn—1 — TES)XTL_H\ = 0. Since the definition of Q,_1, we

know that x,_1 = Pg, ,x0. Considering xn € C_1()Qn—1 € Qn_1, we can obtain that
(Xn —Xn—1,Xn—1—x0) = 0.

From (2.2), we know that

Hxn _anluz = H(Xn _XO) - (anl _XO)H2

= [lxn = x0[* = [Xn-1 — o>

*2<Xn*Xn—1/Xn—l *XO>
< Jxn —xol* = [Ixn—1 —xoll,

which together with the existence of limn o || Xn — Xo/|, we get that
IXn —xn—1|| = 0, (n — o0). (3.25)
By the definition of C,,_1, we have
1 —V[? < X1 —v|*P+ 001, WeCn .
Again since xn = Pc_ | NQn X0 € Cn_1, we have
[un—1— XnHZ < xn—1 —XnHZ +0On.

Combining (3.25) and 6, — 0(n — o0), it is obvious that limn_, [[Uun—1 —xn | = 0.

[un—1—xn-1ll < [un—1 =xnl[+ [xn =xn-a| =0, (n— oo). (3.26)

From the definition of C,,_1, we have

h
gn1lxn—1 = T %n-1l? < [xn-1 = P2 + 0 — [un—1 —p|

From (3.26), 6,, — 0(n — oo0) and condition (iii), we can obtain

xn—1 = T X1l =0, (n— o).
The remaining is the same to Theorem 3.1.
Next, we show that w.,(x,) € GMEP(O, B, o).
We only need to prove that limn_,s [|un—1 —2zn_1|| =0, for all n > 1. From (3.22) and (3.26), we have

lun—1—zn—1| < [[un—1 —xn-1l + [[Xn-1—2zn-1|| = 0. (3.27)

The remaining is the same to Theorem 3.1. Therefore, w, (xn) C T.

Step 5. We prove that x,, — x* = Prxo.

Combining with (3.24) and lemma 2.6, we can obtain that sequence {x,} converges strongly to x* =
PrX(). O
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Theorem 3.5. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<isnN be a finite family of {si}<i<N-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kn:} C [1,00) such that imn_yookn,i = 1and 3} 3 (kni—1) < co. Let B: C — H be an
a-inverse-strongly monotone mapping. Assume that © : C x C — R satisfies (A1)-(A4), s = max{s; : 1 <1< N},
{kn} =max{kni:1 <i< N}and T = ﬂ{il F(T:) ( GEP(O,B) # (. Let {xn} be a sequence generated by the
following algorithm:

xo € C chosen arbitrarily,

h(n)
Yn—1 = Pn-1Xn—1+ (1= Bn-1)Ty) Xn-1,
Zn-1=0n-1%Xn—1+ (1 — Ocn—l)Ti}E:;)yn—lz
Un—1 € C, such that forally € C,

Q(un—lly) + <an—1/y - ufn—1> +

rnl,l (Y—un_1,Un_1—2n-1) 20, YyeC
C, = C: - 2 < o 2 0 —h _Th(ﬂ) 2

n {V S . ||un71 VH X ||Xn71 V” + n—1 n71||xn71 i(n) Xn71|| }/
(QT1 = {V € C: <X0 —Xn—1,%Xn—-1 _V> = O},

Xn = PCnfl N Qn_1X0 n>1,

where 0, = (k‘%l(n) —1)pn, pn =sup{|[xn —p|| : p € T} < c0. When {otn}, {Bn} C (0,1) and {ry} satisfying the
following conditions:
i > >s, Vn>0
(i) T € [a,b] forsome 0 < a <b < 2a, ¥ > 0;
(iii) liminfy 00 gn—1 >0,
where In—-1= (1 - anfl)(l - anl)[k%n(ﬁnfl - 5) - (1 - anl)zl—zs + anls]/ vn > 1.
Then sequence {xr,} converges strongly to Prx.

Proof. The process of proof is similar to the proof of Theorem 3.4 except w, (xn) € GEP(O, B). The proof
of wy, (xn) € GEP(®, B) is similar to the proof of Theorem 3.2, we only replace x, by u,,_; and use (3.27).
This completes the proof. O

Remark 3.6. Similarly, in Theorem 3.4 and Theorem 3.5, if s; = 0,1 < i < N and the conditions which
sequences {0, } and {f} satisfy in Theorem 3.4 and Theorem 3.5 replaced of the following;:

(ii) limsup, . on <1,0 <liminf, o Bn <limsup, . Bn <1

Then, two kinds of strong convergence theorems for a finite family of asymptotically nonexpansive map-
pings can be obtained.

4. Applications

In this section, we introduce the several applications of weak convergence theorem (Theorem 3.1). Ac-
cording to different situations, the corresponding strong convergence theorem (Theorem 3.4) has different
results.

4.1. Application to (mixed) equilibrium problem (EP and MEP)
In (1.2), if B = ¢ = 0, the generalized mixed equilibrium problem reduces the equilibrium problem
(EP), that is, to find x € C such that
Ox,y) >0, YyeC.

If B =0, the generalized mixed equilibrium problem reduces the mixed equilibrium problem (MEP),
that is, to find x € C such that

Olx,y)+ely) —e(x) >0, vyeC.
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Therefore, the result of Theorem 3.1 can be applied to (mixed) equilibrium problem (EP and MEP),
then, we have the following results.

Theorem 4.1. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and let
{Tih<ign bea finite family of {si h <i<N-strictly asymptotically pseudo-contractive mappings with sequence {s{} C
0,1) and {kn,i} C [1,00) such that limn oo kn,i = 1and Y 37 ((kni —1) < co. Assume that ® : C x C — R
satisfies (A1)—(A4), s =max{s; : 1 <1< N}, {kn} =max{kni: 1 <1< N}andT = ﬂiNzl F(Ty) N EP(®) # 0.
Let {xn } be a sequence generated by the following algorithm:

xo € C chosen arbitrarily,

h
Yn—1 = PBn-1Xn-1+ (1— Bn—l)Ti(S;)Xn—lz

h
Zn1=0n 1Xn-1+ (1— (anl)Ti(E:j)ynflr

xn € C, suchthat O(xn,Yy)+ (Y —xXn,Xn—2zn_1) =20, YWyeC, n>1,

Th-1

where {otn}, {Bn} C (0,1) and {rn} satisfying the following conditions:

(i) %23, vn > 0;
(ii)) iminfy 0o Th >0, YN > 0;
(ifl) liminfn_se0 gn_1 >0, ¥n > 1,
where gn—1 = (1 —an1)(1— anl)[k%l(n)(ﬁnfl —s)—(1— [3“71)21_25 + Bn_18l.

Then sequence {xr,} converges weakly to a point in T

Theorem 4.2. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<isN be a finite family of {si}h<i<N-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kni} C [1,00) such that limn oo kni = 1 and 3 3 _s(kni—1) < co. Let ¢ : C = R
be a proper lower semi-continuous and convex functional. Assume that © : C x C — R satisfies (Al)-(A4),
s =max{si : 1 <1< N} {kn}=max{kni:1<i<N}andT = ﬂiNzl F(T:) YMEP(O, @) # 0. Let {xn} be a
sequence generated by the following algorithm:

xo € C chosen arbitrarily,

h
Yn—1 = PBn-1Xn-1+ (1— Bn—l)Ti(:;)xn—ll
h
Zn-1=0n-1%n-1+(1— (Xn—l)Ti(S;)yn—lr

xn € C, suchthat O(xn,y)+ @(y) — @(xn) +

Tn171 (Y—%Xn,Xn—2n-1) =20, YyeC, n>1,

where {otn}, {Pn} C (0,1) and {rn} satisfying the following conditions:

(i) g>>s Mm=0
(ii) liminf, oo™ >0, VR > 0;
(iii) liminf, e gn-1>0,Vn=>1,
where gn—1 = (1 —on—1)(1— anl)[k%l(n)(ﬁnfl —s)—(1— anl)zl—zs + Bn_18l.

Then sequence {xr,} converges weakly to a point in T

4.2. Application to (mixed) variational inequality

A variational inequality problem (VIP) is to find x € C such that
(Bx,y—x) >0, WYy eC.

The solution set of VIP is denoted by VI(B, C).
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The mixed variational inequality is to find x € C such that
(Bx,y—x)+oy)—ex) >0, YyeC. (4.1)

We denote the solution set of (4.1) with VI(B, C, ).
If © = ¢ =0, the generalized mixed equilibrium problem reduces a variational inequality problem.
If © =0, the generalized mixed equilibrium problem reduces the mixed variational inequality.
Putting F(x,y) = (Bx,y —x), if B is an a-inverse-strongly monotone mapping, we can easily show that
F satisfies conditions (A1)-(A4). Then, the following theorems can be obtained from Theorem 3.1.

Theorem 4.3. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<isN be a finite family of {sih<i<N-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kn:} C [1,00) such that imn_yeokn,i = 1 and 3 7 (kni—1) < co. Let B: C — H be an
a-inverse-strongly monotone mapping. Assume that s = max{si : 1 <1 < NJ, {kn} =max{kn,i : 1 <1< N}and
M=, F(T) N VI(B, C) # 0. Let {x,} be a sequence generated by the following algorithm:

xo € C chosen arbitrarily,
h(n)
Yn-1=Pn-1xn—1+ (1— anl)Ti(n) Xn—1,
h
Zn-1= 0n_1%n-1+(1— O‘n—l)Ti(is)yn—lz

xn € C, suchthat (Bxn,y—xn)+

(Y—%Xn,Xn—2zn-1) 20, YyeC, n>1,

Tn—1
where {otn}, {Bn} C (0,1) and {rn} satisfying the following conditions:

(i) g>>s =0

(ii) iminf oo >0, Yn > 0;

(iii)) liminfn, 500 gn_1 >0, Vn > 1,
where In—-1 = (1 - an—l)(l - Bn—l)[k%l(n)(ﬁn—l - S) - (1 - Bn—l)szS + Bn—ls]-

Then sequence {x,} converges weakly to a point in T

Theorem 4.4. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tih<icnN be a finite family of {si}<i<N-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kn:} C [1,00) such that imn_yeokni = 1and 3 7 ((kni—1) < co. Let ¢ : C — Rbea
proper lower semi-continuous and convex functional and B : C — H be an «-inverse-strongly monotone mapping.
Assume that s = max{s; : 1 < i < N}, {kn} = max{kn;:1 <1< Nyand T = O, F(Ti) N VI(B,C, @) # 0.
Let {xn} be a sequence generated by the following algorithm:

xo € C chosen arbitrarily,

h
Yn-1=Pn-1Xn-1+ (1— Bn—l)Ti(ES)Xn—ll

h
Zn1=0n_1%n_1+(1— (anl)Ti(ElT;)ynflr

xn € C, such that (Bxn,y—xn)+ @(y)—@(xn)+

(U—anxn—zn—1> 2 OI Vy S C/ n 2 1/

Tn—-1
where {otn}, {Bn} C (0,1) and {rn} satisfying the following conditions:

(i) g =s V20
(ii) iminfy 0o Th >0, Yn > 0;
(i) Hminfn_seo gn_1 >0, ¥n > 1,
where In—-1= (1 - Cxnfl)(l - anl)[k%t(n)(ﬁnfl - 5) - (1 - anl)zl—zs + anls]-

Then sequence {xr,} converges weakly to a point in T
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4.3. Application to convex minimization problem

In (1.2), if ® = B = 0, the generalized mixed equilibrium problem reduces a convex minimization
problem, that is, to find x € C such that

oy) = e(x), YyeC. (4.2)

We denote the solution set of (4.2) with CMP(¢).
Therefore, Theorem 3.1 can reduce the following theorem about convex minimization problem.

Theorem 4.5. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and let
{Tih<ign be a finite family of {si h <i<N-strictly asymptotically pseudo-contractive mappings with sequence {s;} C
0,1) and {kn i} C [1, 00) such that limn oo kn,i = 1and Y 5 _;(kni—1) < co. Let ¢ : C — R be a proper lower
semi-continuous and convex functional. Assume that s = max{s; : 1 <1 < N}, {kn} = max{kni:1 <1< N}
and T = ﬂ{il F(Ti) Y CMP(@) # 0. Let {xn} be a sequence generated by the following algorithm:

xo € C chosen arbitrarily,

h

Yno1 = Brotxn—1+ (1= Bn_1) T} Xn_1,
h

Zn—1 = Xn—1Xn—1+ (1 - (anl)Ti(E:;)ynflr

Xn € CL such that q)(y) __(p(XTl)_% <U —Xn,Xn __ZTt71> P 01 VﬁJ € (:/ nz 11

_1
Tn—1
where {otn}, {Pn} C (0,1) and {rn} satisfying the following conditions:

(i) 52>, >0
(ii) iminf, soomh >0, VR > 0;
(iii) liminfy 500 gn-1>0, Yn > 1,
where In-1= (1—on-1)(1— Bn—l)[k%(n)(ﬁn—l —s)—(1— Bn—l)szS + ﬁn—ls]-

Then sequence {xr.} converges weakly to a point in T

4.4. Application to convex feasibility problem

The convex feasibility problem for a family of mappings {Ti}i<i<n is to find a point x such that
x e N, F(Ty).
Therefore, Theorem 3.1 can also reduce the following theorem about convex feasibility problem.

Theorem 4.6. Let C be a nonempty closed convex subset of an infinite dimensional real Hilbert space H and
let {Tihicign be a finite family of {sih<i<n-strictly asymptotically pseudo-contractive mappings with sequence
{si} € [0,1) and {kn,i} C [1,00) such that limn o kni = 1and 3 3 _((kni—1) < co. Assume that s =
max{si : 1 <1< N}, {kn}t=max{kni: 1 <1< N}and T = ﬂ]i\lzl F(T;) # 0. Let {xn} be a sequence generated by
the following algorithm:

xo € C chosen arbitrarily,

Yn-1=Pn-1xn-1+(1— ﬁn—l)Ti}Eiln))Xn—ll
Zn-1=0n1Xn-1+(1— (anl)TS:;)Unflz
Xn = Pczn_1,
where {otn}, {Bn} C (0,1) and {r} satisfying the following conditions:
(@) g2 =5, Vn 20
(ii)) iminfn 00T >0, Yn > 0;

(iii) liminfy 500 gn—1>0, Yn > 1,
where gn-1= (1 - anfl)(l - anl)[ki(n)(ﬁnfl - 3) - (1 - anl)zl—zs + anls]-

Then sequence {xr,} converges weakly to a point in T
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5. Numerical experiments

In this section, respectively, we give the corresponding numerical examples of Theorem 3.1 and Theo-
rem 3.2.

Example 5.1. Let H := R and C := [-1,1] C R. For all x,y € C, O(x,y) = y?2 +xy —2x%, Bx = 2x,

@(x) = 3x%. It is obvious that © : C x C — R is a real-valued bifunction satisfying the following conditions
(Al1)-(A4), B: C — H is a monotone mapping and ¢ : C — R is a continuous and convex functional.
Then, for given r > 0 and x € H, by Lemma 2.1, there exists a unique u € C such that

1
O(w,y) + Bu,y—u)+oey) —eu) + ;<y —u,u—x) >0, VyeC.

T
2 2 1, 1, 1
Yy +uy —2u”+2u(y —u) + 54 U + ;(y —uw)(u—x) >0, Yy eC.
T
3ry? 4 (6ru+2u—2x)y + 2ux —2u—9ru> > 0, vy e C.
Let F(y) = 3ry? + (6ru + 2u — 2x)y + 2ux — 2u — 9ru?. Then discriminant A of F(y) is

A = (6ru+2u—2x)> —4 x 3ry(2ux —2u — 9ru?) = 2x — 2u(1 + 61)]°.

Taking A < 0, then for ally € C,F(y) > 0. Again from uniqueness of u, we have that

1

:K =
u rX 1167

X.
From algorithm (3.1), we can obtain that

h

Yn-1 = PBn-1Xn-1+ (1-— Bn—l)Ti(ErS)Xn—ll
h

Zn1=0n 1Xn-1+ (1— (anl)Ti(S;)ynflz

1

Xn = mzn_l.

Let N =2, Tix =x, for all x € [-1,1],

x, x € [—1,0);
Tox == 1

EX' x € [0,1],

zm%l)' Th = m. We have the following numerical results:

and taking xo =1, an = 714, Bn =

Table 1: numerical examples of Theorem 3.1.

n 01 2 3 4 5 6
xn 1 1 03750 0.1875 0.0308 0.0140 0.0014
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Figure 1: numerical examples of Theorem 3.1.
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Example 5.2. Let H:=Rand C:=[-1,1] C R. For all x,y € C, ©(x,y) = y? +xy —2x?, Bx = 2x. Then, for

given r > 0 and x € H, by Lemma 2.1, there exists a unique u € C such that

1
O(w,y) + ;(y —u,u—x) >0, vy eC.

Similar to the above method, we can obtain that

1
_= T e
W= 1+3r
From algorithm (3.20), we can obtain that
h
Yn—1 = PBn-1Xn-1+ (1— Bn—l)Ti(S;)xn—lr
Zn1=0n 1Xn-1+ (1— O('Tl.fl)T:(LE:;)ynfll
— 1-2r, 4

xn =Ty (zn1 —Tn-1Bzn 1) = T33r,,_, Zn—1-

Let N, Ty, To, atn, Pn, T, Xo are the same as before.

Table 2: numerical examples of Theorem 3.2.

n 0 1 2 3 4 5 6

xn 1 1 03580 0.1591 0.0222 0.0083 6.5189 x 10—*
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Figure 2: numerical examples of Theorem 3.2.
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