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Abstract

In this paper, we shall prove a log majorization inequality, which extends Furuta’s result. (©2017 All rights reserved.
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1. Introduction

A capital letter, such as T, stands for a bounded linear operator on a Hilbert space. The notation T > 0
means that T is positive semidefinite and T > 0 means that T is positive definite.

Definition 1.1 ([1]). Log majorization for two positive semidefinite n x n matrices A and B, denoted by
A =(log) B, if TTE 4 A(A) = TTE 1 Au(B) for k = 1,2,--- ,n—1 and []1; Mi(A) = []i" Ai(B), where
M(A) = M(A) = -+ = An(A) and A(B) > A2(B) > --- > An(B) are the eigenvalues of A and B,
respectively.

Definition 1.2 ([6]). For A, B > 0, Kubo-Ando mean of A and B for « power is defined by

which is denoted by Af«B, where « € [0,1];
If A,B >0, Afi«B is defined by li1¥)1+ (A4 eDfa(B+el);
£—>

IfA>0,B>0withx € R, A2(A~2BA~2)*A2 is denoted by AfjB.

In 1994, Ando and Hiai proved the first log majorization inequality as follows, which is also called
Ando-Hiai inequality.

Theorem 1.3 ([1, Ando-Hiai inequality]). If A,B > 0, 0 < « < 1, then (Af§aB)" =(104) AT#aB" holds for
r>1.
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In 1995, Furuta generalized Ando-Hiai inequality and obtained the following theorem.

Theorem 1.4 ([2]). If A,B > 0, 0 < « < 1, then (At B =(log) AT#n,B® holds for v,s > 1 with h =
(s 14 (1—a)r—1)~L,

Subsequently, various log majorization inequalities were shown, such as [3, 4, 7]. One of the most
wonderful result is proved by Furuta ([3]) in 2009 as follows.

Theorem 1.5 ([3]). For A >0,B>0,t€ [0,1]and r > t, p1,p2, -+ ,Pan = 1, then
(AﬁpLB)h = (log)
1

A17t+rﬁB{Alithpzn{Ahpznq{Alithmnfz{AhPans T [Ahps(AlithPZB)] o

holds, where h = p1p2~--pz$(1—t+r)/ B = sy With & = [+ {[(p1 —t)p2 + tps —thpa +t--- —t]pon + 1.

In this paper, we shall show an extension of Theorem 1.5. In order to prove the main results, we shall
list a useful theorem first.

Theorem 1.6 ([5, Koizumi-Watanabe inequality]). For A > 0,B > 0, tox—1 € [0,1] and tox_q1 < tox for
k = 1/2/' o, PL,P2, 0 s P2n 2 1/ then

toan ton1

{A2[A” 2 --~[At72(A_t71Bp1A_t71)p2At72}p3

holds for oa(2n) =1 —1t1 + 12+ - —ton—1 +ton, $(2n) = [+ {[(p1 —t1)p2+ tolps —ta}pa+ta- - - —ton_1|pon +
ton.
2. Main results
By using the method in [1] and [3], we can show the main result.
Theorem 2.1. For A > 0,B > 0, the following log majorization inequality

(AﬁocB)h >(109)

(2.1)
oc(2n)ﬁﬁ{Aoc(2n—1) hpzn{Aa(zn—z) ﬂpZn,l{A“(zn_S) ﬂph,g L [Aoc(z) hm (Acx(l) ung)] )

holds for o« = L., B = S50 h = PIP2Pan a2 it (k) = 1~y + -+ + (—1)*ti, d(2n) = [ {[(p1 —

t)p2 + tolps —t3fpa +ta- - — t2n7]]p2n + ton, where tr_ 1 € [0,1] and ty_1 < tox fOT k=12---,n;
pl;pZ;‘ ,P2n > 1.

Proof. In order to prove (2.1), we only need to prove that I > Af«B ensures that

I > Aa(zn)ﬁB{A(xQnil)hpzn{Ao‘(zniZ)hpmfl{Ao‘(znig)hPZn_z . [Aoc(Z)hp3 (A“(l)hsz)] . }}} (2‘2)

By the definition of # and f, I > Af«B is equivalent to A~! > (A_%BA_%)"‘ and (2.2) is equivalent to

A=) A= F A (A
t 2.3)
3

oL o 14 1y _bH 3
(AT(A"Z (A~ 2 BA™ 7 )P2A~7)P3AT )P4

2n—2
)

Let Ay =Aland By = (A*%BA*%)“ Apply A = B to Koizumi-Watanabe inequality, then

ton _YHn ty ton—1

Aix(zn)>{AlT[Al 2 [A;(A ZBplA )PzA ] A 2 ]pZ“Al%}ﬁ.

Replacing A; by A~! and By by (A~2BA~2)* above, respectively, then we can obtain (2.3). O
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Remark 2.2. If t1 =t = --- = ton_1 = t, then Theorem 2.1 is just Theorem 1.5, which is the main result of
[3].

From the proof of Theorem 2.1, we can notice that (2.1) is derived from Koizumi-Watanabe inequality.
The next theorem shows that (2.1) and Koizumi-Watanabe inequality are equivalent.

Theorem 2.3. For A > 0 and B > 0, Theorem 2.1 and Koizumi-Watanabe inequality are equivalent each other
under the conditions of Theorem 2.1.

Proof. We only need to prove that Koizumi-Watanabe inequality can be derived from Theorem 2.1.

For A > 0 and B > 0, (2.1) means that I > A#4B ensures (2.2). It follows that A=! > (A*%BA*%)“
ensures (2.3).

_1 1
Replacing A by A;! and B by A] 2B1A; 2 in (2.3), then A; > By > 0 with A; > 0 ensure

n ton1 2 it _Hna ty
2

_ L 4 b L ton
ASEM S A AT AT (AL 2BPIAL D) RAL I AL 2 PA T R

The inequality above is just Koizumi-Watanabe inequality. O
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