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Abstract

The aim of this paper is to propose some novel algorithms and their strong convergence theorems for solving the split
feasibility problem, and we obtain the corresponding strong convergence results under mild conditions. The split feasibility
problem was proposed by [Y. Censor, Y. Elfving, Numer. Algorithms, 8 (1994), 221-239]. So far a lot of algorithms have been
given for solving this problem due to its applications in intensity-modulated radiation therapy, signal processing, and image
reconstruction. But most of these algorithms are of weak convergence. In this paper, we propose the new algorithms which can
provide useful guidelines for solving the relevant problem, such as the split common fixed point problem (SCFP), multi-set split
feasibility problem and so on. (©2017 All rights reserved.
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1. Introduction and preliminaries

The split feasibility problem (SFP) was first introduced by Censor and Elfving [5] in 1994. The SEP is
to find a point
x € C such that Ax € Q, (L.1)

where C is a nonempty closed convex subset of a Hilbert space H;, Q is a nonempty closed convex subset
of a Hilbert space Hy, and A : H; — H; is a bounded linear operator.

As we know, the SFP has received so much attention due to its applications in intensity-modulated
radiation therapy, signal processing, and image reconstruction, see Byrne [1, 2], Censor [4-6], Ceng [3],
Fan et al. [7], Xu [20, 21], Kraikaew and Saejung [9], Moudafi [10], Qu et al. [12-14], Qin and Yao [11],
Yang et al. [16, 22, 27, 28], Yao et al. [23-26], and so on.

To solve the SFP (1.1), many algorithms have been constructed.

In 2002, the so-called CQ algorithm was proposed by Byrne [1, 2] in the following:

Xnt1 = Pc(xn —YA*(I=Pqg)Axn), n >0,
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where 0 < v < 2/p with p being the spectral radius of the operator A*A and Pc, Pqg denotes the
orthogonal projection onto the sets C, Q, respectively. However, the stepsize of the CQ algorithm is fixed
and related to spectral radius of the operator A*A, and the orthogonal projection onto the sets C and Q
is not easily calculated usually.

In 2004, Yang [22] constructed a relaxed CQ algorithm for solving a special case of the SFP, in which
he replaced them by projections onto halfspaces Cy and Qx. In 2005, Qu and Xiu [13] modified Yang’s
relaxed CQ algorithm and the CQ algorithm by adopting the Armijo-like searches to get the stepsize.

In 2008, Qu and Xiu [14] proposed a halfspace relaxation projection method for the SFP, based on a
reformulation of the SFP.

Recently, Xu [21] applied Mann’s algorithm to the SFP and proposed an averaged CQ algorithm
which was proved to be weakly converge to a solution of the SFP. Very recently, Qu et al. [12] studied the
computation of the step-size for the CQ-like algorithms for the split feasibility problem.

In this paper, based on such research results, we propose some novel algorithms for the nonexpansive
mapping and construct their strong convergence theorems, and we apply these convergence theorems for
solving the split feasibility problem.

We use — to denote strong convergence and — for weak convergence, and we use Fix(T) to denote the
fixed point set of the operator T. Some concepts and lemmas will be useful in proving our main results
as follows:

Let H be a Hilbert space endowed with the inner product (-,-) and norm | - |. Then the following
inequality holds

e +yl® < Il +20y, x+y), vxyeH. (12)

Definition 1.1. An operator T: H — H is said to be

(i) nonexpansive if
[Tx —Ty|| < [[x—z|, VxeH.

(ii) v-inverse strongly monotone (v-ism), with v > 0, if
(x—y, Tx—Ty) > v|[Tx—Ty||?>, V¥x,yeH.

Definition 1.2. Let C be a nonempty closed convex subset of a Hilbert space H, the metric (nearest point)
projection P¢c from H to C is defined as follows: given x € H, Pcx is the only point in C with the property

[ = Pex|| = inf{flx —yl} : y € CJ.

Lemma 1.3 ([19]). Let H be a Hilbert space, C a closed convex subset of H, and T : C — C a nonexpansive mapping
with Fix(T) # (. If {xn} is a sequence in C weakly converging to x and if {(1—T)xn} converges strongly to y, then
(I-T)x=vy.

Lemma 1.4 ([15]). Let C be a nonempty closed convex subset of a Hilbert space H, P¢ is a nonexpansive mapping
from H onto C and is characterized as: given x € H, there hold the inequality

(x —Pcx,y—Pcx) <0, VyeC.

Lemma 1.5 ([17, 18]). Let {an}x_, be a sequence of nonnegative real numbers satisfying the property

an+1 < (I=vyn)an +ynon, n =0,
where {yn}X_o C (0,1) and {on}5°_ are such that
(i) lim yn =0and 3 7 ovyn = oo,

(ii) either limsup on < 0o0r Y 3 o lynon| < co.
n—oo

Then {an}3_, converges to zero.
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2. Main results

Theorem 2.1. Let C be a nonempty closed and convex subset of a real Hilbert space Hy and © € C,let T: C — C
be a nonexpansive mapping such that Fix(T) # 0. Given {an}_1, {Bn)_q, and (A in (0,1), the following
conditions are satisfied:
(i) lim =1, lim B, =1, lim A, =1;
n—oo n—o0 n—oo
(11) |}\n - anlknfﬂ + Bn <1, Z?:O(l - Bn)(l - An) = 00,
(iii) Z;ozo lotn 1 — xn| < 00, Zf:() IBri1—Bnl < oo, Zf:() Ant1 —Anl < oo

Let {xn} be generated by x; € C and

2.1)

Xn+1 = (1 - Bn)()\nxn) + Bnyn/
Yn = (1 - (xn)xn + oty Txn.

Then the sequence {xn } converges strongly to a fixed point X of T, where X is the minimum-norm element of Fix(T).

Proof. First, we show the sequence {x,,} is bounded. Indeed, taking a fixed point x* of T, we have
lyn =X < (1= am)[xn =% + o [[Txn =[] < [xn =7,
SO
[xn1 =X = [[(1 = Bn) (Anxn) + Bnyn —x"||
= [[(1 = Bn) Anxn —x") + Bn(yn —x")|
= [(1=Br)An(xn —x") + Br(yn —x7) — (1= Bn) (1 = An)x"||
S (T =Br)Anlen =X 4 Brllyn =x"[ + (1 = Bn) (1 =An) X7
< [1 - (1 - Bn)( —An ”Xn -X || + 1 - Bn)(l _}\n)HX*H
< max[xn =7, X1}

< max{|xg — x|, [[x*[[}

Therefore, {x,,} is bounded, so are {y,»} and {Tx, }.
Second, we show ||xn — Txn || = 0, as n — oo.
By condition (i) and the boundedness of {x,,} and {yn}, we have
[Xn41 = Ynll = (1= Br)[Anxn —ynl = 0, (2.2)
and
”Un—TXnH = (1_“n)"xn_TXnH — 0. (2.3)

So, it suffices to show that
IXn+1—xnl| — 0.

Calculating yn —yn—1, after some manipulations we obtain

Yn —Yn-1 = ( - (xn)xn +on Txn — (1 - o‘nfl)xnfl —0n—1Txn_1

= —Xn—1— &nXn + Xn_1Xn—1+ &n Txn — Xpn_1Txn_1

- —Xn—1—O&nXn + XnXn-1— XnXn—1+ &Xn 1Xn-1+ (anXn - (anlTanl

= —Xn—-1— ‘Xn(Xn - anl) - ((xn - (xnfl)xnfl + (anXn - ‘anlTanl
= ( - (xn)( - anl) - ((Xn - (anl)xnfl + (XnTXn - (ananl + o‘nTanl - (xnflTanl
= (1= on)(xn —xn-1) = (otn —an—1)xn—1+ xn (Txn — Txn 1) + (an — 1) Txn 1

=1 —an)(xn —xn-1) = (tn — xn_1)(xn-1— Txn—1) + xtn(Txn — Txn_1).
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It follows that

lyn —yn—1]l < (1 —an)|xn —xn—1]| + lotn — xn—1lllXn—1 — Txn_1|| + &n || Txn — Txn_1|| 2.4)
<| '

|Xn —Xn—1|| + oty — (Xn—1|||xn—1 - TXn—lH-
Calculating x,, 11 — xn, after some manipulations we obtain

Xnt1—Xn = (1= Bn)(Anxn) + Bnyn — (1= Brn-1)An—1Xn-1) = Bn-1Yn—1
= AnXn — BrAnXn + BnyYn —An—1Xn-1+Pn1An-1%n-1—PBn-1Yn—1
= AXn —AnXn—1+AnXn_1—An_1Xn—_1 — PnAnXn
+Bn-1An—1Xn — Bn-1An—1Xn + Bn-1An—1Xn—1
+BnYn —BnYn-1+PnYn-—1—Pn-1Yn—1 (2.5)
=AM (xn —xn-1) + A —An—1)xn—1— (BnAn — Bn-1An—1)xn
—Bn—1An—1(xn —=xn—1) + Bn(Yyn —Yn—1) + (Bn — Bn—1)yn—1
= (M = Bn-1An—1)(xn —xn—1) + (An = An—1)xn—1
— (BnAn —Bn—1An—1)xn + Bn(Yn —Yn—1) + (Bn — Bn-1)Yyn-1,
Then it follows from (2.5) and (2.4) that

[Xn+1 = Xn |l < An = Bro1An—1l[xn —%n-1[ + An = Analllxn—1|
+1BnAn = Brn1An—1l[[xnll + Bnllyn —yn—1ll +Bn — Bn—1ll[yn—1ll
<A = BrnotAnalln —xn-1ll + An = Anallxn—1l] + [BrAn — Brn—1An—1llxn |l
+ Brllxn —xn—1ll +lon — an—1l[xn—1—Txn-1l]) + Bn — Br-1ll[yn—1]
< (B + P = Bn1An—1D|Pxn —xn-1]]
+M(An = An—1l +BnAn — Br—1An—1| +lan —otn_1/+[Bn — Brn-1l) (2.6)
< [1 - (1 - Bn - |)\n - Bn—l}\n—lmnxn _Xn—lu
+ MM — A1l + BnAn — Br—1An—1l + o — otn—1l + Bn — Pn—1)
< (1 - Un)HXn _Xn—lu + M(P\n - }\n—1| + HSn}\n - Bn—l)\n—1|
+lon — an—1l+Bn — Bn-1l)
< (1=on)lxn —xn-1ll + M(2An = A1l +lotn — a1l +2IBn — Br-1l),
where 0, = 1—fn — A — Pn_1An—1/ and M > 0 is a constant such that M > max{||xn—1]|, [[Xn—-1 —
Txn—1l|, [yn—1/|} for all n. By the assumption (i)-(iii), we have T}gr;o on =0, Y7 ;0n = oo, and

> o 12 —An—al+lon — o1l + 2IBn — Bn—1] < co. Hence, applying Lemma 1.5 to (2.6), we obtain
[Xn1—xn| — 0. (2.7)

By (2.2), (2.3), and (2.7), we get

[n = Txnll < lxen =xnp1ll + Ixnr =ynll + llyn = Txn | = 0, (2.8)

as n — oo.

Since {xn} is bounded, there exists a subsequence Xn; of {xn,} such that Xn; — % € Hy. By (2.8) and the
demiclosedness principle of T —I at zero in Lemma 1.3, we have that z € F(T).

At last, we prove {x,} converges strongly to %X. Setting wn, = (1 — n)xn + Bnyn, n = 1, then from
(2.1) we have

Xn41 =Wn — (1—Bn)(1—An)xn.

By the boundedness of {x,}, we have,

[Xns1—wnll = (1= Bn)(1—=An)lxnll = 0. (2.9)
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Using the fact Xn; — Z and (2.9), we conclude that Wn, =z It follows that

Xn+1 =1 —(1=Bn)(1=An)Iwn — (1 =B ) (1 =An)(xn —wWn)

2.10
=[1—-1-Bn)A=2A)wn =1 =Br)(1=An)Bn(Xn —yn). ( )

Also we have
[wn _QHZ = [[xn =% = Bn(xn —Un)HZ < xn _72H2 —2Bn(Xn —Yn, Wn —X). (2.11)
By (2.10), (2.11), and (1.2), we obtain

X1 —R[* = 1= (1= Bn)(1—An)](Wn —%)
— (1= Bn)(1=A)Bn(xn —yn) — (1= Bn) (1 —An)R|?

<M= (1=Bn)(1=An)Pwn = R[> =2(1 = Br)(1 = An) (Bn(Xn —Yn) + & Xn41—%)

= 1= (1= Bn) (1= AP fwn =& = 2(1 = Bn) (1 = An)Br{(Xn = Yn), Xns1 — %)
—2(1T=Bn)(T=An) (X, X011 —%)

<= (1= Bn) (1 =A)I([[xn — 7A‘H2 —2Bn(Xn —Yn, Wn — %)) (2.12)
—2(1T=Bn)(I=An)Brn{(xn —Yn) Xnt1 —%) —2(1 = Bn) (1 = An) (R, X411 — %)

=[1=(1=Bn)(1—=An)lxn _7A‘H2 —2(1—=Bn)(1=An)Bn{xn —Yn, wn — %)
—2(1=Bn)(1=An)Bn{(xn —Yn) Xn1 —%) —2(1 = Bn) (1 —=An) (X, Xn41 — %)

= (1 *'Yn)HXn - 7A<||2 +Yn(*2[3n<xn —Yn, Wn — 7AC>
= 2Bn{(xn —Yn), Xnt1 — %) —2(%X, xny1 — %)),

where v = (1 —Bn)(1—An).
By conditions (i) and (ii), we have that lgrl Yn =0, o _;vYn = oco. Clearly,
n—oo

limsup —2Bn (Xn —Yn, Wn —%) =0,
n—oo

limsup -2+ ((xn —Yn), Xni1—%) =0,
n—oo

and

limsup —2(X, xn 11 — %) = lim —2(%, xn; —%) = —2(X,z— %) <0.
n—00 )J—=oo

Hence, applying Lemma 1.5 to (2.12), we obtain that ||x, — k|| — 0.
The proof is completed. [

3. Applications

Lemma 3.1 ([21]). Given x* € H, then x* solves the SFP (1.1) if and only if x* is the solution of the fixed point
equation x = Pc(I—yA*(I—-Pg)A)x.

Proposition 3.2. Let C be a nonempty closed convex subset of a Hilbert space Hy, Q be a nonempty closed convex
subset of a Hilbert space Hy, and A : Hy — Hy is a bounded linear operator. Let Pc, Pq denote the orthogonal
projections onto the sets C, Q, respectively. Let 0 <y < %, p is the spectral radius of A*A, and A* is the adjoint

of A. Then the operator T & Pc (I —yA* (1 — Pq)A) is nonexpansive on C.

Proof. This proof is divided into 4 steps in the following.
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Step 1. We show that Pg is 1-ism.

(x —y,Pox—Pqy) — [[Pox — Poul|* = (x— Pox, Pox — Pou) + (y — Poy, Poy — Pox) > 0.
Step 2. We show that [ — Pg is 1-ism.

(x =1y, (I=PQ)x — (1= PQ)y) — |1 P)x — (- Py
— x— I~ (x—, Pax — Pqu) — [l —yIF — [Pox — Pqy|* + 2(x— Y, Pox — Pqu)
= (x—Y,Pox—Pqy) — [Pox —Pqy|* > 0
Step 3. We show U = A*(I — PglAis %-ism.
Since I — Pq is 1-ism and from the property of adjoint operator, we get
(x—y,Ux —Uy) = (x —y,A"(I-Pg)Ax — A*(I—-Pq)Ay)
= (Ax — Ay, (I-Pg)Ax — (I —-Pg)Ay)
> || (1= PQ)Ax — (I—Pq)Ay|?
H/Z\*II2

1, ., . 1
> JIAT(I—Po)Ax—A (I—Pg)Ay|P =5|ruX—uyHZ.

It follows from the above inequality that yU is %-ism.

Step 4. We show V = I—yU is nonexpansive. By 0 <y < %, we obtain

[Vx—Vy|? = (I—yWx — (I—yUW)y, (I-yUWx— (I-yUy)
= |x — |2 + yIy[Ux — Uy]|> — 2(x —y, Ux — Uy)]
< Jx—yl*

Hence, |[Vx — Vy|| < [[x —y||. Then T £ Pc(I—yA*(I—Pq)A) is nonexpansive on C. O

Theorem 3.3. Let Hy and Hy be two real Hilbert spaces, A : Hy — Hy be a bounded linear operator, and A* :
Hy — Hy be a adjoint operator of A. Assume the SFP (1.1) is consistent, 0 < vy < f, p is the spectral radius of
A*A, S # 0, and {on }°_1, (Bl q, and {An}2°_, in (0, 1), the following conditions are satisfied:
(1) im on =1, lim B, =1, lim A, =1;
n—oo n—oo n—oo
(11) An — anlAnfﬂ +PBn <1, Z?:O(l - ﬁn)(l - An) =00,
(111) Z?:o |fxn+1 —an| < oo, Zf:() |Bn+1 - [?’n| < 09, Z?ZO P\n+1 —Anl < o0.

Let {xn} be generated by x; € Hy and

Xn+1 = (1= Bn)(Anxn) + Bnyn,
Yn = (1 - cxn)xn + ‘XnPC(Xn _VA*(I - PQ)AXTL)'

Then the sequence {xn} converges strongly to a point X € S, where X is the minimum-norm solution of (1.1).

Proof. From Lemma 3.1, we know x € S if and only if x = Pc(I—yA*(I—Pg)A)x.

From Proposition 3.2, we know the operator T £ P (I —yUA*(I— Pq)A) is nonexpansive.

Based on Theorem 2.1, we can obtain the sequence {x,} converges strongly to a point X € S, where %
is the minimum-norm solution of (1.1). O
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Theorem 3.4. Let Hy and Hy be two real Hilbert spaces, A : Hy — Hy be a bounded linear operator, and A* :
Hy — Hy be a adjoint operator of A. Assume the SFP (1.1) is consistent, 0 < vy < %, p is the spectral radius of
A*A, S # 0, and {on }°_; and {pn}X_, in (0,1), the following conditions are satisfied:

(i) lim on, =1, lim B, =1;
n—oo n—oo
(ii) I F_o(1—an) =00, 3 ¥ _o(1—PBn) =o00;
(iii) Z?:o |(xn+1 — anl < oo, Z?:() |Bn+l - Bn| < ooy

Let {xn} be generated by x; € Hy and

Xnt1 = (1= Br)u+ Bnyn,
Yn = (1 - (Xn)Xn + OCnPC(Xn _YA*(I - PQ)AXR)-

Then the sequence {xn} converges strongly to a point X € S, and the solution % is the nearest point to u.

Proof. From Lemma 3.1, we know x € S if and only if x = Pc(I—yA*(I—Pg)A)x.

From Proposition 3.2, we know the operator T £ P (I —yUA*(I— Pq)A) is nonexpansive.

Based on Theorem 1 of [8], we can obtain the sequence {x} converges strongly to a point X € S, and
the solution % is the nearest point to u. O

4. Conclusions

In this paper, we propose two strong convergence algorithms for solving the split feasibility problem
and obtain corresponding strong convergence theorems. This method can be applied in solving the
relevant problem, such as the split common fixed point problem (SCFP), multi-set split feasibility problem,
and so on.
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