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Abstract

We consider the initial boundary value problem of the long-short wave equations on the whole line. Firstly, a fully discrete
Hermite pseudospectral scheme and modified Hermite spectral scheme are structured basing Hermite functions, respectively.
Secondly, we analyze the two kinds of schemes theoretically. The modified Hermite spectral scheme shows the superiority in
priori estimates, numerical stability and convergence. Thirdly, numerical experiments for the two schemes are presented to
confirm our theoretical analysis. (©2017 All rights reserved.
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1. Introduction

Many problems in science and engineering are set in unbounded domains. To solve these PDEs numer-
ically, scientists use the finite difference method or the finite element method usually restrict calculations
to some bounded domains, and impose certain conditions on artificial boundaries which often cause nu-
merical errors [5]. While spectral method can avoid the troubles mentioned above and can also provide
numerical solutions with high accuracy. We can use classical orthogonal systems defined in unbounded
domains, for example, using Laguerre spectral methods in semi-unbounded domains or exterior domains
[6, 8,10, 12, 18, 20] and using Hermite spectral methods in whole unbounded domains [2, 7, 11, 14, 22, 24].
Laguerre and Hermite spectral methods are attractive because of their high accuracy and freedom from
artificial boundary conditions.

In this paper, we consider the following long-short wave (LS) equations:

ist +sxx =asl+f, xeR, 0<t<T, (1.1)
L+B(sP)x=9g xeR 0<t<T, (1.2)
s(x,0) =so(x), Ux,0)=1(x), x€R, (1.3)

Im s(x,t) = lim s¢(x,t) = lim l(x,t)=0, 0<t<T, (1.4)
[x]|—00 [x]—o00 |x|—00
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where complex function s is the envelope of the short wave, real function 1 is the amplitude of the long
wave and «, 3 are positive numbers, f and g are source terms (force terms).

We use Hermite functions to approximate the solutions of LS equations. As is known to all Hermite
polynomials methods with weight w(x) = e which can destroy the crucial conservation properties of
equations as well as the symmetry and positive definiteness of bilinear operators, may lead to complica-
tion in analysis and implementation and also the weight is not natural for some physical problems. Thus
it is more appropriate to consider approximation by Hermite functions with weight w(x) = 1. By using
these Hermite functions, we develop Hermite pseudospectral method and the modified Hermite spectral
method, respectively. There is no work using these two methods for the LS equations in the unbounded
domains so far.

The motivation we develop Hermite pseudospectral method is due to the fact that it is not easy to
perform the quadratures in unbounded domains especially for the nonlinear terms. But the analysis for
pseudospectral method is difficult, especially for the priori estimates, thus we established the modified
Hermite spectral method. Comparing with Hermite spectral method, the modified Hermite spectral
method treats the nonlinear terms and source terms with collocation method. Then the modified Hermite
spectral method is more preferable in actual calculations by using the Hermite-Gauss integral formula.
Comparing to the pseudospectral method, the stiffness matrix is sparse while the the stiffness matrix
using pseudospectral method is full. Thus the modified Hermite spectral method combines both the
advantages of spectral method and pseudospectral method, it is more efficient to implement in practice
than the pseudospectral method.

It is worth mentioning that most researchers establish semi-discrete schemes to solve PDEs, see papers
we referred above, while a little construct full-discrete schemes. As everyone knows, the latter are more
difficult than the former in theoretical analysis. The existing papers [3, 4, 15, 16] using full-discrete
schemes to prove error estimate are also under restrict grid conditions which are not conducive to the
realization of the algorithms, so it is urgent to seek the full-discrete scheme under no restrict on grid
condition.

In this paper, we apply Hermite functions methods for equations (1.1)-(1.4). We firstly study properties
of Hermite-Gauss interpolation and obtain the error of the pseudospectral approximation. Secondly, we
establish a two level linear fully discrete Hermite pseudospectral scheme and a three level linear fully
discrete modified Hermite spectral scheme. Thirdly, we study the two kinds of schemes. The convergence
of pseudospectral scheme is the first difficult point in this paper. For the modified Hermite spectral
scheme, a priori estimates are the key point as well as the second difficult point in this paper, the numerical
stability and the convergence of the discrete scheme are the third difficult point in this paper.

An outline of this paper is as follows: In Section 2, we commence by reviewing some preliminaries
and notations. We also recall the properties of the Hermite-Gauss interpolation and obtain the error
estimate of the pseudospectral approximation. In Section 3, we prove the convergence of the Hermite
pseudospectral method. In Section 4, we study the modified Hermite spectral method including a priori
estimates, unconditional numerical stability and the convergence of the fully discrete scheme. In Section
5, we present numerical results for the two kinds of schemes. Finally, some conclusions are given in
Section 6.

2. Preliminaries and notations

Let L?(R), L*°(R), and H™(R) the usual Sobolev spaces equipped with norms || - ||, || - [|eo, and || - ||m,
respectively. The inner product of [2(R) and H™(R) are denoted by (-,-) and (-, -)m, respectively. | - |
denotes the semi-norm of H™(R). Throughout this paper c is a generic positive constant independent of
N and any function.

The Hermite polynomial of degree 1 denoted by H; has 1 real and distinct zeros which are symmetric
with respect to the origin. If d; denotes the smallest distance between two consecutive zeros of Hy, then
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(see [21])
e 3
di>——+-2>214/-, V1IeN. 2.1
L7 21+ 112 \[1 @1
The Hermite functions of degree 1 are defined by
N 1 2
Hi(x) = 0 e zHi(x), 1=0,1,2,....
i/ 2!
Ay (x) satisfies the following relation:
A A A A L + 1 A
Flix(x) = V2UL (x) = xPh () = [ S Fa () — [ 5= Fha(x), 121
The functions Hy(x) are mutually-orthogonal in [2(R), i.e.,
|| A0 ) = s, 22)
R
where 81 1, is the Kronecker function. Moreover, we have
VD =1y,
~ ~ 1+ 1, m=1,
[N Sy S— 23)
R —Y——a—, m=1+2,
0, otherwise.

o
For any v € L?(R), we may write v(x) = Y_ 91H;(x), where
1=0

m:J VR (x)dx, 1=0,1,2,--,
R

V1 are the Hermite coefficients. Let N be any positive integer and
Hn = span{l:lo(x), Ay (x), ..., AN (X))
Denote by Py : L2(R) — Hy the orthogonal projection. It satisfies for any v € L?(R),
(PnVv—Vv,0) =0, Ve Hn.
For any integer r > 0, we define a normed space as follows,
HA(R) = {u:fjuflra < oo},

where

T 1
N
Wloa = (3 162+ 1) 20k P) .

k=0

For any real r > 0, we define the space and its norm by function space interpolation.
Now we give two lemmas which are frequently used in the following sections.

Lemma 2.1 ([23]). For any ¢ € Hn and r > 0, we have

[0 @l < Nz lo]].
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Lemma 2.2 ([23]). For any v € H}, (R) and 0 < p < v, we have
Pav =l < eN'Z V] a-

Let {x; }}\‘:O be the zeros of Hy 41, and let {w; }}\':O be the corresponding modified Hermite-Gauss weight,

namely
1

Wi = M2 :
(N + 1)Hg, (x5)
The discrete inner product and the discrete norm are defined by

1
UVN—ZUX] viwi, v n=(w V).

For any ¢ € Hn , U € Hony1—m, and any non-negative integer m < 2N + 1, then (see [9]),
(@, ) = (@, P)N. (24)
For any v € C(R), the Hermite-Gauss interpolant Inv € Hy is determined by
Inv(xj) =v(x5), 0<j<N,

or equivalently, ( |
Inv—v,0o)n =0, VoeHN.

Theorem 2.3. Foranyv € Hy (R), r>1,and0 < u <,
Iy — V[ < eNoH527 [y a.

Proof. It is shown in [19] that for any a < b,

——Vl[2(qp) T VD —alVi(ap) (2.5)

sup | v(x

x€la,b] Vb*

Taking into account equation (2. 1) one can choose N+1 disjoint compact subsets Ko, Ky, ..., Ky such that
xj; € Kj and | Kj |= \/ for 0 < N. Then by the definition of discrete inner product, using equation
(2.5) and wj < cN™ 5 (I1, Theorem 4]), we deduce that

N N
Hv||%\l = Zv(xj)zwj < N6 Z sup v(x)?
i=0

j=0 x€K;

N
-1 /N2 /3 2
< cN~ 6 : < gHVHLZ(Kj) + N |V |H1(K5)>

cN3HvH —|—cN 3|v|

That is, 1 1
[VIIn < eNeflv][ +eN75v)h. (2.6)

By using Lemmas 2.1, 2.2, equation (2.6), and the fact that InPnv = Pnv, we infer that
[Inv =Vl <INV —=PrV) [+ [[PNV =V
< cNz | In(v —PrV)|| + ||IPNV =V

eNE (N# [y —Prv]| + N7 [v=Prv ) + [Py = v

N

p—r

cNs+3

N

[Vllv,A-

Consequently, the proof is complete. O
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Now we give the two fully discrete schemes for Hermite pseudospectral method and modified Her-
mite method, respectively. Let T be the step-size in variable t, tx = kt(k = 0,1,--- ,M; M = [T/1]),
uk =u(x, ty), ukts = u(x, tk+%), and

k+1 _ 4k R k+1 4 4k
kot TW o kW

T 2
The fully discrete Hermite pseudospectral scheme for equations (1.1)-(1.4) is to find s& (x, ), 15 (x, 1) € Hn
such that for any v € Hy, we have

i(@usk, V) — (Ko vdn = alsR U VIN + (FF 20N, k=0,1, ,M~1, 27)
(a_tlklv)+(5(| S]]i] EUV)N = (9k+%;V)N/ kZO/]-I /M_1/ (28)
S(])\J = INSQ, 1(])\] = INL(). (29)
Set
K uk+1 _uk—l - uk-l—l _|_uk—1
uy=— uU=—_
T 2

The fully discrete modified Hermite spectral scheme for equations (1.1)-(1.4) is to find s¥(x,t),
Uﬁ (x,t) € Hn such that for any v € Hy, we have

(5K v) — (Ko ve) = alskI VN + (v, k=12, , M1, 2.10)
(e V) +B((sN Plxv)y = (@5vIN, k=1,2,--- ,M—1, (2.11)
S(])\l = INSO, 1(1)\1 = INI(), (212)
sn = In(s0+iT(soxx — asolo — ), 1y = In(lo—T(B | s0 [ —g°)). (2.13)

3. Hermite pseudospectral method for LS equations

In this section, we just prove the convergence of the scheme (2.7)-(2.9). In order to obtain the error
estimates of approximate solutions, we first introduce the following two lemmas:

Lemma 3.1. If u,v € H}, (R) and integer v > 1, then there exists a constant C, = 2" such that

[wlfra < Crlluflralviva-
Proof. We proceed by induction. For r = 1, using the definition of ||u|/; o and the relation |[u|/s < ||ulj; <
Ilul[r,a (r=>1), we have
1
[wvlf o = 1166 +1)2 (wv) 2+ || (wv) |
1
<3 1063 129 4 2wl 3 o1 + (V115 ux 1)
<2l IVIE A + 20V I15
<Al AlvIT A
Now we suppose HuvH%n,A < 4mHuHi1,AHvH%n,A holds for r = m. For r = m + 1, we obtain

m+1
Wl Fga = 1063 +1)72 (W) |+ [[(w) 7 A

2 2 mil 2 2 2 2 2
<G I(x™ +1) 27 v[[7 4+ 2 - 4™ (flulli, A llvxlli A + VI A ik, A)
2 2 2 2
<2-4™([ulfa VI ra + V15 A x5, A)
1 2 2
<A™l AV 1A

Finally, we accomplish the proof. O
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Lemma 3.2 ([13]). Assume that
1. EX, p*(k =0,1,---, M) are nonnegative grid functions, p* is increasing, and €, C are positive constants;
2. forany 1 <n < M, if maxock<n—1 EX < €, then E™ < p™ + Ct nil EX;
3. B0 < p%and pMeC€T < e. o
Then for any 0 <mn < M, E™ < p™Te“mT,
Now we give the main result of this section.

Theorem 3.3. Assume that N is sufficiently big, T is sufficiently small such that Nz s sufficiently small,
s € L°(0, T; HL (R)), L € L=(0, T; H 2(R)), Ly € L=(0, T; HY(R)) N L2(0, T; H, 3(R)), s¢ € L*(0, T; H2(R)) N
L2(0, T; HR (R)), f, g € L®°(0, T;H}y 2(R)), fx € L2(0, T; H 2(R)) for v > 3 and lyt, seee € L2(0, T;L2(R)),
s¢p € L®(0, T; 12(R)). Then we have

s™ —sNlln + U =1 < C(t+N&67 %), n=0,1,2,---,M,

where C is independent of N and .

Proof. Let
ek = sk — 5% = (sK — Prns®) + (Pnsk —sK) £ el + e,
nf =15~ = (Lk — PN+ (PRLE = 19) £ nf .

Using equations (1.1)-(1.4), (2.7)-(2.9), (2.4), and the definition of Py, we obtain for any v € Hy, k =
0,1,---,M—1

_ . . o
i(Tee,v) — (X, vin = a(In (s 1) — s5F 212 3) (s 2 — s, v)

~ 1
H((PNSS) v N — (sx 2, vy) + (InFETE — £ ), (3.1)
1 k41 - 1 1
@l v) + BN sk P)— %72 v) = (1772 = 8, 1%,v) + (Ing* T2 — g*F2,v), (3.2)
ed = (In —Pn)so, MY = (In — Pn)lo. (3.3)

For given integer n, 1 < n < M, we assume that

k12 k12 _1
k< ) SN 3.4
nggT)f—l ” 1 ||1'N + ||n1 || S ( )

Then using Lemma 2.1 and equation (3.4), it gives
e oo < lleX(I2lefell? < aoNF[lef|l < ap, k=0, ,n—1. (3.5)

Similarly, we have
HT]]fHoogaO/ k=0,1,---,n—1. (3.6)

In view of equations (3.5), (3.6), and Lemma 2.2, we obtain for 0 < k <n—1

1 1
13N lloo < [leXfloo + [IPNs*lloo < a0 + [[Pns™[[2[Pns™l; < ao +cllsllye (o 111 (r)) = @1/

IR lloo

NN

a(] + CHl”Lw(O,T;H}A(R)) é az. (37)

In what follows, we estimate ||e]*||1,n and ||[n{'||. Firstly, letting v = e1 in equation (3.1) and taking the
imaginary part, we obtain

1 _ N
Eatue’fnz =odm (In (s 1K) — skHagk+s el) + Re(s, kot — Oys¥ e‘f) 68)
( k+2 '

+Im((Pus)y, el N — (sx 2, eR)) + Im(In 2 — 52 y),
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According to Holder inequality and equation (3.7), one has
ocIm(IN(lek) skrarkts, e]{‘)
= odm (In[U e + s5 M 4151+ (In — DsFU 4 R (1 —19F2) 4 103 (R — skt )
< aa([le5 I + Im¥ [ + [m¥ In + 1(In = DU 4 [T = V2| 4 || 5% — s*+2 ) e,
Re(sf "2 — dus*, ef) < st 2 — dus™|l [lef],
and
Im(Infor2 — 572, ek) < | InFrz — £ ek,

where az = max {ocHsHLoo(O,T;HuR)), \/Eoc|]l||Loo(0,T;H1(R)), xay, ﬁ} . For the third term on the right

hand of equation (3.8), using equation (2.4), the property |[unx|[n < [[unx|| due to INun+1 = Pnun+1,
the definition of Py, Holder inequality, and Lemma 2.1, we infer that

N N N N N N N 1 N
Im(((PN s%)y, e]fx)N (sl;+2 e]fx)> = Im((IN (Pns®)x — Pask) + (Pn — D)sk + (sk — sty e]fx)

— Im(PN ((Pst‘)X — s],j) + (PN — I)SE + (sff —st%),e{< )
1 ~
< (eN[|((Pn = Ds®) | + | ((Pn = DsE) ||+ 15k = 5% 2 ) e

Substituting the above four estimates into equation (3.8), we deduce that

Y k 1 1 k+1 5 R ‘
Bellek | <aa(usk—sk+zuz+|uk—1k+z||+||st I A G LR R TR
+ N [[((Pr = Ds%) [+ (P = DsE) ]l + 1 (I = D) + a k.

By Taylor’s expansion and Holder inequality, we find

e tk+%
Hs —sk+ ZHJ stdt—J stdtH
2

tx

t 1 t
S (NEOINEDE

1
2

NI—
/N
%

-+
s -+
T
Nj—
—_
Q.
f-+.
N—
N—=
/~
-+
=
N
N
Q.
-+
—
ST

1 tk+1 1
T2 T
< (J Hstszt)2 < = max ||s¢],
2 N\, 2t

T I [ Yerd T
HStJr2 - atskH = ;H J (trt1 _t)sttdt+J ’ (t—tk)sttdtH < 57z max lIstell,
1 t

tk+7 k 2\@
~ k+1 T 1
sk — 50 H| < 5 maxisuedl) and [tk -1t < | J Pt < 7 max]u.
Using equation (2.6) and Lemma 2.2, we infer that

1 _1 7_1
Iz lIn < eNs[(Pn = DU+ eNT5 [ (P = DUF) || < eN&2 max [[Ur—2,a-

Similarly, we have
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According to Lemma 2.2, Theorem 2.3, and Lemma 3.1, it gives

7

NE[|((Pn = Ds¥), || < eN& 2 max [s]|r,, [((Pn = D) [l < eNE~Z max s,

O\\\l
N

I(In — D) (s*1%)|| < cN %mtaxHSHT,zlA max U2, [I(In —D)f*Fz)2 < eN *%mtax f]l+—2A-

Substituting all the above estimates into equation (3.9), then evaluating the sum for k from 0 to n — 1 and
using Holder inequality, we deduce

.
leF 1P < 41§l + aFas TP + cadas TN +4c3Te 3 n [P, (310)

where a4 = maxt(HstH% + [Iseel? + I1¢)|?) and

2 2 2
as = max([Is|2 x + U5 a + [FI2_2,1) +max [5]2_5  max 13 1.

To estimate |[nk|, letting v = nl in equation (3.2), we find

- k - 1
Tl < BTN sk P — (185 Pl + 1572 = &1 + | (In — Dg*+d|
_ _ _ k - 1
< 2B|In (5% (8K — 8%) + 5K (sk —s )H+ﬁ||uN—m(|s el 4 U2 — 0%+ [[(In — Dg** |
< agl][e¥|li,n + [[(In — 1) (sK5%) H+Hl —a_tlkHJrH(IN —1)9k+7H)+06H€'le,N/

where ag = max{2v2B a1, 2v2B|[s||1= (o 1.12(r)), 2B, 1}. Taking the sum for k from 0 to n — 1, then using
Holder inequality, Taylor’s expansion, Theorem 2.3, equation (2.6) and Lemmas 2.2, 3.1, we deduce

T2 < 4mf* + agas TT* + cagas TN + 4agTt Z leX 1% N (3.11)

where

-
2 2 4 2
a7 = | IalPat, s = max (Isl -+ sl a -+ 617 2.0)
To estimate ||ef ||n, letting v = d¢el in equation (3.1) and considering the real part, we infer that

ls k k
S0tlefilk = —aRe(In(sR1R) — 72172, Gef) +Im(s, +

— a_tSk, a_te]f)
k+3 + K - 1 1 -
+Re((sx 2, drefs) — ((Pns®)x, drefi)n) + Re(Infirz — %2 Jef)
& Kk & Kk ko k+l kK k+l k+3 5 k
<a3(He1||+HT11 H+H€z||N+||11z||N+||S —s T2y U =12 4 [Jsy 2 —Oes”

+[1((Pn = Ds%) [+ eN2[[((Pn = D)sF) || + [[(In = D(s*1) | + | (In )fk”\l)lla'te’fll-

Taking the sum for k from 0 to n — 1, using Holder inequality, Taylor’s expansion, Theorem 2.3, equation
(2.6) and Lemmas 2.2, 3.1, we obtain

n—1
_ - 1
e IR <lledyli + azas™® + cazasN>""+agt > (|lef|* + [In¥|* + ||3eel|?) + ille{‘Hz, (3.12)
k=0

where ag = a3 + Y 0a3

. To estimate ||J¢ef||, setting w* = def, making forward difference quotient for
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equation (3.1), then taking v = wk and looking at the imaginary part, it gives

~
~

- [0 T+l L 3 3 1 1 £
atHWkHZ — ;Im(IN (S]]il+1l]]i]+l - Slli]l]]ij) . (Sk+§1k+§ o Sk+ilk+§)’wk)

N| =

_ 1 . . X _ R
+Re(dysy 2 — 5,95k, wk) +1m(((PNatsk)x,w‘;)N (ats”z,w‘;)) (3.13)
+Im((In = DI F2, wh).

Now we estimate the first term and the third term on the right hand of equation (3.13), respectively. In
view of Holder inequality, we have

o%lm(IN (sFTUH — sR 1) — (sRH 3T E — gk aird) k)
= odm(In (l]]ifrla_ts}i, + s];i,a_tl}il) ]S F L sk+%a_tlk+%),w]2)
= oIm(In [(Lk+1a‘ts‘§ R I — (P 1Es® 4+ R, 19)) 4 (In — DT8R + 553,19
1k+1(a sk atsk+ )+ 0 Sk+2(1k+1 1k+g) + a‘tlk(sﬁ_sk+%) _i_SkJr%(a‘tlk_a—tlkJr%),Wl%)
- oam(IN U 3pel + desF MMt +n5 1) 4 oK (3mk + dmk) + 3 1% (ek + e];‘)],wf‘>
+ ocIm((IN DRI sR 4 SR R) 4 1R sk — Gysk ) 4+ skt (1T - 1k+%),wf<)
+ (a_tlk(sf< —sR ) gkt (g — a1k T, w‘z)
< alo(llei‘H + Hﬂ]fHH + 1[0l + [leX In + Ik In + 13eeS In + [3enIn + | (In — DI 1as5)|
1IN = D(FFF) |+ [[Fes® = Fus 3] 4 [|s* = $F3| U =13 4 30 = FU 3w,
where

I

1 1 1 1
o012 bt 0,20y ISt o702 193t o 01502 )

ajp = max{xa;, as, «|l¢
Similarly, we have

(a_tS +2 — E)_ta_tsk ) < Hatst+% — E)_ta_tskHwa‘H,
F <

Im((In — D2, w (In — DFF2 | [wE,

k

Im(((PNa—tsf‘)X, WEN = (3 sk+2,wE))
= 1 (Tn (Pris®) — Pr(BesE) + (Pr — DIesk + (Besi 2 +1 6ts"+2),wf§)
< (CN%H((PN - I)atSR)XH + [ ((Pn = Ua_tSE)XH + Hats;x E_)tskﬂ H) IwE].
Substituting the above estimates into equation (3.13) and using the estimates of ||9n ||
13l < as ekl + ek llon + 17 = 8]+ [ = D sk + [ (In = g<H])),
we obtain
30X <ato (aellel i + e + i+ + aslleSllun + ek n + 5 I+ eI + 13
1% = SR U U I8 - U gl - 8| (| es® — Bus*
ITesE T = sk |(In — DI Fes®)| 4 [ (In — D (s5T1%) | + agll(In — D(sk5%))|
+ 6l (In = D™ 2]+ [|(In = DI+ N (P = DAesF)]l + [[((Pn = DisE) ).
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Taking the sum for k from 0 to n — 2, using Holder inequality, Taylor’s expansion, Theorem 2.3, equation
(2.6), Lemmas 2.2, 3.1 and the estimates below

” - Bt Yeil Yieed
|01 — a¢l zH— HJ (ter1 — t)lgedt + (t — ty ) leedt — (tk+§—t)lttdtH
Tty tk+l 2
2 2
VBT / [tei t.a 1
< ([ et pugpar)’,
e tk+%
teid tk+%

(thr% — t)Stttdt — J (tk—b—% — t)Stttdt>

tir

[3us* — dusk A = (]
TNt

1 tiio ) ty )
- 22<J (tk+2_t) Stttdt‘i‘J (tk—t) Stttdt>H
T trr1 tr+1
11t 1/ (T3 T2 1
<(g) (J : HStttHZdt—l—J Hstttszt)z,
Yl i
kA~ 7T R 7 r 1 (te+1 1
H(IN—I)(SkatlkJrl)H <CN6 2||Skatlk+1||r72,A <CN6 zm,leHSHT‘Z,A(J' Hlt”T 2A)2,
tri2
and similarly,
[(In — D185 || < eNF~2 max |1 T e )
N e < eNeTEmaxiUlv2a (L | llseliaadt)”,
kt2

B 1 7 .1 (et 1
(= D8] < eNEE (2[R g pt),

ty
7 T 1 tk 1 2 %
NPy = D3|+ (P = DBisE), | < eNE3 (| T sul actt)
tx
thus we deduce
n—1
13cel 1> < 5)18el > + 5agadpan Te + cT?agafparN> " +5agajo Tt ) (|lef I n + IInfIP),
k=0

where aj; = ag+ay + fg sttt ||>dt and
T 2 2
alz=a5+a8+j sl a+ W2 ap + [FIP - A)dt
0

;
2
+max|13 ZAL el adt +max 5|20 j IRy adt.

Substituting the above inequality into equation (3.12), we deduce that

lefilky < 5aoTl[deed|l” + [lefx [ + (asas +5agaipan T?)w* + c(asas + agafpan TP )N
n—1

1

k2 2

+ (a9 +5agaioT)T Y (llefllin + Inf )+ 5 let Il
k=0

Adding equations (3.10), (3.11), and the above inequality up together, we deduce that

2
eI n + i
012 012 3,012 2 N2T N k|2 (3.14)
8(IleflI n + [M9I?) +10a9T|[3eed|* + ara(¥ + N*") + araw ) ([lef[If n + [Inf]?)
k=0
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where a3 = (4a3T + 4(1%T + a9 + 5a6a10T2) and

a1q = 2max {4adasT + aZayT + azas +5a3aiyan 7%, cajasT? + cazasT* + c(azas + agafyan ) }.
Now we estimate the initial values. Using equation (3.3), the definition of Py, triangular inequality,
Lemmas 2.2, 3.1, Theorem 2.3, and the property |[unx|/n < [[unx|| due to INun1 = PNun41, we obtain

191 e < 11917 < 201 (In = Dsoll} + [[(Pn = Dsol}) < N3 [sof2 0, I 12 < N3 [Lo[2_3 a-

For the estimate [|0¢e!||, letting k = 0 in equation (3.1), setting v = d.e? and considering the imaginary
part, we obtain

1
s212,3,€%) + Re(s? — s

N\H

Q)l
HO
—

13¢€9]2 < 2Im (€0, 3¢l ) + oIm(In (s%1%) —
+Im ((Prs), 3eel, I — (52, 3eed,)) + Im((In —I)f%,atel)
< (N eyl + asCledl + I+ i + Il + 50 — s} 100 14+ sk~
+[((Pn=D)s ) H+CN2H( Pn—1I)s ) |+ (In = 1) (s"10)) + || (I —I)f%H)Héte?II.
By an analogue approach for the estimation of equation (3.10), we infer that
19¢€Y)1* < a3 max{a,T, casT?}(7° + N3,
Substituting the initial values into equation (3.14) yields

n—1

7_
el 1w + P < ars(P+N5") +agzt ) ([lef i n + InFI?)
k=0

where a5 = cas + a% max{ay, as} + aig. Let ajsexp(aT) (T + Ngfr) < N72 meet the condition 3 of

Lemma 3.2, i.e., N is sufficiently big and 7 is sufficiently small such that ©Nz is sufficiently small and
T > 3, then we deduce

e} B + P2 < ars exp®e T (P4 N5TT), 0<n <M.
Finally, using the triangle inequality and Lemma 2.2, we have
7_1
5™ = Rl I = W< leR s + el + g + [P < C(x+NE5), =01, , M,
where C = /2ajs exp (a13T/2).
Therefore, we finish the proof of this theorem. O
4. Modified Hermite spectral method for LS equations

In this section, we first make a priori estimates of discrete solutions then prove the stability and
convergence of the scheme (2.10)-(2.13).

Lemma 4.1 ([17]). Assume that y; > 0, hyn, @n are non-negative sequences for n > 1, and @, satisfies

P1 < Y1,
n—1
n <y1+TZh]-cpj, n>2.
j=1
Then it follows
n—1
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4.1. A priori estimates of the fully discrete scheme

In what follows, we shall make a priori estimates for equations (2.10)-(2.13) by using the above lemmas.
Lemma 4.2. If sy € H3, (R), 1 € H4 (R), f € L™(0, T; HY (R)), then
[sNll < Bos, n=0,1,2,---, M,
where Eos is a constant depending on T, so and f.
Proof. Taking v = s]]_il in equation (2.10), and taking the imaginary part, we have

k i < kaHN/ k=0,2,---,M—1.

Using equations (2.12), (2.13), triangle inequality, Theorem 2.3, and Lemma 3.1, we have

[ Tnso — soll + [Isoll < cllsoll1,A,

sl <
| < c||so+it(soxx — xsolo — fo)Hl,A
<

Isn|

c([lsolli,a + [Isoxx 1A + «llsoll1allLoll,A + [1T]l1,4)-
Thus we infer that
Ishll < e(llsolla + lIsoxxlla + llsoll,allloll,a + Il o7 (r)) = Eos, M =0,1,--+, M.
O

Lemma 4.3. Assume that sg € H‘f\(R), ly € H%\(R), g € L*(0,T; Hﬁ\(R)), f e L*°0,T; H%\(R)) and fy €
L2(0, T; HY (R)), then we obtain

HSNXH ElS/ ||l‘ || EOI/ n‘:O/lI"' rM/ ||L t|| EOU :1/2/"' /M_l/
where Eqg, Eq, and £y are constants depending on T, so, lo, f, and g.
Proof. First we estimate norms ||L¥ || and Hl ;|- Setting v = 1X, in equation (2.11), then using Sobolev

inequality [[sK[o < HSNH HSNXHZ, the property sk |In < [|sKy || due to Insk . ; = Pnskq and Lemma
4.2, we obtain

*Ill 12 < 280K 1215 IV N+ g InITE I < (2BEG, skl + 1g* In) LK.

It further gives,
3
U — U < 4BES, tlskillE + 276 .

Taking the sum for k from 1 to n — 1, we infer that
- 3
IR+ IV < IR+ [ +cTmax||gll1,a +4f3E T lskxlz, =23+, M. (4.1)
Using equation (2.11), Lemma 4.2 and Theorem 2.3, we deduce that

1 3 1 3
el < 2BlIsK N2 K12 + g% (In <26E65Hs]§1xll2+cmg><||9|h,A, k=12, M-1 (4.2)

Next we estimate [sX,||. To the end, setting v = s¥ . in equation (2.10) and taking the real part, then

k/\
Nt
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taking the sum for k from 1 to n — 1, using the identity

n—1 n—1
20y (WvE) =20 ) (W vE) vt vt = w0 = (v,
k=1 k=1

we derive that

n—1

2 12 2 2 K 2)
IR 17+ 1SR 17 = lisRuxl* = llshixl* = 47 D~ Re(f*, s N—Z(XTZ (1N NN
k=1

=47 Z Re(f sN N+ 2<Re(f“ N FRe(fM L, s N

_ Re(fl, s )n — Re(f0, 54, )N)

+ 20t Z K lsKPIN = o (0 SR P+ (7 ISR

- (tN,|sN|2)N — (R IshPIn)-

Using Holder inequality, Lemma 4.2 and Theorem 2.3, we obtain

Tt 1
_4TZRe X, 5K )n 4TZHZ J ftdtHN||s‘§|<cT%EOS(J Il adt)”,

2Re(fk1/ S]]ijz)N X CEOS mJ?X ||f||1,A/ (kl/kZ) = (TL,TL - 1)/ (Tl - 1/ Tl), (1/ O) or

According to equation (4.2), we have

3 4
ZaTZ Ko lskPIn cocTEgsmtangHf,A—i—(éLocBE + = ocE TZHSNXHZ

Using equation (4.1) and Sobolev inequality for (ki, k2) = (n,n—1) or (n—1,n), we deduce

ki—1
1, S8R ) < Q1K 1 (IR + T H+CTmaXH9||1A+4BE TZ Iskeell?)

4
*H Nx||2+* B (INQ 1+ I I+ cTmax|gl,a)°

3 ki—1
l é
+ T (4aBES, STZIIsNtz

1 3 4
(T, IR P+ (1R, s PIn < g (1Rl kel P) 4+ Focd BR (IR 1+ TR ).

Substituting all the above estimates into equation (4.4) yields

n—1

IsRul? <y +he Y [lskylP n=2,3,---,M,
k=1

where

5 _ }
1 = 5 (sl lskoe )+ <THEas (| 1 2dt)* + cEow a1
0

(4.3)

(4.4)

(4.5)
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4

3 4 4
+C°‘TE55m3XH9||f,A+3°¢3E (I + NIy I+ cTmax(lglj1,A)?,

[

3
h = 8aBE3, + oE2 + 3T3 (4aPEZ,)3.

It is obvious to see that HslNXH2 < yi. For initial values, using equations (2.12), (2.13), and Lemma 3.1,
Theorem 2.3, we obtain

IsRl < 1 (Inso = so)xll + lIsox | < ellsollza, NI < efllofl1,a,
lIshll < (] A) £ by,
NI < e(llollz.a + Bllsolla lIsox 11,4 +max|igll,a) = ba. (4.6)
Now applying Lemma 4.1 for equation (4.5) leads to
Ishixl? Syexp(hT) 2 El,, n=23--,M, (4.7)

where
1 T ) 1 3 4
y =cl[soll2A +b1+ CTZEOS(L [[fellf adt)? + cEos max [|f][1,A 4+ coTE], max lgll{ A
4 4
+ 3o Efs (cflofl1,A + b2 +cTmax lgf1,A)°.
Substituting equation (4.7) into equations (4.1) and (4.2), respectively, we obtain
NI < eltofl1,A + b2+ cTmax|lglj1,a TABELTEL 2B, n=23,--,M

and

Consequently, the proof of Lemma 4.3 is accomplished. 0

cmangHlA—i-ZBEZ E2 2By n=1,2,--,M—1.

Lemma 4.4. If sg € H3 (R), lp € H3 (R), g € L®(0, T; H} (R)), f € L*°(0, T; H3, (R)), and fy € L(0, T; HY (R)),
we obtain
Ispill < Bgsy m=1,2,--- ,M~1,

where € is a constant depending on T, so, lo, f, and g.

Proof. Setting wX, = SE{, then making central difference quotient for equation (2.10), we obtain

(Wi V) + (W ve) = o= (KT — oK V) + (VN k=120 M —2. (4.8)
Setting v = w‘l_il in equation (4.8), taking the imaginary part, using Holder inequality, Lemmas 4.2 and 4.3,
one has

1 1 r
= Im(asf U + 5 Wi N < (B EZ B+ [IF5In) [WE -

It further gives,

k+1 1
Il — i ] < 2e(Ed BB

N)-

Taking the sum for k from 2 to n — 2 and using Holder inequality, we infer that
-
w2+ w21 < 4wl 2+ R + 403 T2E0s BB + T L £l adit). (4.9)

Now we estimate ||w}|| and ||w% ]|, in other words HslN{

2N i ||. Letting k = 1 in equation (2.10) then
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! . in and taking the imaginary part, using equation (4.6) and Theorem 2.3, it follows

setting v = s;

Hsll\,{H2 (S%XX,sNt)—l—odm(leN,sNt) + Im(f! sll\]{)N
C(”50||3,A+O‘bZHSUHiA”S()sz,A+mfxHfHLA)”S]l\IJEH'

Namely,

1 1
Isni Il < c(lIsolls,a + aballsollF A llsoll3 o + max Ifll1,A) = Da. (4.10)

Similarly to equation (4.10), setting k = 2 in equation (2.10) and using Lemmas 4.2, 4.3, and Theorem 2.3,
we have

HsNtH2 =Im (sNXX,sNt) +Im (IN(leN) sNt) +Im(f?, sNt)N

c(llsolls,a + llsoxxll3,a + ellsolls,Allloll3,A + (beESSEm +max [£ll3,A) I35

l llat IS,
Nt t

Substituting equations (4.10) and (4.11) into (4.9), we obtain
/ T !
WRIP < 4(83 + 6 + 40 T2E0cELc Bt +T | [l adke) 2 B3

Finally, we finish the proof of Lemma 4.4. O

4.2. Numerical stability of the fully discrete scheme

The main purpose in this section is to prove the unconditional stability for the discrete scheme (2.10)-
(2.13).

Suppose that s’ﬁ,j and l‘ﬁlj are two solutions of equations (2.10)-(2.13) with the initial values sY,., s&

Nj7 SNj7
19 s 111\“ and the source terms fj, g; (j = 1,2), respectively. We can obtain the following results as proved
in Subsection 4.1:

s8Il < Bosjr lsNiull < By, MlsRyell < By §=1,2 (4.12)

and
||l || EOI)I ||LN]t” < Eélj/ ] — 1/2/ (4.13)

where Eqgj, E155 and Egi; depend on ij, ij, 1(1)\13'/ 111\13'/ fyand g5 (j =1,2).

- ko ok ko ok 1k kK fk o ¢k
Setting Uy, = sN; — SN VN = g — by T =17
satisfy the following equations

—fX, and §* = g¥ — gk, we can find that uf, and vk,

{ '(u];,{,v) + (u]]_i,x,vx) = oc(s]]_i,ll]]iu — sszlK,Z,v)N +({fvn, k=1,2,---,M—1, (4.14)
(th/ ) B(“ Sl]i]l |2)X - (| S]]ilz |2)XIV)N = (gk/V)N/ k = 1/21' o IM_ 1. (4'15)

The following result is regarding the stability of the fully discrete scheme (2.10)-(2.13).

Theorem 4.5. Assume that initial values and source terms satisfy the conditions of Lemmas 4.2-4.4, then the fully
discrete scheme (2.10)-(2.13) is unconditionally stable

2 2 0 112 12 012 102 . 1~12
12+ IR 2 <C (12 Ik B+ IV 2 + 9K 1+ 181 v )
:
+Hf||2c,o(0,T;Hl(R))+J0 ||ftH{Adt>, n=12---,M,

where the constant C is independent of T and N.
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Proof. Setting v = uk, in equation (4.14), taking the imaginary part, then using Holder inequality and

equation (4.12) we have

I k I (fk ) <( E% E% k .Fk ) k
A_(Xm(levN/uN) +Im /uN N < (aEg B IV + [ lIND [ -

| | uN
After simphﬁcatlon,

1 1
lurille < «EGg Ef gy VR + 11T

Taking the sum for k from 1 to n — 1, we infer that

1 n—1
—1
R+ iy < e+ e+ cTmax [f]l1, +2chOSlEfslT D Vil (4.16)

Now we estimate vk ||. Taking v = vk in equation (4.15), using Holder inequality, Young’s inequality,

lunx|In < [[unx|| due to INun1 = Pnung1 and equation (4.12), we deduce that

2 _ 1 1 K ~ K
SIVRIE < 2B (1580 floolwexll + IRz w12 [afexl12) IRl + G I VR

k ~k k
< Bbs (w4 [ NIVE N+ 1G5 IV -
That is,
[ville < Bbs([[ufll + i) + 135N,

1
where bs = 2E081E1 s1 T E1s2. Evaluating the sum for k from 1 to n — 1, we deduce
n—1
VR VR < I+ oA+ eTmax gl +2Bbst 3 ([l + [l ). (417)
k=0
Now we estimate |[uf, || on the right hand of equation (4.17). Setting v = u
considering the real part, then taking the sum for k from 1 to n — 1, we obtain

k‘ ; in equation (4.14) and

2 12 2 12
RN [ /L N el LTSN g LTSN
n—1 c n—1 2 (4.18)
:—40c’tReZ(levN,uNt ZOCTZ 1N2,|uN| —4TReZ(f uNt)N
k=1 k=1

Now we estimate the terms on the right hand side of equation (4.18), respectively. For the first term, using
equation (4.3), Holder inequality, equation (4.12) and [[v¥,.[| < Bbs(|[uf, [l + [w§]]) + |g*|In, we infer that

n—1 n—2
—4otRe Z (sh1vR, U ) =4xTRe Z((shlvﬁ){,uﬁ)l\] —20cRe<( no2yn2 une N
k=1 k=1

+ (R VR R ) — (s k) = (shovho ) )
n—2

k+1 3ok "
<40¢TZ Egsillv [y EanE: +E051E151||VN{|| unll)

+2“Eos1EfS1(HVTﬁ”HHu&’lH VR - IR e+ v e 1)

2 2 2
<°‘E051E151(CTmaXH9||1A+||uN|| + [un 2 4 IV A+ [vill?)

+bet Z (VN2 + Tuk7)

12 22 —1)2 2
JrO‘E051 L (VR IR0+ P+ ]
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where bg = 2(E(; + EOsl 151(5[:’,b5 +2)). Similarly, using equation (4.13), we have

3
2) 2 12 02
—Z“TZ WKl uf B ) \4E812‘X (Jun 1+ ud 117) (HuNxH + [luns )
-2
3 S —1)2 2y, 1 2 —1)2
+5 “EszZHuN||1+ Emz“ (™17 A I 1) A (1 A e )
k=2
n—1
atRe ¥ (7w <k P+ ||u%||2+cmtax\|f||%,A+cj i adt+2e 3 Juk P
k=1 k=1

2 —12
+ R+ [ul %

Substituting the above three estimates into equation (4.18) and using equations (4.16) and (4.17) leads to

)
2 02 0 (12 12 1 2 £112 ~ 112 g2
Rl <+ b7 (I 1 + W2+ ey 1 + v +mtax(|f||1,A+||gH1,A)+L IFellf actt)
et (4.19)

Tost Y (VEIP+ [uk IR,
k=1

where
20
3 7
4 / 80 a2
bg = §b6 +max ¢ 20k, + - 043 TEOgl lslb

4 11
by = 50 E, + caE2 E2 T+
8 4 4

3’ 162 EolelslT(OC3E012+ 3O(E051F_1251 3)} .
Combining equations (4.16), (4.17), and (4.19) together, we obtain

n—1
Rl + VAP <yr+he ) (IVRIP+IuRID, n=12,--,M, (4.20)
k=1

where

.
y1 = (by + max{5,cT?}) (HuON 17+ IV P +mta><(H§HiA +IflIFA) + L HftHiAdt),
h = bg + max {160’ Eqs1E151 T, 20p*b2T}.

Setting @n = |[ul |2 + [V} /% it is obvious that ¢; < y;. Then applying Lemma 4.1 to equation (4.20)
yields
@n <yrexp(hT), n=12,---,M.

Therefore, we obtain the desired result. O

4.3. Convergence of the fully discrete scheme

In this section, we analyze the convergence of the fully discrete scheme (2.10)-(2.13) by using error
estimates method and deduce the order of convergence O(t? + N1-2).
Now we give the main result of this section.

Theorem 4.6. Assume that the conditions of Lemma 4.2-4.4 hold and L1l € L0, T, H} LR)), s, s, 81 €
L®(0, T;HY (R)), f,g € L®(0, T;Hy '(R)), fx € L2(0, T;Hy '(R)) for v > 4, Ly € L® ( T;HY(R)), sttt €
L*(0,T; Hl(R)), leet, Seeee € L2(0, T; [2(R)). Then we have

[s™ —sHlh+ " =10 < C(P?+N'"2), n=0,1,2,---, M,

where C is independent of N and .
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Proof. Let
el = s§ — " = (s —Pns®) + (Pns® —s¥) £ ef +ef,
n* =1 — 15 = (1§ — P19 + (Pa1E —1%) 2 ¥ 4k

Using equations (1.1)-(1.4), (2.10)-(2.13), (2.4), and the definition of Py, we obtain for any v € Hy,
k=1,2,---,M—1

i(ely, v) — (el vi) = a(In (s 1K) — 8515, v) +i(sF — s¥,v) + (Pns®)x — s¥,vx)

+(INFE =), (4.21)
(¥ v) + (In( sk Phx = (185 P, v) = (1 = 15,v) + (Ing* — g5, v), (4.22)
e} = (INn —Pn)so, M= (In—Pn)lo, (4.23)
el = sk —Inst 4+ (In —Pn)st, nf =18 — InU + (In — PN UL (4.24)

We first estimate ||e]'. Letting v = e in equation (4.21) and taking the imaginary part, then using Holder
inequality, we obtain

1 _ _ _ — _
§||e]ﬂ|i =odm (In(s§ ) — s*1, ef) + Re(sf — slf, er) +Im((Pns®)x — s¥,vx) + Im(INFX — 5, ef)

=alm (IN [sK (X +15) + tReX] + (In — Ds®1k 1% (sk — 5%, ell_‘) +Re(sf — sk, ef)
—Im (X + (5, —55),v) + Im(In < — 5, )
<oc(|Isk oo (Im¥ [l + M5 1IN + 1W< looll€X lIn + [1(In — DsFU[| + 114 oo | s* — s*[[) [eF

k_ Kk |3 13 3 k_ ¢k 3
+ (st = sgll+ llegoell + 55 — sl + IS — £} [ler[l-

According to Lemmas 4.2 and 4.3 and the estimates below by using Lemma 2.2, Theorem 2.3, equation
(2.6), Taylor’s expansion and Holder inequality

leXlIn + I I < eN'7E (max [[sll—1,4 +max [Ulr—1,4), [lefel < eN'"Z maxis|r,a,

o

(I = DsFU) < eN'E max sl 1,4 max [Ule-14, x5 < eN' £ max 1.4,

% K 1 tir ti—1
[s —s"[l2 = 5 (tkr1 —s)seeds + (tk—1 —S)SttdSH
ti— t 2
© (j IsuilBat)
— Stt]|2 )
\/> tr—1

and
t 2

1 tk+1
”5]; - 5){(” < EH J (tkt1 — s)zstttds +J (te—1 — S)ZStttdSH \/5 max lIstttl],

tk—1 tk—1

we obtain

<cey TNz (max I8l A+ IUl—1,A + [[fllr—1,4) +max||s[lr—1,4 max L[} LA)

C1
+ —=T(

V3

mtaX [seell2 + max Iseeel]) + 1,
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11
where ¢; = max{a||l| (o111 (r)) T 1, *EdsEf ) Taking the sum for k from 1 to n —1, and using Holder
inequality, we deduce

B 40c2T2 B n-l
el 1+ let 1> < 5([1€d]1> + [le7]|*) + Tlm‘* +ccfes PN +20¢iTT D |k, (4.25)
k=1

where
2 2 2 2 2
C2 = m,?x(”stt”2 + [Isteel|), ca = me(HS” AT U 1A + 721, +m,?x Isll7—1,A max T 1A

To estimate Hnl ||, letting v = ]f in equation (4.22), using Holder inequality, INun+1 = Pnun+1, Lemma

2.2, Theorem 2.3, equation (2.6), and Taylor’s expansion lead to
BITN (15§ P = (1s® Pl + [0 = L]+ [1(In = Dg |

i <
<2f5HIN(SN(S‘]§X—s )+ 55(sk — sk )H+f5|| (In = D(I s ) H_i_Hlk_l]g
<C4(||e1||1+”e2||11\]+|| In —I)( k k ||)+Hlk71k||+” In—1) g ||

(In —Dg*||

C4T

T 2v10

tit ) 1
(] Ieceipat)” + ek,

5.1
< ey TN3 ™2 melX(HSHr,A + ||5||12»,A +lgll+—1,4)
tk—1

where ¢4 = max{2\f[3E2 Elzs,2\/§B||SHL00(O/T,.H2(R)),2}- Taking the sum for k from 1 to n — 1, then using
Holder inequality yields

n—1
g2+ Iy 2 < O3 + g ]?) + clesTe! + ecqes TN+ 20c3TT 3 [lerf, (4.26)
k=1
where ¢5 = fg [leee[|?dt, and c6 = c3 + maxe(|s||* At Igll>_ 1A)- To evaluate ek ||, we let v = e‘l‘{ in
equation (4.21) and consider the real part, then take 'the sum for k from 1 ton—1, it gives
n—1 n—1 B
lefsl? + lleR M =lefyl® + lleqel® +4t ) Im(sf — s, efy) +471 ) Re(sk — (Pns“)x ef )
k=1 k=1
n—1 n—1 (4'27)
+41 ) Re(Inff—f%elf) —4ar Y Re(In(sKU) — k15, el)
k=1 k=1
é”e(l)tz + ||e%x||2 +h+h+I3+ 14
In view of I; —I4 on the right hand side of equation (4.27), according to the identity
n—1 n-—2
2t ) (WAvE) =2t ) (W, vE) + (W2 ) — (w0 — (WP, (4.28)
k=1 k=2

it follows from Holder inequality and Young’s inequality, Lemma 2.2, Taylor’s expansion and

ty )
(tk—1—1t) Sttttdt>

tx

" trt )
sz — ttH _H4T(J (tk1 —t) sereedt +J

trk—1

1

T o2 (t— tk—Z)Ssttttdt> H

ti4o 3
(J (k2 —t)7sereedt + J
ty

tk—2
tit2

3 tht 1 3 1

T2 2 2712 2

< (J S dt) (J S 2dt) ,
N [sttee ] N [sttet ]




Z. Liuy, S. L, J. Nonlinear Sci. Appl., 10 (2017), 1487-1511

1506
that
n—2
I =—41Im Z (s‘t‘;E — s]{‘{, el) + 2Im( (s 2 3?72, e{‘*l) + (st — s?il, el'))
k=2
— ZIm((S% — s%, el) — (sl — s%, e(l)))

3T T = -
<192 + el + 7(«:2 +L Hsttttuzdt)r“ +21 ) lef >+ (lef > + [lef 1>
k=2

Using Taylor’s expansion and Lemma 2.2 and Theorem 2.3, we have

X % 1 (tx+1 ) 1 tir2 ) tk—1 )
Isx; — Sxtll :H ot L (tkr1 —t)"sxteedt — it ( L (tki2 —t)"sxeerdt + L (tk2—1) Sxtttdt> H
k—1 k—1 k—2
9373 .1 tk+1 k+ 1
<(W)2 (J ||Sxttt||2dt+J [sxteel dt) ’
tr_1 to

I(sF = PrsE) I SeN' sl —1,0 < eN' ZmaX”StHrA

Then using equation (4.28), similarly, we have

3727 T -
= (et | swarelPat) e e (ca +max s 2 )N

n—2
1
k 12 2 —12
+21 ) ef + 5 len ™+ ller %)

1
I <5 (1|} + [let]*) +

n—2
I <[} + flel |+ cT (s + j [Fel3y Adt) N7 427 3 fleki 2+ [le] |2 + fle] P
k=2
Rewrite 14 as follows,
n—1 B n—1 B )
Is = —4otRe Z (In(sN(nf +15)), k) — 4atRe Z (In(1*(ef +e5)), k)
k=1 k=1
n—1 B n—1 ~ (4.29)
—4atRe Y ((In —D)(s¥1¥), €f5) —4atRe > (1F(s* —s5),e;)
k=1 k=1

éLﬂ + Iyp 4 Iyz + Iyg.

In what follows, we estimate I4; — 144, respectively. Using equation (4.28), and Holder inequality, we have

n—2
Lo <dort Y |(In (s + ) + sk nE 1), ef )|+ 20| (SR 2n] 2 4 sy 2ng 2 e )|
k=2
+2(X’(ST1\LI 1T.I{L 1 n—1_n—1

+sy My e ’+2°‘| (SanJrSNT]Z/e%)’

k+1
<40¢TZ sk lloo (M I+l e | + et ool sy I

(= + Iz~ i)
+206(|!S’§1_2Hoo 320+ Iz =20 ler ™+ llsR oo (InE -+ 13~ Hin) el
+ st lloo (Tl + M3 lIn) et + lsnlloo (il + nzlin) 1€R )

For the estimate of Hn :|l, using equation (4.22), we find

< ca(llefll+lles lun + IHIn = DsKE) |+ [[UE = LEll + [[(In = Dg|l).
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Thus we deduce

Lt <cz(]le]* + [leql* + [ [1?) +§T *+cerT (e +max L7y A )N*7T
n—1
+e7t Y (llef I+ InfIP) + e (llef 1>+ lef > + Iy 21+ Inf 1> + IndlI)
k=1

where c; = v/6cicq + Ef,. Now we estimate Ly. Applying equation (4.28), Holder inequality and Young’s
inequality, we infer that

n—2
lip =2¢ Y (U leFPn — (12 e~ P+ (U e PIn — (12 JefP)n — (1 [P )n)
n—2
+4’rReZ lk k+1+1k 1€2t,€1) ZOcRe((l“ —2 ey n-2 el hy =t ey n—1 e{‘)N)
k=2
+2ocRe((1ze%, e%)N + (lze%, e(l))N)
n-—2

e (16D + e + cesTles + max Jsel2 g AN +cge 3 [l 2+ cs (! + e~ ),
k=2

where cg = ”lxtHLoo 0T12(R)) T IUlte (0,T;(R)))- Similarly, we obtain

||lt||]_oo 0,T;L2(R

T T
2 2 2 2—
L <6012 + e} P - ca + max 51 x| 1Byt max U3 o p | el g act) NP

n—2
+2t ) e |+ et > + llef I,
k=2
12 012 186 4 = k12 ni|2 n—1y2
Las <cs(llel|” + [leg]|”) + ——cacst +ost ) llefl* +cs(llef > + llef*)
k=2

Substituting I4; — 144 into equation (4.29) leads to

186 _
Iy <C9(||e(1JH2 + He%HZ + Hﬂ%”z) + ——calcy+ cg)eo Tt + ccocyp TPNZT

5
n—1
k12 k2 2 —12 —2112 —12 2112
+cot Y (eI + InFIP) + colllef > + et 1P + Iy 211>+ Im? 1> + Indl)
k=1

where c9 = ¢y +2cg+2 and

T T
2
cm=%+mymanA+mur“\+mwnm]AJuuu1A&+mwmmlALnam1A&-

Substituting I; — I4 into equation (4.27) and using equations (4.25) and (4.26), we obtain

lef I + ImTM1I* <(Zco +20)(J[€}]f3 + lletld + ImPl* + Imil®) + cun (T + N*77)
n—1
+et ) (lefi+ ImFIP),
k=1
where c1p = 2¢9 + 4 +20(co + 3) T max{c?, c3} and

) 40c?
c11 =1° max { (75(C7 +cg)cg +76 + (co + 2)(T + 04)) (cz + cs5
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T T
+ JO (||Sxttt||2 + HsttttHZ)dt)/C(C‘) + (co + 3)(C% + C%))(Clo + JO ”ftH%q,Adt)}-

Now we consider the initial values, it follows from equations (4.23), (4.24), and Lemma 2.2, Theorem
2.3, equation (2.6) and Holder inequality, we derive that

012 2— 2 0 2—
e 17 <eN>"TsollF A- MYl < eN*TT[Lo[I7 A,

T 2
leb 1 <2in | tr=vsueat]| +20 1w~ Pas!

T

< (1n - I)J

2 T 2
(T—t)sttdtHl —|-4H J (T—t)sttdtHl +2H(IN — PN)slHi
0 0

- 4
<eN*"max([|s|F 4 + [lseellFA) + 37 max [sei.
Similarly, using Lemma 3.1 given in [9] where ||v||n < c(||v]| + cN~6[v];), we have
T 2 >
RHERS AN L (v = OLeedt]| + 2] (In = PRV < N7 max U o + o7 max L |

Thus we have

n—1

el )IF + NP II* < cais(N*" +1%) +012TZ (llexlI + Im¥11%), (4.30)
k=1

where ci13 = c11 + cc3 + cmgx(||stt||%,A + |Istt]l? + [[Lee|I3). Applying Lemma 4.1 for equation (4.30), we

deduce that
el lF + I I1” < cis(t* +N* Nexp(cpT), n=1,2,---,M.

Finally, using the triangle inequality and Lemma 2.2 , we have

Is™ = sRills + 1™ = W1 < fleFlla + et + I3l + Il < C(+ +NT°2), n=0,1,---, M,
where C = y/2ci3exp (c12T/2).
Consequently, we finish the proof of this theorem. 0

5. Numerical results

In this section, we describe the numerical implementations and present the numerical result for the
fully discrete scheme of Hermite pseudospectral method and modified Hermite spectral method, respec-
tively.

We consider LS equations (1.1)-(1.4) with « = 3 =1 and the following source terms:

B (cosh?(x + 2t) + 3)et(t—x) 6sinh?(x + 2t)

f(x,t) = and g(x,t) = ——F——".
(1) cosh®(x + 2t) gl 1) cosh®(x + 2t)

The exact solutions of this example are:
s(x,t) = sech(x 4+ 2t)ett™*) and 1(x,t) = sech?(x + 2t).

For the Hermite pseudospectral method, we choose Lagrange basis functions {,, (x) with weight wm (x) =
2

Xz Xm . . .
e~z /e” 2 and denote hy, (x) = € (x)wm (x), then we rewrite the numerical solutions as

N N
k+1 Z S +1hm / L]]Q—O—l (X) _ Z 11T<1+1hn(x)
m=0 =
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where skl = sﬁ“(xm) and 1k+1 = l]ﬁrl(xn) are the nodal values of discrete solutions. Then we obtain
the following system of linear algebraic equations:

(1A1—431—7c1) K+ — (A + Bl+ C1)51 +TA]f‘<+z

2 2
I = ¥ — 27ReD;sk + 1gkt
where
Sll<+1 (S(l)<+1 Sll<+1/“ Sl]§+1)T’ lk+1 (1k+1 1k+1 1k+1)T/
£ = (12 (%), FF 2 (xg), -, £ 2 ()T, 85 =(g""2(x0), g 2 (1), g 2 (en))T,
A1 = (aijlij=01,- N/ aij =w;dij, Bp=HTAH,

H is the first-order Hermite differential matrix of Hermite functions relative to {x; }}\':O, and
C = diag(lgwo,l]fwl,- . ,l]ﬁ,wN), Dy = diag(sT)H

For the modified Hermite spectral method, we rewrite the numerical solutions as follows,

N N
S0 = 3 S ), 1 = X LR
m=0 n=0
where 8%1 and 1X*1 are Hermite coefficients. Then we obtain the following system of linear algebraic
equations:

(il — Ay — TBy)s5 ™ = (il + TA, + 1By)sk ! +21d*, 15! = 115! — 47ReCysk + 21,
2 2

where s5 ™! = (571,88 L sK)T and . According to equations (2.2) and

(2.3), we know that I is the identity matrix, A; is a pentadiagonal matrix, B, = D2E1D2T is a symmetrical
matrix, C, = DZEZDS), &* = DyE3, and Pp* = D,E4, where

k+1 _ (fk+1 7k+1 Tk+1\T
S (] SRR L S Lany

Dz = (dy) = (Hi(x)), DYV = (d}) = (Aix(x}), 4j=0,1,---,N,
Eq = diag(Lf (xo)wo, - -, Iy (xn)wn), Ep =diag(sK (xo)wo, -+, 58 (xn)WN),

and
Es = (f*(xo)wo, -+, F(xn)wn) T, Es = (g*(x0)wo, -+, g*(xn)wn) T

To see the order of the accuracy for Hermite pseudospectral method and modified Hermite spectral
method, we present Tables 1 and 2.

From Tables 1 and 2, it is clear that both [?-error and L*®-error with different T for given N indicate
a one-order accuracy in time for Hermite pseudospectral method and second-order accuracy in time for
modified Hermite spectral method.

The errors with different N for given T, the accuracy for modified Hermite spectral method is still
higher than Hermite pseudospectral method. We see that the accuracy reaches e-06 at N = 128 when
T = 1073 in Table 2, while it does not achieve the same accuracy when N is no more than 64. The main
reason is that CN'~2 in the convergence analysis result C(t? 4+ N1~2) occupies the leading role. We have
to point out that the coefficient C which includes || - ||+ A really affects the accuracy. As is known that the
norm || - ||»,o becomes bigger as r increases. We take N = 64 for example, if N'~2 is the same accuracy
as e-06, we need T > 8, while ||s|[s,a = 1.5314e + 05, then |[|s||s AN 2 has the accuracy e-01 which is much
bigger than the accuracy e-05 in Table 2

Thus the data in Tables 1 and 2 confirm our theoretical analysis.
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Table 1: Hermite pseudospectral method for LS equations

T N ¢ Ll

[%-error L*-error [%-error L*°-error

101 2.7606e-02 | 1.4134e-02 | 6.4815e-02 | 5.1296-02
102 | 128 | 2.4977e-03 | 1.1822e-03 | 6.5258e-03 | 5.1278e-03
103 2.4786e-04 | 1.1657e-04 | 6.5342e-04 | 5.1295e-04
8 1.4534e-01 | 8.7838e-02 | 4.7363e-02 | 4.2161e-02

16 | 3.0897e-02 | 2.2134e-02 | 8.9822e-03 | 7.2374e-03

10~% | 32 | 2.7714e-03 | 2.1416e-03 | 5.9142e-04 | 5.3013e-04
64 | 1.0633e-04 | 8.6102e-05 | 6.6901e-05 | 6.0466e-05

128 | 2.4794e-05 | 1.1692e-05 | 6.5351e-05 | 5.1260e-05

Table 2: Modified Hermite spectral method for LS equations
T N ¢ Ll

[%-error L*°-error [%-error L*°-error

101 5.2126e-02 | 2.3683e-02 | 3.7789%-02 | 1.5177e-02
10~72 | 128 | 4.7371e-04 | 1.9027e-04 | 2.8829¢-04 | 1.1614e-04
103 4.7508e-06 | 1.9052e-06 | 2.8605e-06 | 1.1781e-06
16 | 7.0108e-03 | 3.8136e-03 | 1.3843e-02 | 7.7590e-03

32 | 1.2201e-03 | 1.0893e-03 | 1.1101e-03 | 5.4457e-04

1073 | 64 | 5.3261e-05 | 4.8205e-05 | 3.2772e-05 | 1.4331e-05
128 | 4.7508e-06 | 1.9052e-06 | 2.8605e-06 | 1.1781e-06

256 | 5.6344e-06 | 1.9431e-06 | 3.3940e-06 | 1.1345e-06

6. Conclusions

We prove the convergence of the Hermite pseudospectral method and study the modified Hermite

spectral method including a priori estimates, unconditional numerical stability and the convergence of
the fully discrete scheme. Numerical results also verify our theoretical analysis. The reason that we
choose forward difference scheme in time for pseudospectral method is because of difference quotient
in equation (3.15), if we select central difference scheme, then the first level difference quotient will not
satisfy the accuracy we need, thus we have to adopt the scheme (2.7)-(2.9) we give.

It should be pointed out that the conditions of exact solutions s, 1 in our assumptions (Theorems 3.3,
4.6) may be restrictive. In the future, we will try to prove the existence of the solutions in weighted Sobolev
space. As for spectral method, one of the most interesting problems related to the partial differential
equations is how to establish an estimate with respect to the data regularity.
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