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Abstract

In this paper we study the approximation on rotation group SO(3), we consider the partial sum, Féjer and Jackson-type
operators and obtain the approximation theorems in L, (1 < p < +o00) respectively. (©2017 All rights reserved.
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1. Introduction

Many results of approximation are based on Euclid spaces or their compact subsets. Periodic ap-
proximation is based on compact group {exp(ix)}, whereas matrix group U(n) is the generalization of
{exp(ix)}. We know homomorphism between SU(2) and rotation group SO(3), which has many appli-
cations in Physics and Chemistry. Some approximation problems on compact groups have been studied
since in 1920s Peter and Weyl [7] proved the approximation theorem on compact group, that is, the irre-
ducible character generates a dense subspace of the space of continuous classes function. For instance,
Gong [2] studied the basic problems of Fourier analysis on unitary and rotation groups, including the
degree of convergence of Abel sum based on Poisson kernel. Zheng et al. (see [11, 12]) studied the poly-
nomial approximation on compact Lie groups. Cartwright et al. [1] studied Jackson’s theorem for compact
connected Lie groups, and so on. No matter from the results or research methods, the approximation on
compact Lie groups is different from on the classical cases, Eulid spaces. For example, Riemann-Lebesgue
lemma is not necessarily true in L,(G)(1 < p < 4/3), with G being a compact Lie group (see [8]). In this
paper, we study the approximation of the partial sums, Féjer and Jackson-type operators on SO(3) in
Lp (1<p < +o0).

Let G =SO(3) = {x € GL(3,R),x"x = E, detx = 1} be the rotation group, where GL(n, R) is the group
of invertible real (n x n)-matrices. For 1 <p < +o0,L,(G) = {f: [[fl[, = [fG If(x)[Pdp(x)]}/P < 400}, and
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u is the normalized Harr measure on G, conveniently, we write du(x) as dx in this paper. When using
Euler angles, the Harr integral of a function f on SO(3) reads as

Joe o FOI00 = oz | aa [ sinpas [ avitapm,

0

An element x € SO(3) is identified with a point in the projective spaces S, of the closed ball in R3
of radius 7 by x — wr, satisfying xr = r, and [|r]| = 1, where r is the rotation axis and w € [0, 7] is the
rotation angle of x. (¢, 0, @) denotes the direction angles of rotation axis r and w the rotation angle, then
there hold following formulas (see [9]) between (r, w) and Euler angles («x, 3,v),

w B a+vy sin & sin &Y sin & cos &Y cos B sin &Y
COS — = COS — COS =, 0=——, b= ——(
2 2 2 sin 5 sin 5 sin 7

(1.1)

We know a function f on SO(3) only depends on the rotation angle of the argument coincide exactly
with the class function-functions that are conjugacy classes, i.e., f(x) = f(yxy!) for all x,y € SO(3).
In other words, for any function f on SO(3) there is a uniquely determined f : [0,71] — C such that
f(x) = f(w(x)). The Haar integral for such a class function reads as

= f _2 (" L2 W
Lom f(x)du(x) = LO(a) flabd)duix) = ~ Jo flw) sin® =-dw. (1.2)

We make the convention that if f is a class function on SO(3) and if no confusion occurs, we subse-
quently drop the tilde. Denote by

Snfla, B,y) = Z Z V2U1+1CL Dy (o, B,Y),

1=0 mn=-—1

the partial sum operators, where (o, 3,v) € [0,27] x [0, t] x [0, 271] are Euler angles and

CV2U+1 r“d
0

Cl
mmn 87'[2

T 27T -
ocJ sin Bdp Jo dyf(e, B,v)DY, (B, Y),

0

and for x € SO(3),
D}n,n(x) = D}n,n(o‘/ B/Y) = e_im“P}n,n(COS B)e_iny/ _1 < m,n g lr

the function P}, , is given by

PLoaw=Cl—w™ 2 (1+u)

. _ (=ptrminm (L+m)!
with C = \/(17n)!(l+n)!(17m)!‘

2. Theorems and their proofs

We start with the partial sum operator,

Sn(f,x) = SNf(cx, B Y)

—Z Z V2U+1¢t, DY (e, B, )

1=0 mn=-—1
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1 lad 27T
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(21+1) Lom f(g)Tr(D' (g 'x))dg

(_
Il
S

2L+ 1) fxx1(x) = fx Dn(x),

1
M z

,_.
Il
o

where D'(x) :matrix(D}nln) is the (21 + 1)-dimensional irreducible representation of G, x(x) = Tr[D'(x)]
N

is the character of irreducible representation, Dy (x) = ) (21 + 1)x1(x) is Dirichlet kernel, and the convo-
1=0

lution of two functions f and g is defined by

(fg)(x) = JG f(g)g(g~x)dg.

Next orthogonal properties of D! and x; are well-known (see [3]),

2j1+1 27T 7T 27T .
it | e sinBap | T ayDhm (0B vID R 0B 1) = 85 mmaSrne

1 7T
- Jo Xj, (W)Xj, (W) (1 —cosw)dw = 8, 5,-

Furthermore, we discuss the properties of Dirichlet kernel Dy.
Noting that x1(x) = Tr[D'(x)] = % with w as (1.1) being the rotation angle of x and using

Euler formula €' = cos 0 +1isin 0, by calculation , we can get the following.

Lemma 2.1.
sin(N+1)w-cos ¥ (N+1)-cos(N+1)w
Dn(x) = - 3 w - - 2 w ’
2sin” 5 sin” %

IDNIIL, (so@)) = ON) +O(InN), [[SnIl = O(N).
For f € L,(G),1 < p < +oo, we define the best approximation degree by

En(f)p = ngﬁ It —Tnllp,
N N

where TTy is the set of trigonometric polynomial of degree at most N, which needs not to be an integer,
and when p = +00, L (G) is replaced by continuous functions space C(G) and the p-norm is replaced by
sup-norm, we will not repeat this later.

Thanks to the accuracy of Sy for the trigonometric polynomial, that is SN (Tn) = Ta(n < N), T, € TN,
subsequently we have the following.

Theorem 2.2. If f € L,(SO(3)),1 < p < oo, then
If —=Sn(f)llp < CN-EN(f)p,

with C > 0 being an absolute constant.
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Further, we consider the Féjer kernel

Do(x) + D1(x) +---+Dn(x)
N+1 '

Fni(x) =

Using Lemma 2.1, we know

N

N
1
sin(k +1)w — k+1)cos(k+1w]| .
> sin(k+1) SmeZ( ) cos(k+1)

k=0 2 k=0

1

B cos 7
CN+1

Fn(x)

3w
2 sin 5

Note that
N N+1

N .

. N+2 sin(—=—w
E sin(k+1)w =Im E (e')**1| = (sin i w) - (. 2 ),
= = 2 sin 5

and

N
Z(k—i— 1) cos(k+1)w

N+2  N+2  sinMHo N41 N4+1 o osintP2ew 1 @ sinMHw-sin NP2
= w) -

- (cos W) — .
sin & 2 2 sin & 2 2 sin2 L

we have

1 cos & sinNZHw-sin 2w 1 N+2 N+2 sin%w

. — cos
2(N +1) sin? g sin? g sin 2(N+1) (
1 N+1 sin%w 1 w sinN2+1w-sinNz+2w] (2.1)

+5lcos—H—w sin® 2(N+1) 2 T

2
=L (w)+L(w)+I3(t) + I4(w).

Fn(x) =

N
NS

: w
2 sin 5

Lemma 2.3.
PN, (so3)) = O(InN).

N

From Dy (x) = ) (21+1)x1(x), and the orthogonal properties of D! and ¥y, we have
1=0

J Fn(x)dx = 1.
SO(3)

We consider the next Féjer convolution operator
onlf,x) = | Fly)fly xdy.
SO(3)
Clearly,

If(x) — on (f,x)| < J

[f(x) — fly~X)lIFn (y)ldy < J w(f, lyl)[Fn(y)ldy, (2.2)
50(3) S0(3)

where ly| = dist(y,e) and e is the identity element of SO(3). For x,y € SO(3), dist(x,y) = w(y 'x) =
w(xly) is defined as the rotational angle of the rotation y~!x (or its inverse x 'y).
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Remark 2.4. The rotational angle of a rotation x € SO(3) is also defined as |x| = arccos %[Tr(x) —1], in terms

of Euler angles [x| = [x(«, 3,v)| = 2arccos (cos%cos%ﬂv = w(x) = w (see [4]).

Remark 2.5. w(f,t), = sup{|lf(x) — f(y_lx)ll]D cd(xy) < tH(1 < p < o), is the first-order moduli of
smoothness. Higher order moduli w,(f,t) (see Definition 2.8) will also be employed later. We need only
the inequality w(f,At), < (1+A)"w.(f,t)p(r € IN), some other properties can be found in [1, 5].

From Remarks 2.4 and 2.5 and (1.2) we have

1

(%) — on (£, %)) < @ (f, =) LO(s)(l + NIyl (y)ldy

N

1. 2 (™

<w(f,)'J (1—|—Nw)IFN(w)\sin2gdt
N* 7o 2
1

= wo(ty ) 2 [ (N 1)+ )] + (o) + ()] sin 5'a.

N T Jo

By (2.1) and subdividing the integration interval [0, 7t] = [0, NLH] U [NLH,N], we get
T w
J (1+ Nw)|j(w)| sin? ~dw =0(In(N)),j =1,2,3,4
0
Thus, by using Lemma 2.3 and (2.2), we have the following result.
Theorem 2.6. If f € L,(SO(3)),1 < p < o0, then,

1

I —on(f)llp = Oln(N) - w(f, T)p, 1<p < oo

Generally, we conclude the result as follows.
Theorem 2.7. If f € L,(SO(3)),1 < p < +o0, and VN € TN satisfies
(1): Vn*Tn =T, VIn € TN, (i) VNI, (6) < K, with K being an absolute constant,

then for Ln(f) = VN *f,
If —In(Allp < (1+K)EN(f)p.

Proof. The proof is trivial. The kernel Vy, which satisfies the conditions of Theorem 2.7, can be found in
[6]. O

Next we give the Jackson-type approximation theorem.
We first give the definition of the r-th moduli of smoothness of function f on the rotation group.
As classical case, for x, h € G = SO(3), let

(M) = 3 (1)) (T> f(hIx)

j=0 )

be the r-th difference of f at the point x.

Definition 2.8. Let f € L,(G)(1 < p < o0), for any integer r > 1 and t > 0, write
wy(f, t)p =sup {lALfll, :h € G,d(e,h) = |h| < t}.

We can also write
W+ (f,t)p = sup {[AL puflly : H e g [HI < t},

where g is the Lie algebras of G, and || - || is the norm induced by Killing inner product <> on g (see [10]).



Z.Y. Yang, X. Wang, X. Z. Liu, J. Nonlinear Sci. Appl., 10 (2017), 1561-1568 1566

Let T be a maximal torus of SO(3) given by (see [7])
cosw sinw 0
T= { —sinw cosw 0 ‘welR/27tZ},
0 0 1

and t denotes its respective Lie algebras also called Cartan subalgebras, in fact given by

0 w O
t:{ —w 0 0 ‘we]R/ZTcZ}.
0 0 0

i 1
For u € SO(3), let ¢dn s(u) = ?\ﬁ}s [w]25 = PN, s(w), satisfying fsom ¢n,s(u)du = 1, where

sin ; w
w = w(u) is the rotation angle of u, and s > 2+ 1/2.
As the classical case, we have Ay s = O(N?$73), and

2 7T
J IuIKdDN,S(u)du = J On,s(w) sin? gdw —O(N%),k=0,1,---,2s — 4. (2.3)
SO(3) 7 Jo 2

Following the thought of classical case, we construct the Jackson-type approximate operator as follows,
which is different from [1].

T (f,x) = L Ors(w) 3 (~1)7 ()) fluTx)du.

j=1

By the Weyl integral formula (see [10]),

In(f,x) = JG dn,s(u) Z(—l)jfl <:> f(ux)du

j=1

= EDEY R 5
j;( 1y (J) L dn,s (W) f(u'x)du

— WG Y (~1)! (T> | atvions L/T f(gv g 'x)ATd(G/T)

j=1
= W(G)|! —1r—11—1 r D(H)¢n s(H —iH)e x)dgTdH
W(G) Q) ;( ) <]~>JQ' (H)Rns )JG/Tf(geXP(J g x)dg
—werert| | Z(—l)“(f) 11D (H/}) P« (/) (g exp(—H)g x)dgTdH
JQle/Ti 1))
—wiertot| | Z(—nil(r.) LD /) PO s (/) (g exp(—H)g 1x)dgTdH
JQJ6/TiS 1))
—wie) Q| [ IDE)PKN (exp H) (g exp(— H)g'x)dgTdH
Jolg/T
—wie) | | amknwrgy g xidgTay
TJIG/T
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where
2

Kni(u) = Kn (v) = Kn(exp H) = 3 (~1)! (;) L) ‘D(H/j)

D(H)
=> (-1 (J) ~dns(w/j)

with u = gvgl,v € T, and v = expH,H € t, and D(H) = 2isin <,D(H/j) = 2isin(w/2j),d(v) =
4sin® ¥ := d(w),exp : g — G is the exponential map, exp | : t — T.

Weyl group W = W(G) is defined by W = N/T, with N ={g € GlgTg~! =T}, T as above is maximal
torus of G, [W(G)| = |W(SO(3))| = 2 denotes the order of W. Q is called fundamental domain centered at
the origin, which satisfies exp(Q) = T, here in fact Q =t = [—m, 7], |Q| = 27t denotes the volume of Q.
Lemma 2.9. If f € L,(SO(3)),1 < p < 400, then Jn(f) € TIN.

Proof. In fact

(2.4)
sm(w/ZJ)

sin w/2

7

In(f,x) = (Kn %) (x) = JG Kn (u)f(u'x)du = L Kn (xu 1) f(u)du.

Clearly, from (2.4), Kn(u) is a trigonometric polynomial of degree N, which has not to be an integer.

N
We write Kn(u) = ) Z ¢t nDi (1), and note that (see [4])
=0 mn=-—1
u1u2 Z Dmk up Dll<,n(u2)/ D}n,n(u_l) = [D}n,n(u)]_l = [D}n,n(u)] = D}L,m(u)/
k=—1

N 1 1

In(f,x) = JG Kn(xu ) f(u)du = Z Z Z cmnD J Wlk(u)f(u)du.

1=0 mn=—1lk=—1
So, ]N (f) € TN ]

Theorem 2.10. If f € L,(SO(3)),1 < p < +o00, then

1
Hf_]N( )Hp er( N)p/
with C > 0 being a constant independent of f and N.
Proof.
. ) T )
f(x) —In(f, x) :J bns(w) Y (1) ( ) flu™x)du.
G i=o
By Minkowski’s inequality and (2.3),

If=In(fllp < | dns(u)llALfllpdu

G

dn,sOwr(f, ul)pd
G

< ws(f, 1/N)upj s (W) (14 NJul)" du
< Cwn(£,1/N),p.

%%
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