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Abstract

The aim of this paper is to establish the modified viscosity implicit rules for uniformly L-Lipschitzian asymptotically pseu-
docontractive mappings in Banach spaces. The strong convergence theorems of the rules are proved under certain assumptions
imposed on the sequences of parameters. As an application, we apply our main results to solve some variational inequalities
in Banach spaces, provided T is asymptotically regular. Our results extend the previous known results from Hilbert spaces to
Banach spaces and from non-expansive mappings to asymptotically pseudocontractive mappings. (©2017 All rights reserved.
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1. Introduction and preliminaries

Let E be a real Banach space. Let | denote the normalized duality mapping from E into 2F" defined
by
J(x) ={f € B {x, ) = |Ix]1* =[]}
for all x € E, where E* denotes the dual space of E and (;,-) denotes the generalized duality pairing, we
denote the single-valued duality mapping by j. In a Hilbert space H, j is the identity mapping.
Let C be a nonempty closed convex subset of E. A mapping f: C — C is said to be a strict contraction
if there exists a constant A € (0, 1) satisfying

10 = fY)l < Alx—yll, ¥x,y e C.

A mapping T : C — C is said to be an asymptotically non-expansive if there exists a sequence {k,} with
kn — 1 such that
T =Tyl < knlx—yll, ¥y eC.
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A mapping T : C — C is said to be an asymptotically pseudocontraction in Banach spaces if there exists a
sequence {kn} with ky, — 1 and j(x —y) € J(x —y) for which the following inequality holds

(T —T"y,i(x —y)) < knlx—yl> ¥yeCn>1
A mapping T : C — C is said to be uniform L-Lipschitzian if there exists some L > 0 such that
[T —TMy|| < L{x—yl|, ¥x,yeC, ¥yn>1.

It is easy to see that if T is an asymptotically nonexpansive mapping, then it is both asymptotically
pseudocontractive and uniformly L-Lipschitzian. The converse is not true in general.

Convergence analysis for fixed point of nonexpansive mapping and asymptotically nonexpansive
mapping using the viscosity iterative algorithms have been studied extensively by many authors, see
[1-8, 10-12, 14, 15] and the references therein. In 2000, moudafi [7] proved the strong convergence theo-
rem for nonexpansive mappings in real Hilbert spaces. In 2004, Xu [11] studied the following viscosity
approximation methods of nonexpansive mapping in a uniformly smooth Banach:

Xni1 = &nf(xn)+(1—on)Txn, N >0,

where f is contraction and {«x,, } is a sequence in {0, 1}. In 2015, Xu et al. [12] applied the viscosity technique
to the implicit midpoint rule for nonexpansive mappings in Hilbert spaces. They proved that the iterative
process defined by

Xn +Xn41
2
converges in norm to a fixed point q of T, which solves the variational inequality:

Xnt1 = Xnf(xn) + (1 —oan)T( ), n=0,

(T—f)q,x—q) =0,x € F(T),
Further, Yao et al. [14] introduced the following semi-implicit midpoint method:

Xn +Xn41

5 ), n>0.

Xn41 = XnXn + Bnf(xn) +vnT(
In 2016, Yu et al. [15] extended the work of Yao et al. [14] and gave the following generalized viscosity
implicit rules of nonexpansive mappings in Hilbert spaces:

Xn41 = ‘an(xn) + ann +YnT(San + (1 - Sn)anrl)/ nz O/

which converges strongly to a fixed point of T under certain assumptions imposed on the sequences of
parameters.

In this paper, motivated by the above mentioned works, we introduce a modified viscosity implicit
rules for a uniformly L-Lipschitzian asymptotically pseudocontractive mappings in Banach spaces. Then,
under suitable assumptions imposed on the parameters, we establish strong convergence theorems for
asymptotical pseudocontractions in Banach spaces. As an application, we apply our main results to solve
the variational inequality problems in Banach spaces. Therefore, we extend the main results of Yu et
al. (see [15]) from Hilbert spaces to Banach spaces when T is an asymptotically nonexpansive respective
asymptotically pseudocontractive map. Further, some other results are also improved (see [1, 5, 7, 8, 11,
12, 14]).

We shall make use of the following lemmas.

Lemma 1.1 ([11]). Assume {an} is a sequence of nonnegative real numbers such that
Ant1 < (I —oap)an +0n, 120,

where {on } is a sequence in (0,1) and {dn} is a sequence in R such that



Y. H. Wang, C. J. Pan, J. Nonlinear Sci. Appl., 10 (2017), 1582-1592 1584

@) Zf:()(xn = 00,
(ii) limsup, _, . 2> <0 or IX_[6n| < oo.

Then, limp o an = 0.

Lemma 1.2 ([9]). Let E be a reflexive smooth Banach space with a weakly sequential continuous duality map-
ping J. Let C be a nonempty bounded and closed convex subset of E and T : C — C be a uniformly L-Lipschitzian
and asymptotical pseudocontraction. Then 1 —T is demiclosed at zero, where 1 is the identical mapping, i.e., if Xn, —
x weakly and xn, — Txn, — 0 strongly, then x € F(T).

Lemma 1.3 ([14]). Let {xn,} and {yn} be bounded sequence in a Banach space € and {3} be a sequence in [0, 1] with
0 < liminfy, o Br < limsup,, ., Pn. Suppose that xn 11 = (1 —PBn) + Pnyn foralln > 0 and

limsup(|[yni1—Ynll = [Xn+1 —xal) <0.
n—oo

Then limy, o0 ||[yn — xn|| = 0.

2. Main results

Theorem 2.1. Let E be a reflexive smooth Banach space with a weakly sequential continuous duality mapping J, C a
nonempty bounded and closed convex subset of E, and Let T : C — C be a uniformly L-Lipschitzian asymptotically
pseudocontractive mapping with a sequence {kn} such that F(T) # 0 and f : C — C be a contraction with
coefficient A € (0,1). Pick any xo € C, let xr, be a sequence generated by

Xn41 = OnXn + an(xn) "‘YnTn(Ean + (1 - an)XnJrl)/ (2'1)

where {on }, {Bnt, {yn), {&n)} C (0,1), satisfying the following conditions:

i) on +Pn+vn =Llimy 40 Bn =0,vn =MPn,0<n< %}
(i) 0 <liminf, ;o ot <limsup, o <1, limp 0 B = 0,limp o0 [0t y1 —0tn| = 0, limp 50 [Brs1 —
Bnl=0;
(i) 23 oBn = 00,0 < &n < &nt1 < Lyn(l—&n) <
(iv) limn oo [|[TIx — T™x|| = 0,x € C’, where C is any bounded subset of C for all n. > 0.
Then {xn} converges strongly to a fixed point p of the asymptotically pseudocontractive mapping T, which solves the
variational inequality:
(I=1)p,ilp—y)) <0, Yy € K(T).

Proof. We divide the proof into five steps.

Step 1: First, we show that {x,} is bounded.
Take p € F(T) arbitrarily, we have

[Xn+1 =Pl = [lanxn + Bnflxn) + Yn T (Enxn + (1= &En)xny1) — P
= [lotn (xn —P) + Bn(flxn) = f(p)) + Brn(f(P) —P) + ¥ (T (Enxn + (1 = En)xni1) —P)|
< anlxn =Pl + Bnlf(xn) = P+ Bnllf(P) =PIl + Vul[TH (Enxn + (1 = En)xn41) — Pl
< an|[xn =PIl + BnAlxn —pll + Bnlf(P) =PIl + ¥nLl[(Enxn + (1 — En)xnt1) — P
< onxn =Pl + BnAllxn =Pl + Bnllf(p) =Pl + YnL&n|xn — Pl + YnL(1 — &n){[xn+1 — P
= (on +ABn +¥YnL&n)[xn =Pl + Bullf(P) — Pl + YnL(1 = &n)lIXns1 —pll,

which implies that

[1—vnL(1—&n)] Hxn+1 _pH < (on + ABn +YnLEm.)HXTL _pH + Bn”f(p) —P”- (2.2)
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Since yn,1—&n € (0,1), yn(l —&n) < 1, we get 1 —ynL(1—&,) > 0. By (2.2) and condition (i), it then
follows that

n +ABn +vYnlén Bn

Jtnsn —pll < S BRI ) F—l(p) ]
— - S Y e —pl o e )
e e e, ey LR
<n- Bri[::if(_z)m]”"“ ol 611[::{(111(_:)1)1 1_!!;(3)11—(;%.
Consequently, we get
1

Jas1 = pll < max{xn —pll, 1= 6P =PIl >0

A—n(L—1

By induction we readily obtain

Pen =Pl < max{[xo —pll, 7 jIfp) =i}, vn=0.

1
—A—m(L-1
Hence we obtain that x,, is bounded. It turns out that f(xn,), T (Enxn + (1 — &n)xny1) are also bounded.

Step 2: limn o0 [[Xn41—Xn|| = 0. To see this we set yn = 4= for all n > 0. Thus we have

—

Xn4+2 — Xn+1Xn+1  Xn41— XnXn

Ynt1=Yn = 1— Kn+1 1— Xn
_ Brr1f(xni1) +Yn+lTn+l(E,n+1Xn+l + (1 —&ny1)xny2)
B 1—oani1
- Brnfxn) +¥n T (Enxn + (1 —&n)xny1)
1—an
_ Bri1f(xni1) +(1—oni1— Bn+1)TnH(5n+1Xn+1 + (1= &Eny1)xny2)
B 1—ani1
- Brnflxn) + (1 —otn — Br) T (Enxn + (1 — En)xni1)
1—oan

_ Bn+1 . Bn+l . Bn
R [Fxn1) = fxn)l + (7= o 1—on

Br+1 Bn n B
T g 1- “H)T (Enxn+ (1 —&n)Xnr1)

)f(xn)

- 16“*“ T (Ensxn + (1= Eng)xns2) = T (Enxn + (1= En)xn )]
— Xnt1
+ [Tn+1(£n+1xn+l + (1 — E»n—b—l)anrZ) — T“(&nxn + (1 — E,n)xn—i—l)]
Bri1 Bni1 B

Jf(xn) =T (Enxn + (1 — Evn)xn+l)]

[f(xn—H) - f(xn)] + (

T 1o I—on 1—an
B g (1 ) — T (Bt (1= )]
— Xn+41
+ [T (Enpaxnst + (1= Engt)xns2) — T (Enxn + (1 — En)xni1)]

)[f(xn) — Tn(&nxn +(1— Eyn)xn+1)]

[f(xn+1) - f(xn)] + (

1—otni1 l—ony1 1—oan
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+(1— f?o:ﬂ)ﬁn“(&nﬂxnﬂ + (1= &ngt)xn2) =T (Enp1Xns1 + (1= Enr1)xng2)]
+(1— f;:ﬂ)ﬁ“(&nﬂxnﬂ + (1= &nt1)xni2) = T (Enxn + (1= En)xn 1)l
It follows that
[Uni1 —yn|l < J‘_ﬁnilnxnﬂ —xn| + |1ET;:H = EEH'MTSS [T x — T |
+(1— 1ET;:HN—||5TL+1X11+1 + (1= &nt1)xnt2 — (Enxn + (1= En)xn41) |
< TPl P sup T T .
+1- fg:ﬂ)l-llin(xnﬂ —xn) + (1= &n 1) (ns2 —xnp1)|| |
< P o 1 PR M sup [T - T
+(1— f;:ﬂ)]_[annxnﬂ —Xn ||+ (1= &) [Xns2 = xnll,

where C’ contains sequence {&nxn + (1 — &n)xn41} and M > 0 is a constant such that

M 2 {Sup HXTL - TnJrl(Em.Xn + (1 - an)XnJrl)H/sup Hf(xn) - Tn+1(£nxn + (1 - an)XnJrlH/

n>0 n>0
sup Hf(xn) - Tn(Ean + (1 - an)XnJrlH}-
n=>0

From (2.1), we have

Xn+2 = Xnt1ll = [[ns1xns1 + Brs1f(xns1) +vn+1T“H(c€n+1xn+1 + (1= &ns1)xns2)

—onXn = Bnf(xn) = Yn T (Enxn + (1= &En)xn 1) ||

= [[on+1(xn+1 —%n) + (otn1 — on)xn + Bnt1(f(xn1) — f(xn)) + (Br+1 — Bn)f(xn)
F Yt T (Enxnga + (1= Eng)xms2) = TV (Enxn + (1= En)xns1)]
+ (Y1 = Yn) T (Enxn + (1= En)xn 1)
F YT (Enxn + (1= En)xng1) = T (Enxn + (1= En)xn )|

= [[on+1(xn+1 —%n) + (otn1 — on)xn + Bni1(F(xni1) — f(xn)) + (Br1 — Bn)f(xn)
Y1 [T (Ens X1 + (1= Enst)xnr2) = T (Enxn + (1 — En)xn)]
—[(oms1— o) + (Bt — BT H(Enxn + (1 — En)xni1)
AT (Enxn + (1= En)xnst) = T (Enxn + (1= &n)xni1)]|

= llotnt1(xnt1 —xn) + (i1 — otn) xn — TnH(ﬁan + (1= &n)xnq1)]
+ (Bra1 — Br)[f(xn) = T (Enxn + (1 — En)xns1)] + Bria (F(xni1) — fxn))
F Yt [T (Enxngt + (1= Eng)xms2) = TV (Enxn + (1= En)xns1)]
F YT (Enxn + (1= En)xnst) = T (Enxn + (1= &n)xns1)]|

< Ot |[¥ns1 — Xn [+ loma1 — anl[[xn = T (Enxn + (1= En)xni1)|
+1Brs1 — Bnlllfxn) = T (Enxn + (1= En)xnaa || + ABntillxXnst — x|
+¥Ynt1lll&Enrixngr + (1= Eny1)xni2 — Enxn — (1= En)xny1|
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+'YnHTn+1(E1nxn +(1— Ele)XTl+1) - Tn(anxn +(1— an)XnJrl)H

< g1 Xng1 = Xnl| +lons1 — an M+ Byt — BrIM +ABn 1| Xn1 — x|
+Yn 1 L[(1 = &np1) (Xn2 = Xni1) + En(Xni1 — x|
F Yl T (Enxn + (1= &n)xn1) = T (Enxn + (1= En)xnr1)|

< (an1 +ABnt1 + Ynr1l&n)[Xnt1 —xnll + Yn1 L1 — Eni)[[Xnt2 — Xn41 |
+ (ltng1 — anl+[Bny1 — Bnl)M
F YTV (Enxn + (1= En)xns1) = TH(Enxn + (1= En)xni) |

< (on+1 +ABn+1 + Yn+1l&n) [Xn+1 — Xnll + Vn1 L1 — Enpa) [[xn+2 — Xnal

+ (lotni1 — nl + [Brs1 — Bnl)M + sup [T x —T™x]|.
xeC’

It turns out that

1 _’Yn—o—ll—(l - €n+1)] ”Xn+2 — Xn+1 ” < (o‘n—i—l + }\Bn—o—l +Yn+1l—an) Hxn+1 - Xn”
+ (Jotn+1 — onl + 1Bni1 — Bnl)M + sup [T x —T™x|,
xeC’
and moreover,

Xn+2 — Xn1]]
i1+ ABnt1 +¥Yni1lén M
Xnal—Xnll +
1—vn1L(1—&nyt) H nr nH 1—vn1l(1—=&npr
1

+ sup ||[T™1x — T™x
1—vn+1L(1 —&ny1) Xeg” H

—[1— Brnt+1(1—=A)+vnr1L(Ent1 —&n) —vYn+1(L— 1)]

1—vnp1L(1—E&ng1)

M 1
" 1 _Yn+ll—(1 - £n+1) (|(Xn+1 - (X“| + “5n+1 - Bn” +

. Bn—l—l[l _}\_T](I—_ 1)] +'Yn—|—1L(‘t—.n+l —&n
1—vn1L(1—&ns)

(|(Xn+1 — xn|+ H5n+1 - Bn” +

<

] (lons1 — ol + [Brs1 — Bl

sup [T lx — Tnx
T vl — ) 2 ”

< AT

n M
1 _Yn+1l—(1 - £n+1)
Substitute (2.4) into (2.3), we get

A
ﬂ + (1 _
1—ani1 1— o1
Yn41L(1 = &np1)M

sup [T — T
1—vniL(1—&ny1) Xeg | |

Bn—!—l )I—an‘f‘(l Bn+1

||Un+1_ynH < [ )L(1_£n+l)]HXn+1_XnH

1—ont1

(lotn 1 — onl 4+ [Brst — Bnl) + sup [T x — T

= )T — Yre L — ey sup,

* (1— “n:/;;ali(ﬁl/;jzal)— En1)] f?g [T+ =T + |1 ET;:H 1 ET:xn M
_ ABni1 +Yn+1]i£_n;1:1x+ﬂ_(1 —&nt1) st —xn + |1 Ew;;lﬂ - Er:xn M

BT ylnHm “Eo S T =T

i Yn1L(1 =& )M

(1 - o‘n+1)[1 _Yn+1L(1 - E,n+l)] (|an+l B (Xn| * |Bn+1 o Bn”

< ABny1+v¥Yniil
h 1—anp

Bn+1 Bn

—Ony1 1—an

a1 =l 15 M
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1
+ sup [T 1x — T™x
= o) —vmr LA — e S0 |

Yn+1L(1 =& 1)M B -
A al—y 1 =y o = el + Bt = Bl
BTI+1 ﬁn

(1_}\)Bn+1_yn+1“—_1 .
1—oani1 —0np1 1—an
1
+ sup [T Hx — Tx
R v T R |

Yn1L(1—En )M B -
* (1_“n+1)[1—Yn+1L(1—£n+l)] (|o‘n+1 an|+|ﬁn+l Bn”
Bn+1 ﬁn

[1_7\_H(L_1)]Bn+l .
1—oni1 —0np1 1—an
1
+ sup ||[T™ 1x — T™x
(1*o‘n—o—l)[l*Yn—i—lL(l*Evn—i—l)] xg(lj)/ ” H
Yn+1L(1 = &Enp1)M

T s ) Lyt L1 — &) (1~ Ol B = Bl

=[1- M

Dt sr = el +

=[1— M

1 =l +15

By conditions (i) and (ii), we can get

limsup(|[yn+1 —Ynl = [[Xn+1 —xnl) <O.
n—oo

Applying Lemma 1.3, we have

T}gréo [yn —xn| =0.

Note that
Xn41—Xn

Yn T = 1—oan

So we obtain
lim [|xn 41— xn || = 0.
n—oo

Step 3: Next we prove that limn_,« ||[Xxn — Txn || = 0. In fact, we observe

Xn1 =T (Enxn + (1= &n)xni1)]|

= lonxn + Bnflxn) — on T (Enxn + (1= En)xng1) = Bn T (Enxn + (1 —En)xnp1)|

= [latnlen = T (Enxn + (1= En)xns1)] + Buf(xn) = T (Enxn + (1= En)xn )]

< otn||Xn = Xna1l] F xnl[Xng1 = TH(Enxn + (1= En)xnp) | + Brllf(xn) = TH(Enxn + (1= En)xni1)|,

which implies that
(1— O‘n)HXn—O—l - Tn(anxn +(1— an)xn—l—l)H < O‘nHXn _Xn—|—1H + Ban(Xn) - Tn(&nxn +(1— ((—.n)xn—o—l)H-

That is

In ”Xn - X'rx+1|| + Pn Hf(xn) - Tn(inxn + (1 - Eyn)xn—o—l)”'

Hxn+1—Tn(énxn—i-(l—fm)xnﬂ)” < 1_O(n 1—0(n

By conditions (i), (ii), and applying Step 2, we get

HXn+1 — T (Enxn+(1— En)xn+1)H —0,(n — oo). (2.5)
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And, moreover, we have
[Xn = T™%n | = [[xn —%n41 + X1 = T (Enxn + (1= En)xnp1) + THEnxn + (1= En)xn 1) — T x|
< =Xl + X1 = T (Enxn + (1= &)X ) |+ [T (Enxn + (1= En)xn 1) — T x|
< Ixn = xna1ll + %1 = T (Enxn + (1 — En)xna1) || + LIEnxn + (1 — & )xni1 — Xn ||
= |xn = Xn1ll + [xns1 = T (Enxn + (1= En)xn ) |+ L1 — &) [IXng1 — xn |
=(1+L(1—&n)) Ixn —Xna1ll + IXnt1 — T (Enxn + (1 — En)xnt1) |-

In view of Step 2 and (2.5), we have
[Xn = T"xn|| = 0, n — oo. (2.6)
Since T is uniformly L-Lipschitzian, we derive

Hxn — TXTLH = ||Xn - Tnxn + Tnxn - TXnH

n =T ||+ [T — T |

[ — T 4+ LT T — X

Xn = T+ LT ey =T I+ T X1 — X1+ X1 — Xa|

|
lxn — T™xn || + LHT“_lxTL — T %0 || + LHT“_lxn,l —Xn_1|| + L||*n—1—xn]|
|
|

N

X =T+ L% = X1l + LT o1 = xn— ||+ Llxn—1 = xn|

X = T+ LT %1 = Xn—1 | + (L 4+ L) xn—1 = xnl.

NN NN N

By Step 2 and (2.6), we have
|Xn — Txn|| = 0,n — oo.

Step 4: We claim that limsup, . ((I—f)p,j(p —xn)) <O.
Since xn, is bounded and C is a reflexive Banach space, there exists a subsequence of x,, which con-
verges weakly to u, we assume that x,,, — u. And

k11_1>r010<(1 —fp,ilp _Xnk)> = limsup<(1 —f)p,j(p —xn))-

n—o0

Since C is a smooth Banach space, it follows from Step 3 that limy_, « ||Xn, — TXxn, || = 0. From Lemma 1.2,
we have u € F(T). On the other hand, since p € F(T) satisfies

(I=1p,jlp —u)) <0, YueKT),
by weakly sequential continuous duality mapping, we have

limsup((I—f)p,j(p —xn)) = 131_{20<(I_ﬂp’j(p —Xn, )) = ((I—=1F)p,jlp—u)) <O0.

n—oo

Step 5: Finally, we show that x,, converges strongly to p € F(T). We get

[Xn+1 _p”Z = (anXn + Bnflxn) + Yn T (Enxn + (1= En)xns1) — P, i (Xns1 —P))
= on(xn —P,i(xn+1—P)) + Bn{f(xn) —P,i(xn+1—p))
F Y (T (Enxn + (1 =& )Xng1) =P, i (Xn1 —P))
< on(xn =P, i(xn41 —P)) + Bn(f(xn) —f(p), i(Xn+1—P))
+Bnlf(P) =P, i (xnt1 = P)) +¥Yn (T (Enxn + (1 — En)xnt1) — P, i (Xns1 —P))
< ot [[xn = pll[xns1 =Pl + BnAllxn = PlllIxXn+1 =Pl
+ Bn(f(p) =P, i(xnt+1 —P)) + ¥nLl[&nxn + (1 = En)xni1 — plllxn+1 — Pl
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< onxn = pllIxnt1 =Pl + BrAlxn = Plllxn+1 =Pl + Bnlf(p) =P, i(xni1 —p))
+¥YnLénllxn —pl[xXn1 =Pl +ynL(l = &n)llxn+1 —pl?
- [o‘n + Bn}\ +'YnLE,n]HXn _pHHXn+1 _pH +YnL(1 - E»n)Hanrl _P||2
+ Bn(f(p) =P, i(Xxns1—P))
< EntBnd EYnLEn |24 Zn Pl Yt
+YnL(1 = &n)l[xn41 _pH2 + Bn(f(p) =P, i(xn+1 —P))
_ On+ BnA+vnLlén 2, o+ PBrA+yYal(2—En
- bl .
+ Bn<f(p) _prj(xn+1 —P)>,

Ixn+1 =Pl

)
Ixn1 —plI?

which implies

otn + BnA+vYnlén

on + PBrA+ynl(2—E& ‘
[1— o Bn 2YTL ( n)]HXn—O—l_pHZ < 2 ||Xn_pH2+Bn<f(p)—p,](xn+1—p)>
That is
2 n + PrA+ynlén 5
—_ < .
Hxn—H PH 2 —an _}\Bn —YnL(z—E,n) ||Xn_|_1 p”
2Bn ,
+ f(p)—p,i(x _
2=t A — a2 — &) PPl ) o
= [1_ 2(1 — On _}\BH_YTLI—) ]HX 1 _pHZ '
2—0n —ABn—vYnL(2—E&n) nt
2B _
+ f —p,ilx _ )
2_(Xn_}\[3n_,ynl’_(2_an)< (p) P J( n+1 P)>
Let
Qo = 2(1—otn —ABn —vynl)
T 2— oty —ABn—YnL(2—&n)’
We have

an = 1—on —ABn —YnL=PBn(l—A)—yn(L—-1) > (1 -A)Bn.

We claim that Z° 0, = oo. By Step 4, we get ((I—f)p,j(p—y)) <0, Vy € F(T). Apply Lemma 1.1
to (2.7), we conclude that limn_, ||[xn — p|| = 0. This finishes the proof. O

Theorem 2.2. Let E be a reflexive smooth Banach space with a weakly sequential continuous duality mapping J, C a
nonempty bounded and closed convex subset of E, and Let T : C — C be an asymptotically nonexpansive mapping
with a sequence {kn} such that F(T) # ( and f : C — C be a contraction with coefficient N € (0,1). Pick
any xg € C, let xn, be a sequence generated by

Xnt1 = &nXn + Pnf(xn) + Yn T (Enxn + (1 — &En)Xnt1),

where {otn }, {Bnl}, {yn} {&n} C (0,1), satisfying the following conditions:

1) on +Bn+vn=Llimy 0 Bn =0,vn =MPn,0<n< %}

(i) 0 <liminfy ;o otn <limsup, ,  on <1, limp oo lotny1 — anl = 0,limn 00 [Bri1 — Bnl =0;
(iii) L% oBn = 00,0 < &n < Ens1 < Lyn(1—&n) < &
(iv) limp o0 [|[T" 1% —Tx|| = 0,x € C’, where C’ is any bounded subset of C for all n. > 0.
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Then {xn} converges strongly to a fixed point p of the asymptotically pseudocontractive mapping T, which solves the
variational inequality:
(I=Fp,jlp—y)) <0, Yy e F(T).

Theorem 2.3. Let E be a reflexive smooth Banach space with a weakly sequential continuous duality mapping J, C a
nonempty bounded and closed convex subset of E, and Let T : C — C be an asymptotically nonexpansive mapping
with a sequence {kn} such that F(T) # () and f : C — C be a contraction with coefficient A € (0,1). Pick
any xg € C, let xn, be a sequence generated by

Xn4+1 = GnXn + an(xn) + 'YnTn(((—ann +(1— ZC'.n)xn+1)/

where {otn }, {Pn), {yn} {&n} C (0,1), satisfying the following conditions:

(i) an +Bn+vn =1Llmn 00 Bn =0,kn —1=0(Bn);

(i) 0 <liminf, ;o 0t <limsup, | an <1, limp oo fotnitr — | =0,limy 00 [Bry1 — Bnl =0;
(iil) % oBn = 00,0 < &n <E&ny1 <L yn(1—&n) < &
(iv) limp o0 [|[T" % —Tx|| = 0,x € C’, where C’ is any bounded subset of C for all n. > 0.

Then {xn} converges strongly to a fixed point p of the asymptotically pseudocontractive mapping T, which solves the
variational inequality:
(T=)p,jlp—y)) <0, Wy € K(T).

Theorem 2.4. Let E be a reflexive smooth Banach space with a weakly sequential continuous duality mapping J, C a
nonempty bounded and closed convex subset of E, and Let T : C — C be a uniformly L-Lipschitzian asymptotically
pseudocontractive mapping with a sequence {kn} such that F(T) # 0. Pick any xo € C, let xn, be a sequence
generated by

Xn+1 = GnXn + Bru+ 'YnTn(Eann +(1— E.n)xn—l—l)/

where {otn }, {Pn}, {yn} {&n} C (0,1), satisfying the following conditions:
i) on +Bn+vn=Llimy 0 Bn =0,vn =1Pn,0<n< %}
(i) 0 <liminfy ;o ot <limsup, | on <1, limpy oo fonitr — ol =0,limpy 00 [Bry1 — Bnl = 0;
(111) Z?:()ﬁn =00,0< &n < E»n+1 < 1/Yn(1 - E»n) < %}
(iv) limn oo [|[ T Ix — T™x|| = 0,x € C’, where C’ is any bounded subset of C for all n > 0.
Then {xn} converges strongly to a fixed point p of the asymptotically pseudocontractive mapping T.

Proof. In this case the map f: C — C defined by f(x) = u, Vx € C is a strict contraction with constant A =
0. The proof follows from Theorem 2.1 above. O

Remark 2.5. Since every nonexpansive mapping is asymptotically nonexpansive and an asymptotically
nonexpansive mapping is both asymptotically pseudocontractive and uniformly L-Lipschitzian, in Theo-
rems 2.1 and 2.2, if T is a nonexpansive mapping in Hilbert spaces, then it is the main results of Yu et al.
[15]. Thus, Theorem 2.1 improves and extends the Yu et al.’s theorem in several respects and improves
some other results (see [1, 5,7, 8, 11, 12, 14]).

Remark 2.6. We note that, in Theorems 2.2 and 2.3, We can choose condition k,, —1 = o(3«,) replaced the

requirement yn =1fn,0<n < % However, the proof is similar to Theorem 2.1 above.

Remark 2.7. In Theorem 2.4, if &, = 0, then {x,} converges strongly to a fixed point of T. It is the main
results of Yao et al. [13].
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