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Abstract

We introduce (k; s)-fractional integral operator involving (k, τ)-hypergeometric function and the Riemann-Liouville left-
sided and right-sided (k; s)-fractional integral and differential operators. Then we present several useful and interesting results
involving the introduced operators. Also, the results presented here, being general, are pointed out to reduce to some known
results. c©2017 All rights reserved.
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1. Introduction and preliminaries

The generalized hypergeometric function pFq and its various extensions are well-known to have
played important roles in applications in a wide range of research fields such as (for example) math-
ematical physics and engineering (see, e.g., [4, 5, 18]). The generalized hypergeometric series pFq is
defined by (see [12, p. 73]; see also [21, Section 1.5]):

pFq

[
α1, . . . , αp ;
β1, . . . , βq ;

z

]
=

∞∑
n=0

(α1)n · · · (αp)n
(β1)n · · · (βq)n

zn

n!

= pFq(α1, . . . , αp; β1, . . . , βq; z),

(1.1)

where (λ)ν denotes the Pochhammer symbol defined (for λ, ν ∈ C), in terms of the familiar Gamma
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function Γ , by

(λ)ν :=
Γ(λ+ ν)

Γ(λ)
=

{
1 (ν = 0; λ ∈ C \ {0}),
λ(λ+ 1) · · · (λ+n− 1) (ν = n ∈N; λ ∈ C).

Here and in the following, let C, R, R+, Z, and N be sets of complex numbers, real numbers, positive
real numbers, integers, and positive integers, respectively, and

R+
0 := R+ ∪ {0}, Z−

0 := Z \ N, and N0 := N∪ {0}.

Here p and q are positive integers or zero (interpreting an empty product as 1), and we assume (for
simplicity) that the variable z, the numerator parameters α1, . . . , αp, and the denominator parameters β1,
. . . , βq take on complex values, provided that no zeros appear in the denominator of (1.1), that is,

(βj ∈ C \ Z−
0 ; j = 1, . . . ,q).

For the detailed convergence of pFq, one may be referred, for example, to [21, Section 1.5]. The special
case of (1.1) when p = 2 and q = 1 is usually called Gauss’s hypergeometric function or series.

Diverse generalizations of the Gauss hypergeometric function 2F1 have been presented by many
authors (see, e.g., [2, 13, 15–17, 23–25]). Among other things, we choose to recall the following τ-
hypergeometric function (see [23])

2R1(α,β;γ; τ, z) =
Γ(γ)

Γ(β)

∞∑
n=0

(α)nΓ(β+nτ)

Γ(γ+nτ)

zn

n!
,
(
γ ∈ C \ Z−

0 ; |z| < 1; τ ∈ R+
)

.

If <(γ) > <(β) > 0, an integral representation of 2R1(α,β;γ; τ, z) is given as follows:

2R1(α,β;γ; τ, z) =
Γ(γ)

Γ(β)Γ(γ−β)

1∫
0

tβ−1(1 − t)γ−β−1(1 − ztτ)−αdt, (1.2)

or, equivalently,

2R1(α,β;γ; τ, z) =
Γ(γ)

τΓ(β)Γ(γ−β)

1∫
0

t
β
τ−1(1 − t

1
τ )γ−β−1(1 − zt)−αdt. (1.3)

The integral representation (1.2) or (1.3) when τ = 1 reduces to the classical Euler’s integral representation
of 2F1(α,β;γ; z) (see, e.g., [21, p. 65]).

Rao et al. [15] obtained many properties for the τ-hypergeometric function 2R1(α,β;γ; τ; z). Recently,
many researchers have investigated fractional integral operators associated with Mittag-Leffler type func-
tions (see, e.g., [10, 20, 22]).

Dı́az and Pariguan [1] found that the following expression:

(x)n,k := x(x+ k)(x+ 2k) · · · (x+ (n− 1)k), (1.4)

has appeared repeatedly in a variety of contexts such as combinatorics of creation and annihilation oper-
ators and perturbative computation of Feynman integrals. Motivated by this observation, they [1] might
use the Gauss’s form of the Gamma function (see [21, Eq. (6), p. 2]) to introduce the so-called k-gamma
function Γk(z) defined by

Γk(z) = lim
n→∞ n! kn (nk)

z
k−1

(z)n,k
,
(
k ∈ R+; z ∈ C \ kZ−

0

)
. (1.5)

Starting from this definition, they [1] presented a number of properties for the k-Gamma function some
of which are recalled:

Γk(z+ k) = z Γk(z), and Γk(k) = 1, (1.6)
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the Euler’s integral form:

Γk(z) =

∫∞
0
tz−1 e−

tk

k dt,
(
k ∈ R+; <(z) > 0

)
. (1.7)

The k-Pochhammer symbol (λ)n,k is defined (for λ, ν ∈ C; k ∈ R+) by

(λ)ν,k : =
Γk (λ+ νk)

Γk (λ)
(λ ∈ C \ {0})

=

{
1 (ν = 0) ,
λ (λ+ k) · · · (λ+ (n− 1) k) (ν = n ∈N) .

From (1.7), it is easy to find the following relationship between the Gamma function Γ and the k-Gamma
function Γk:

Γk(z) = k
z
k−1 Γ

( z
k

)
. (1.8)

For (1.4), (1.5), (1.6), (1.7), (1.8), see also [9]. The k-beta function Bk(α,β) is given by (see, e.g., [1])

Bk(α,β) =


1
k

∫1
0 t

α
k−1 (1 − t)

β
k−1 dt,

Γk(α) Γk(β)
Γk(α+β)

,
(min {<(α), <(β)} > 0) . (1.9)

They [1] used the k-Pochhammer symbol to define the following k-hypergeometric function

2F1,k(α,β;γ; z) =
∞∑
n=0

(α)n,k(β)n,k

(γ)n,k

zn

n!
,
(
γ ∈ C \ Z−

0 ; |z| < 1; k ∈ R+
)

. (1.10)

Mubeen and Habibullah [6, 7] introduced the so-called k-fractional integral with the aid of the k-
gamma function and provided certain integral representations of generalized k-hypergeometric functions
and k-confluent hypergeometric functions. In fact, they [6, 7] defined the k-fractional integral by

Iαk (f(x)) =
1

kΓk(α)

x∫
o

(x− t)
α
k−1f(t)dt,

(
k ∈ R+; <(α) > 0

)
,

whose special case when k = 1, obviously, reduces to the familiar Riemann-Liouville fractional integral
(see, e.g., [3, p. 69])

Iα(f(x)) =
1
Γ(α)

x∫
o

(x− t)α−1f(t)dt, (<(α) > 0) .

They [6, 7] presented the following k-fractional integral formulas:

Iαk

(
x
β
k−1
)
=

Γk(β)

Γk(α+β)
x
α
k+

β
k−1,

and

Iαk

(
(x− u)

β
k−1
)
=

Γk(β)

Γk(α+β)
(x− u)

α
k+

β
k−1.

Very recently, Sarikaya et al. [19] have introduced the (k; s)-Riemann-Liouville fractional integral of
order µ > 0 defined by

s
kI
µ
a+f(x) =

(s+ 1)1−µ
k

kΓk(µ)

x∫
a

(xs+1 − ts+1)
µ
k−1tsf(t)dt,

(
x ∈ [a,b]; k ∈ R+; s ∈ R \ {−1}

)
, (1.11)
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where [a,b] is a closed bounded interval on the real line (−∞,∞). They [19] obtained the following
formula

s
kI
µ
a+

[
(ts+1 − as+1)

λ
k−1
]
=

Γk(λ)

(s+ 1)
µ
k Γk(λ+ µ)

(
xs+1 − as+1)λ+µk −1

. (1.12)

Rahman et al. [11] defined the following (k, τ)-hypergeometric function 2R1,k(a,b; c; τ; z):

2R1,k(α,β;γ; τ; z) =
Γk(γ)

Γk(β)

∞∑
n=0

(α)n,kΓk(β+nτk)

Γk(γ+nτk)

zn

n!
,
(
k, τ ∈ R+; |z| < 1

)
, (1.13)

whose special case when τ = 1, obviously, reduces to the k-hypergeometric function 2F1,k(α,β;γ; z) in
(1.10). They [11] presented an integral representation and recurrence relations for the generalized k-
hypergeometric function 2R1,k(a,b; c; τ; z).

It is also noted that Mubeen et al. [8] presented some properties of the generalized k-hypergeometric
function and introduced its k-fractional integration and derivation.

Here we give a slight extension of the generalized k-hypergeometric function (1.13) as in the following
definition.

Definition 1.1. Let α, β, γ, µ, ν ∈ C such that the following summation can be defined.

3R2,k(α,β,γ;µ,ν; τ, ρ; z) :=
Γk(µ)Γk(ν)

Γk(β)Γk(γ)

×
∞∑
n=0

(α)n,kΓk(β+nτk) Γk(γ+nρk)

Γk(µ+nτk) Γk(ν+nρk)

zn

n!
,
(
k, τ, ρ ∈ R+; |z| < 1

)
.

(1.14)

2. (k; s)-fractional integrals and differentials of the generalized k-hypergeometric function

Here, we introduce (k; s)-fractional integrals and (k; s)-fractional differentials involving the general-
ized k-hypergeometric function 2R1,k(a,b; c; τ; z). We also present certain properties for the introduced
fractional integrals and fractional differentials.

Definition 2.1. Let k, τ ∈ R+, x ∈ [a,b], and s ∈ R \ {−1}. Also, let α, β, γ, ρ, ω ∈ C with

min {<(α), <(β), <(γ), <(ρ)} > 0.

We define the following generalized (k; s)-fractional integral by

(sk<
ω;α,β;ρ
a+;τ,γ f)(x) :=

1
k

x∫
a

(
xs+1 − ts+1)γk−1

2R1,k

(
α,β;γ; τ;ω

(
xs+1 − ts+1)ρ) ts f(t)dt. (2.1)

The case s = 0 of (2.1) reduces to the known fractional integral operator (see [8])

(k<
ω;α,β;ρ
a+;τ,γ f)(x) =

x∫
a

(x− t)
γ
k−1

2R1,k (α,β;γ; τ,ω(x− t)ρ) f(t)dt,

whose further special case when k = 1 reduces to the known fractional integral operator (see [14])

(<ω;α,β;ρ
a+;τ,γ f)(x) =

x∫
a

(x− t)γ−1
2R1(α,β;γ; τ,ω(x− t)ρ) f(t)dt.

We also introduce (k; s)-fractional integrations and (k; s)-fractional differentiations which are denoted
by s

kI
µ
a+, skI

µ
a− and Dµρ+,k, Dµρ−,k, respectively. We call skI

µ
a+ and s

kI
µ
a− the left-sided and right-sided
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Riemann-Liouville (k; s)-fractional integral operators, respectively, and Dµρ+,k and Dµρ−,k the left-sided
and right-sided Riemann-Liouville (k; s)-fractional differential operators, respectively. To do this, we recall
the following class L(a,b) of Lebesgue measurable real or complex-valued integral functions defined on
the closed interval [a,b] on the real line R:

L(a,b) :=

φ : [a,b]→ C :

b∫
a

|φ(τ)|dτ <∞
 .

Definition 2.2. Let f ∈ L(a,b), s ∈ R \ {1}, µ ∈ C with <(µ) > 0, k ∈ R+, and x > a. Then we define the
Riemann-Liouville left-sided (k; s)-fractional integral operator of order µ by

s
a,kD

−µ
x f(x) =sa,k Iµxf(x) =

s
k Iµa+f(x)

= (skI
µ
a+f)(x) =

(s+ 1)1−µ
k

kΓk(µ)

x∫
a

f(t)

(xs+1 − ts+1)1−µ
k

dt.
(2.2)

Similarly, with the same conditions as above except for x < b, we define Riemann-Liouville right-sided
(k; s)-fractional integral operator of order µ by

s
ρ,kD

−µ
b f(x) = s

ρ,kI
µ
bf(x) =

s
k Iµb−f(x) = (skI

µ
b−f)(x)

=
(s+ 1)1−µ

k

kΓk(µ)

b∫
x

f(t)

(xs+1 − ts+1)1−µ
k

dt.

Definition 2.3. Let s ∈ R \ {1}, k ∈ R+, µ ∈ C with <(µ) > 0 and n := [<(µ)] + 1. Then the Riemann-
Liouville left-sided and right-sided (k; s)-fractional differential operators are defined, respectively, by

(skD
µ
a+f)(x) =

(
1
xs

d

dx

)n (
kn skI

nk−µ
a+ f

)
(x), (2.3)

and

(skD
µ
a−f)(x) =

(
−

1
xs

d

dx

)n (
kn skI

nk−µ
a− f

)
(x). (2.4)

Setting s = 0 in (2.3) and (2.4) yields those in [8]. Setting k = 1 and s = 0 in Definitions 2.2 and 2.3
reduces to the familiar Riemann-Liouville left-sided and right-sided fractional integrals and derivatives
(see [14]).

Theorem 2.4. Let k, τ, ρ ∈ R+, s ∈ R \ {−1}, and m ∈ N. Also, let x, a ∈ R with x > a and x 6= 0. Further,
let α, β, τ, ω, c ∈ C be such that the involved summations can be defined. Then(

1
xs
d

dx

)m {
(xs+1 − as+1)

c
k−1

2R1,k
(
α,β;γ; τ,ω(xs+1 − as+1)ρ

)}
=

Γk(c)

Γk(c−mk)

(s+ 1)m

km

(
xs+1 − as+1) ck−m−1

× 3R2,k

(
α,β, c;γ, c−mk; τ, ρ;ω(xs+1 − as+1)ρ

)
.

(2.5)

Proof. Let L be the left-hand side of (2.5). Using (1.13) and interchanging the order of summation and
differentiation, we have

L =
Γk(γ)

Γk(β)

∞∑
n=0

(α)n,kΓk(β+nτk)

Γk(γ+nτk)

ωn

n!

×
{(

1
xs
d

dx

)m (
xs+1 − as+1)ρn+ c

k−1
}

.

(2.6)
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We find (
1
xs
d

dx

)m (
xs+1 − as+1)ρn+ c

k−1

= (s+ 1)m
(
ρn+

c

k
− 1
)
· · ·
(
ρn+

c

k
−m

) (
xs+1 − as+1)ρn+ c

k−m−1

= (s+ 1)m
Γ
(
ρn+ c

k

)
Γ
(
ρn+ c

k −m
) (xs+1 − as+1)ρn+ c

k−m−1
.

(2.7)

Using (1.8), we get
Γ
(
ρn+ c

k

)
Γ
(
ρn+ c

k −m
) =

Γk (c+nρk)

km Γk (c−mk+nρk)
. (2.8)

Combining (2.7) with (2.8) into (2.6), we obtain

L =
(s+ 1)m

km

(
xs+1 − as+1) ck−m−1

× Γk(γ)
Γk(β)

∞∑
n=0

(α)n,kΓk(β+nτk) Γk(c+nρk)

Γk(γ+nτk) Γk(c−mk+nρk)

{
ω
(
xs+1 − as+1

)ρ}n
n!

,

which, upon expressing in terms of (1.14), leads to the right-hand side of (2.5).

Theorem 2.5. Let k, τ ∈ R+ and s ∈ R \ {−1}. Also, let α, β, γ, µ ∈ C with <(µ) > 0 and n := [<(µ)] + 1.
Further, let ω ∈ C, x ∈ R, a ∈ R+

0 with x > a and∣∣∣ω (xs+1 − as+1)τ∣∣∣ < 1.

Then
s
kI
µ
a+

{
(ts+1 − as+1)

γ
k−1

2R1,k(α,β;γ; τ;ω(ts+1 − as+1)τ)
}
(x)

=
(xs+1 − as+1)

µ+γ
k −1Γk(γ)

(s+ 1)
µ
k Γk(γ+ µ)

2R1,k

(
α,β;γ+ µ; τ;ω

(
xs+1 − as+1)τ) ,

(2.9)

and
s
kD

µ
a+

{
(ts+1 − as+1)

γ
k−1

2R1,k(α,β;γ; τ;ω(ts+1 − as+1)τ)
}
(x)

=
(s+ 1)

µ
k Γk(γ)

Γk(γ− µ)

(
xs+1 − as+1)γ−µk −1

× 2R1,k

(
α,β;γ− µ; τ;ω

(
xs+1 − as+1)τ) .

(2.10)

Proof. Let L1 be the left-hand side of (2.9). By applying (2.2), we have

L1 =
(s+ 1)1−µ

k

kΓk(µ)

x∫
a

(
ts+1 − as+1

)γ
k−1

2R1,k
(
α,β;γ; τ;ω(ts+1 − as+1)τ

)
(xs+1 − ts+1)

1−µ
k

dt.

Using (1.13) to expand 2R1,k and interchanging the order of summation and integral, which is valid under
the given conditions here, we obtain

L1 =
(s+ 1)1−µ

k

kΓk(µ)

Γk(γ)

Γk(β)

∞∑
n=0

(α)n,kΓk(β+ τnk)

Γk(γ+ τnk)

ωn

n!

×
x∫
a

(ts+1 − as+1)
γ
k+τn−1

(xs+1 − ts+1)1−µ
k

dt.
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In terms of (2.2), we find

L1 =
Γk(γ)

Γk(β)

∞∑
n=0

(α)n,kΓk(β+ τnk)

Γk(γ+ τnk)

ωn

n!

{
s
kI
µ
a+

(
(ts+1 − as+1)

γ
k+τn−1

)}
.

Using (1.12) and making a suitable arrangement, we get

L1 =
(xs+1 − as+1)

µ+γ
k −1Γk(γ)

(s+ 1)
µ
k Γk(γ+ µ)

×

{
Γk(γ+ µ)

Γk(β)

∞∑
n=0

(α)n,kΓk(β+ τnk)

Γk(γ+ µ+ τnk)

(
ω(xs+1 − as+1

)τ
)n

n!

}
,

which, upon using (1.13), leads to the right-hand side of (2.9).
Let L2 be the left-hand side of (2.10). Using (2.3), we have

L2 =

(
1
xs
d

dx

)n {
kn skI

nk−µ
α+

(
(ts+1 − as+1)

γ
k−1

× 2R1,k

(
α,β;γ; τ;ω

(
ts+1 − as+1)τ))}(x).

Applying (2.9), we obtain

L2 =
kn Γk(γ)

(s+ 1)n−
µ
k Γk(γ+nk− µ)

(
1
xs
d

dx

)n { (
xs+1 − as+1)γ−µk +n−1

× 2R1,k

(
α,β;γ+nk− µ; τ;ω

(
xs+1 − as+1)τ)},

which, upon using (2.5), leads to the right-hand side of (2.10).

Setting s = 0 and k = 1 in (2.9) and (2.10) yields the known results (see [14]), which are recalled in the
following corollary.

Corollary 2.6. Let k, τ ∈ R+ and α, β, γ, µ ∈ C with <(µ) > 0. Also, let ω ∈ C, x ∈ R, a ∈ R+
0 with x > a

and |ω (x− a)τ| < 1. Then

Iµa+
{
(t− a)γ−1

2R1(α,β;γ; τ;ω(t− a)τ)
}
(x)

=
(x− a)γ+µ−1 Γ(γ)

Γ(γ+ µ)
2R1 (α,β;γ+ µ; τ;ω(x− a)τ) ,

and
Dµa+

{
(t− a)γ−1

2R1(α,β;γ; τ;ω(t− a)τ)
}
(x)

=
Γ(γ)

Γ(γ− µ)
(x− a)γ−µ−1

2R1 (α,β;γ− µ; τ;ω(x− a)τ) .

3. Some properties of the operator (2.1)

Here, we present certain interesting properties for the generalized (k; s)-fractional integral operator
(2.1).

Theorem 3.1. Let k, τ ∈ R+, x ∈ [a,b], and s ∈ R \ {−1}. Also, let α, β, γ, ω, µ ∈ C with min {<(γ), <(µ)} >
0. Then(

s
k<

ω;α,β;τ
a+;τ,γ

(
ts+1 − as+1)µk−1

)
(x) =

(
xs+1 − as+1

)γ+µ
k −1

s+ 1

× Γk(γ) Γk(µ)
Γk(γ+ µ)

2R1,k
(
α,β;γ+ µ; τ;ω(xs+1 − as+1)τ

)
.

(3.1)
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Proof. Let L be the left-hand side of (3.1). By using (2.1) and (1.13) and exchanging the order of summation
and integral, which is valid under the given conditions of this theorem, we have

L =
Γk(γ)

Γk(β)

∞∑
n=0

(α)n,kΓk(β+ τnk)

Γk(γ+ τnk)

ωn

n!
Ixa(γ,µ;k, τ; s), (3.2)

where

Ixa(γ,µ;k, τ; s) :=
1
k

x∫
a

(
ts+1 − as+1)µk−1

(xs+1 − ts+1)
γ
k+τn−1 ts dt.

Making a suitable substitution and using (1.9), we find

Ixa(γ,µ;k, τ; s) =

(
xs+1 − as+1

)γ+µ
k +τn−1

k(s+ 1)

∫ 1

0
v
µ
k−1 (1 − v)

γ+nτk
k −1 dv

=

(
xs+1 − as+1

)γ+µ
k +τn−1

s+ 1
Bk(µ,γ+nτk)

=

(
xs+1 − as+1

)γ+µ
k +τn−1

s+ 1
Γk(µ) Γk(γ+ τnk)

Γk(γ+ µ+ τnk)
.

(3.3)

Substituting (3.3) into (3.2) and expressing in terms of (1.13), we obtain the right-hand side of (3.1).

The next theorem shows that the two (k, s)-integral operators in (1.11) and (2.1) are commutative.

Theorem 3.2. Let k, τ ∈ R+, x ∈ [a,b], and s ∈ R \ {−1}. Also, let α, β, γ, µω ∈ C with

min {<(α), <(β), <(γ), <(µ)} > 0.

Then, for any f ∈ L(a,b), {
s
kI
µ
a+

(
s
k<

ω;α,β;τ
a+;τ,γ f

)}
(x) =

{
s
k<

ω;α,β;τ
a+;τ,γ

(
s
kI
µ
a+f

)}
(x). (3.4)

In particular, {
s
kI
µ
a+

(
s
k<

ω;α,β;τ
a+;τ,γ f

)}
(x) =

Γk(γ)

(s+ 1)
µ
k Γk(γ+ µ)

(
s
k<

ω;α,β;τ
a+;τ,γ+µf

)
(x). (3.5)

Proof. Let L and R be the left-side and the right-side of (3.4), respectively. We find from (1.11) and (2.1)
that

L =
(s+ 1)1−µ

k

k2 Γk(µ)

∫x
a

(
xs+1 − ts+1)µk−1

{∫t
a

(ts+1 − us+1)
γ
k−1

× 2R1,k(α,β;γ; τ;ω(ts+1 − us+1)τ)us f(u)du

}
ts dt.

Changing the order of integrals, we have

L =
1
k

∫x
a

{
(s+ 1)1−µ

k

k Γk(µ)

∫x
u

(
xs+1 − ts+1)µk−1 (

ts+1 − us+1)γk−1

× 2R1,k
(
α,β;γ; τ;ω(ts+1 − us+1)τ

)
ts dt

}
us f(u)du.
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Let ts+1 − us+1 := λs+1. We get

L =
1
k

∫x
a

{
(s+ 1)1−µ

k

k Γk(µ)

×
∫λ0

0

(
λs+1

)γ
k−1

2R1,k
(
α,β;γ; τ;ω(λs+1)τ

)
(xs+1 − us+1 − λs+1)

1−µ
k

λs dλ

}
us f(u)du,

where
λ0 :=

(
xs+1 − us+1) 1

s+1 .

Using (2.2), we obtain

L =
1
k

∫x
a

{
s
kI
µ
0+

(
λs+1)γk−1

2R1,k
(
α,β;γ; τ;ω(λs+1)τ

) }
(λ0)u

s f(u)du.

Applying (2.9), we get

L =
Γk(γ)

(s+ 1)
µ
k Γk(γ+ µ)

{
1
k

∫x
a

(
xs+1 − us+1)γ+µk −1

× 2R1,k

(
α,β;γ+ µ; τ;ω

(
xs+1 − us+1)τ) us f(u)du}.

Expressing the last integral in terms of (2.1), we obtain

L =
Γk(γ)

(s+ 1)
µ
k Γk(γ+ µ)

(
s
k<

ω;α,β;τ
a+;τ,γ+µf

)
(x).

This proves (3.5).

A similar argument as above gives

R =
Γk(γ)

(s+ 1)
µ
k Γk(γ+ µ)

(
s
k<

ω;α,β;τ
a+;τ,γ+µf

)
(x).

This completes the proof.

4. Concluding Remarks

Here, we introduced the generalized (k, s)-fractional integral operator involving τ-Gauss hypergeo-
metric k-function (see [11]) and the Riemann-Liouville left-sided and right-sided (k; s)-fractional integral
and differential operators of order µ. The results presented here when s = 0 and (s,k) = (0, 1) reduce
to some known identities in [8] and [14], respectively. Also, setting τ = 1 in the results here yields some
corresponding identities involving the k-hypergeometric function 2F1,k(a,b; c; z).
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