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Abstract

Following the study for the best proximity points of the Suzuki type ot-0-proximal single-valued mappings given by
Hussain et al., we deal with the Suzuki type o™ -6-proximal multivalued mappings satisfying generalized conditions of existence,
some novel existence results of best proximity point and coupled best proximity points are established. Our results improve and
extend some recent results in the previous work. (©2017 All rights reserved.
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1. Introduction

Employing the limit of Picard iterates, the classical Banach’s contractive principal verifies the existence
and uniqueness of the fixed point equation Tx = x, where T is a self-mapping on a complete metric space
X and x € X. However, if T a non-self-mapping from A to B, where A,B are two nonempty subsets of
X, then d(x,Tx) > dist(A, B), the equation Tx = x has no solution, naturally, in this case, one usually
hopes to find an element x € A closing Tx such that the error d(x, Tx) is minimal, that is, to consider
the existence of optimal approximate solutions for such fixed point equations. A problem arises: Is there
such point satisfying d(x, Tx) = dist(A, B)?

In other words, does an element x € A with the minimum dist(A, B) error d(x, Tx) exist?

For the sake of clearness in the introduction, we give some notations which will be used in the sequel:
Let (X, d) be a metric space and A,B C X,

dist(A,B) =inf{d(x,y) : x € A,y € B},D(x,B) = inf{d(x,y) : y € B},
Apg={a € A:d(a,b) =dist(A,B) for some b € B},
By ={b € B:d(a,b) =dist(A, B) for some a € A}.

For any two nonempty sets A and B in a metric space (X, d), the point a € Ay is called a best proximity
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point of the mapping T : A — B, if d(a,Ta) = dist(A,B). In 1969, addressing the problem above,
Fan [5] established a classical best approximation theorem. Afterward, the existence and convergence
of best proximity points have become interesting topics of optimization theory which recently attracted
the attention of many authors, they devote themselves to the investigate of best proximity points of
mappings in a variety of settings and have given many extended results for Fan’s Theorem [2—4, 8, 10, 14—
19, 21, 22, 24, 26]. These extensions mainly lie in two aspects, the one comes from the development of
spaces, the other comes from the change of mappings, that is, under various of contractive conditions
for certain spaces, the proximity points are considered. Especially, best proximity theorems also serve as
a natural generalization of fixed point theorems, if the mapping under consideration is a self-mapping.
If we take Tas T : A x A — B, thatis, T is a two-variable mapping, such pair point (x,y) satisfying
d(x, T(x,y)) = d(y, T(y,x)) = dist(A,B) is called coupled best proximity point. As a result, some best
proximity results were further generalized into coupled best proximity results when considering the
two-variable mappings. If ones extend the class of single-valued mappings to the class of multivalued
mappings T : A — 2B\{0} and moreover, the class of one-variable multivalued mappings to the class of
two-variable multivalued mappings T : A x A — 2B\{f}}, then the situation is getting more complicated
and the results of proximity points are more generalized. In this paper, we focus our attentions on the
study of one-variable and two-variable multivalued mappings.

Some problems of fixed points of either single-valued or multivalued mappings involving «-admissible
have become a hotspot research since Samet et al. [20] introduced the notion of x-admissible in 2012, for
example, following Samet’s definition, Latif et al. [9] defined the concept of («,1)-Meir-Keeler self-
mappings. Redjel et al. [13] introduced a concept of (x,)-Meir-Keeler-Khan mappings, we also defined
the class of («,1)-Meir-Keeler-Khan multivalued mappings recently [25]. Hussain et al. [6] introduced
the concept of proximal a™-admissible and introduced new Suzuki type contractions and proved new
best proximity results for these contractions in the setting of a metric space, they dealt with best proxim-
ity theorems for Suzuki contractions involving the 6 function which was introduced by Jleli and Samet
[7]. Sintunavarat and Kumam [23] introduced the concept of coupled best proximity point and proved
the coupled best proximity theorem for involving cyclic contractions. Recently, Nantadilok [11] estab-
lished coupled best proximity point theorems for multivalued mappings via «-admissible notion and 1
function.

In this paper, we devote ourselves to study the existence of coupled best proximity point and best
proximity point of the new types of proximal multivalued mappings. In Section 2, we present some
preliminaries and recall the results for o -0-proximal single-valued mappings. In Section 3, inspired and
motivated by Hussain et al. [6], Sintunavarat et al. [23], Jleli et al. [7], and Nantadilok [11], we define
the notion of a™-0-proximal multivalued mapping for one-variable and two-variable and explore the best
proximity point theorem and the coupled best proximity point theorem for the class of «*-8-proximal
multivalued mappings in this paper. The existence theorems of coupled best proximity points for two-
variable «*-0-proximal multivalued mappings with the hypothesis of continuity or regularity and the
best proximity point results for one-variable a*-0-proximal multivalued mappings with the hypothesis
of continuity or regularity are established, respectively. These more generalized results extend and gen-
eralize the main results of Hussain et al., Nantadilok, and Jleli et al. in the literatures [6, 7, 11, 23, 24]. We
also provide an example to show the generality and effectiveness of our results.

2. Preliminaries

As the preliminaries, we review some definitions (see [6, 9, 12] and references therein).

Definition 2.1 ([6]). Let T be a self-mapping on a nonempty set X and « : X x X — [—00,+00) be a
mapping. The mapping T is said to be proximal «™-admissible, if the following condition holds:

a(x,y) =0,
d(u1,TX1) = dlSt(A/B)/ = a’(ull uZ) 2 O/
d(uy, Txp) = dist(A, B),
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for all x1,%2,uq,ur € A.

Definition 2.2 ([12]). For nonempty subsets A, B of a metric space (X, d) with Ay # (), we say the pair
(A, B) satisfies
(a) the P-property, if
d(xlryl) = dlSt(A, B)r
d(XZIyZ) - dlSt(A/ B)/
for all x1,x2 € Ag and y1,ys € Byg;

} = d(x1,x2) = d(y1,Y2),

(b) the weak P-property, if for any x1,x2 € Ag and yi1,y2 € B,

d(xl/yl) - dlSt(A/ B)/

d(x2,y2) = dist(A, B), } = d(x1,x2) < d(y1,Y2)-

Jleli and Samet [7] introduced a new type of contractive maps related to 0 functions and established
some fixed point results for such mappings. In this section, we deal with coupled best proximity theorems
and best proximity theorems for Suzuki type contractions involving the 6 functions.

We denote by © the family of all functions 0 : (0,00) — (1, 00) satisfying the following conditions:

(©1) 6 is nondecreasing;
(©y) for each sequence {f}°_, C (0, 00), T}gréo B = 07if and only ifT}iE;o 0(Bn) = 1;
-1
(©3) there exist € (0,1) and € € (0, 00] such that lim 2P) =1 _
p—0+t P

Definition 2.3 ([6]). Let (X,d) be a metric space. T : A — B is called a Suzuki type o"-0-proximal
mapping, if there exist two functions 6 € ® and « : X x X — [—o0, +00) such that for all x,y € A,

L.

%d*(x,Tx) < d(x, Tx) = a(x,y) +0(d(Tx, Ty)) < [G(M(x,y))]k, (2.1)

where
d*(x, Tx) = d(x, Tx) — dist(A, B),

and

d(x, Tx) + d(y, Ty)
2

d(x, Ty) +d(y, Tx)
2

—dist(A, B),

M(x,y) :max{d(x,y), —dist(A,B)}.

Hussian et al. [6] established existence theorem for best proximity points of Suzuki type «*-0-
proximal mappings with continuity assumption or regularity on the mappings.

Theorem 2.4 ([6]). Suppose A and B are nonempty closed subsets of a metric space (X,d) with Ag # 0. Let
T: A — B satisfy (2.1) together with the following assertions:

(i) T(Ao) C Boand (A, B) satisfies the weak P-property;
(ii) T is proximal oct-admissible;
(iii) there exist xg,x1 € Ag such that
d(x, Tx) = dist(A, B) and a(xg,x1) = 0;
(iv) T is continuous; or

(v) A is a-reqular, that is, if {xn} is a sequence in A such that «(xn,Xn+1) = 0and x, - x € Aasn — oo,
then a(xn,x) = 0, for allm € IN.

Then there exists x* € Ag such that d(x*, Tx*) = dist(A, B).
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3. Coupled best proximity points and best proximity points for Suzuki type & -0-proximal mappings

In the sequel, IN denotes the set of all nonnegative integers, Bpp(T) denotes the set of best proximity
points of T, CBpp(T) denotes the set of coupled best proximity points of T, and CL(X) denotes the family
of nonempty closed subsets of X.

For any A, B € CL(X), let the mapping H(:, ) be the generalized Hausdorff distance with respect to d
defined by

XEA yeB

max 4 sup dist(x, B), sup dist(y, A) if it exists,
H(A,B) — { p P Yy }
00 otherwise.

Definition 3.1 ([1, 11]). An element x* € A is said to be the best proximity point of a multivalued non-
self-mapping T : A — 2B\{0}}, if D(x*, Tx*) = dist(A, B).

Definition 3.2. Let (X,d) be a metric space and A,B € CL(X). A multivalued mapping T : A — 25\{0}
is called proximal «™-admissible, if there exists a mapping « : A x A — [—00,+00) such that for any
X1,%2, U, U2 € Aand yg € Txy, Yo € Txy,

OC(X],XZ) 2 O/
d(ullyl) = dlSt(A,B), = Cx(ul/uZ) P> 0.
d(up,yp) = dist(A, B),

Definition 3.3. Let (X,d) be a metric space and A,B € CL(X). A mapping T : A x A — 2B\{()} is
called proximal «*-admissible, if there exists a mapping « : A x A — [—00,400) such that for any
X1,X2, W1, W2, Wi, W5, Y1, Y2 € A and wy € T(x3,y1),u2 € T(x2,Y2), vi € T(y1,x1),v2 € T(y2,x2),

“(Xll XZ) Z O/
d(Wl, ul) = dISt(A/B)/ = a(W1/W2) P 0/
d(wz,up) = dist(A, B),

and
x(y1,y2) =0,
d(w],v1) = dist(A,B), » = a(w],wy) > 0.
d(w),v,) = dist(A, B),

Definition 3.4 ([11]). Let (X, d) be a complete metric space and A,B € CL(X). An element (x*,y*) €
(A x A) is said to be the coupled best proximity point of a multivalued mapping T : A x A — CL(B), if
D(x*, T(x*,y*)) = dist(A,B) and D(y*, T(y*,x*)) = dist(A, B).

Lemma 3.5 ([11]). Let B be nonempty closed subsets of a metric space (X, d). Then, for each x € X with D(x,B) >0
and q > 1, there exists an element b € B such that

d(x,b) < qD(x,B).

Definition 3.6. Let T : A — CL(B) be a mapping on a metric space (X, d). T is called a one-variable Suzuki
type ot -0-proximal multivalued mapping, if there exist two functions € ©, « : X x X — [—00, +00), and
0 <k <1, qg>1such that for all x,y € A,

1
5070, Tx) < dlx,y) = alxy) +0(qH(Tx, Ty)) < [0(M(x,y)]",
when H(Tx, Ty) > 0, where
D*(x, Tx) = D(x, Tx) — dist(A, B),
and

D(x, Tx) + D(y, Ty)
2

—dist(A, B),

D(x, Ty) + D(y, Tx)
2

M(x,y) :max{d(x,y), —dist(A,B)}.
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Definition 3.7. Let T : A x A — CL(B) be a mapping on a metric space (X, d). T is called a two-variable
Suzuki type «*-0-proximal multivalued mapping, if there exist two functions 6 € O, « : X x X —
[—00,+0), and 0 < k < 1, g > 1 such that for all x,y,x’,y’ € A,

2D, Tl ) < dlxy),
;D*(X T(x',x)) < d( )/ = «(x,y) +0(qH(T(x,x), T(y,y"))) < [B(M(x,y,x’,y’))}k, (3.1)
d(X/ ) (X IU,) =
d(x,y) >0,d(x,y’ )
when H(T(x,x), T(y,y’)) > 0 and H(T(x/,x), T(y’,y)) > 0, where

D*(x, T(x,x")) = D(x, T(x,x)) — dist(A, B),

and
M(x,y,x,y’) = max {d(x,y), Dl T(x, X)) —; Dy, Ty, y) —dist(A, B),
DT ) DTN _ i)
5 , )

The following coupled best proximity result can be stated:

Theorem 3.8. Let (X, d) be a complete metric space and A, B € CL(X) withAg # 0. 6 € ©and T : A x A — CL(B)
be a two-variable Suzuki type «*-6- proximal multivalued mapping. Suppose that the following conditions hold:

(i) T(x,y) € By for (x,y) € Ag x Ag and (A, B) satisfies the weak P-property;
(ii) Tis ot -proximal admissible;
(iii) there exist elements (xo,Yo), (x1,Y1) € (Ag X Ag) and wy € T(xo,Yo),v1 € T(yo, xo) such that
d(x1,uy) = dist(A, B), «(xo,x1) =0,
d(y1,v1) =dist(A,B), alyo,y1) = 0;
(iv) if D(x,T(x,y)) =00r D(y, T(y,x)) =0, for any x,y € Ao, then D(x,T(x,y)) =D(y,T(y,x)) =0;
(v) T is continuous; or

(vi) if {(xn)_ is a sequence in A such that x(xn,Xn4+1) = 0and xn, — x* € A asn — oo, then &(xn,x*) >0
foralln € IN.

Then CBpp(T) is nonempty.

Proof. By condition (iii), there exist elements (xo, yo), (x1,Y1) € (Ag x Ag) and u; € T(x9,Yo),v1 € T(yo, xo)

such that
d(Xllul) = dlSt(A‘IB)I (X(XO/ Xl) = OI

d(y1,v1) =dist(A,B), «(yo,y1) = 0.
We consider the following four cases:

(@) ur € T(x1,y1),v1 & T(y1,x1), ®) w € T(x1,y1),v1 € T(y1,x1),
(© w € T(x1,y1),v1 € T(y1,x1), (d) w1 & T(x1,y1),v1 & T(y1,x1).

(3.2)

Case (a). Since uy € Ag, T(x1,y1) € By, then

0= D(uer(Xlzyl)) > diSt(AO, BO) > dISt(A/B) > 0/
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hence,
D(Ul, T(Xll yl)) - dlSt(Ar B) =0.

From (3.2), we get
d(x1,w1) =0, d(y1,v1) =0,

that is, x; = uy,y1 = v1, hence, applying (iv), we have

D(XllT(XlﬂJl)) = D(ULT(Xlzyl)) = dlSt(A,B) = 0/
D(y1, T(y1,x1)) = D(v1, T(y1,x1)) = dist(A, B) = 0.

On the other hand, since v{ ¢ T(y1,x1) and T(yq,x1) € CL(B), therefore D(y1, T(y1,x1))=D(v1, T(y1,x1)) >
0, which contradicts to D(yy, T(y1,x1)) = 0, thus, Case (a) is not true. Similarly, Case (b) is not true, too.

Case (c). When u; € T(x1,y1),v1 € T(y1,x1), as proved above, we can get that

D(x1, T(x1,91)) = D(uy, T(x1,y1)) = dist(A,B) =0,
D(ULT(Xl/Ul)) - D(vl/T(ylfxl)) - dlSt(A,B) - 0/

which imply that (x;,y1) is the coupled best proximity point. So we only consider Case (d), that is,
uy ¢ T(x1,y1),v1 € T(y1,x1). Because T(x1,y1) and T(yq,x1) are closed in B, therefore

D(uer(Xllyl)) > 0/ D(VLT(ULXI)) > 0.
Since u; € T(xo,Yo0),Vv1 € T(yo, x0), it is obvious that
0< D(UlzT(Xlzyl)) < H(T(XO/UO)/T(XLyl))/ (33)

and
0< D(VlzT(ylle)) < H(T(UOI XO)/T(UL X]))' (34)

Applying Lemma 3.5, we obtain that for qo > 1, q; > 1, there exist uy € T(x1,Y1),v2 € T(y1,%1) such that
0 < d(ug, uz) < qoD(wy, T(x1,Y1)), 0 < d(vi,v2) < qyD(vy, T(y1,x1)). (3.5)

On the other hand, as u; € T(x1,y1) € Bo,v2 € T(y1,x1) C By, there exist x; # x1,yz # yi € Ay, for
otherwise (x1,y1) is the coupled best proximity point, such that

d(x2,u2) = d(yp, v2) = dist(A, B). (3.6)

Since T is an a™-proximal admissible, u, € T(x1,y1),v2 € T(y1,x1) and «(xp,x1) = 0, (yo,y1) = 0, using
(3.2), we obtain «(x1,%2) > 0 and «(y1,y2) = 0, that is,

d(XZIuZ) = dlSt(A/B)/ (X(Xll X2) Z 0/

. 3.7
dlyz,v2) = dist(A,B), «ly1,yz) > 0. 37)

Because (A, B) satisfies the weak P-property and in combination with (3.2), (3.6), we have
d(x1,%2) < d(w,w), dly1,y2) < d(vi,v2). (3.8)

From (3.3), (3.4), (3.5) and (3.8), we derive

d(x1,%x2) < d(ug, u2) < qoD(ug, T(x1,Y1)) < qoH(T(x0,y0), T(x1,Y1)),
d(y1,y2) < d(vy,v2) < qpD(ve, T(y1,x1)) < qoH(T(yo, x0), T(y1,x1)).

Likewise, assuming that uy ¢ T(x2,Y2),v2 € T(yz, x2); for otherwise, condition (iv) is not true or (xz,yz2)
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is the coupled best proximity point. Because T(x2,y2) and T(yz, x2) are closed in B, therefore
D(u2/T(X2/y2)) > O/ D(VZIT(UZ/VZ)) > 0.
Thus, by us € (x1,y1),v2 € (y1,%1), we have

0 < D(u2, T(x2,y2)) < H(T(x1,y1), T(x2,Y2)), (3.9)
0 < D(v2, T(y2,x2)) < H(T(y1,x1), T(y2,x2)). '

Applying Lemma 3.5, we obtain that for q; > 1, q} > 1, there exist uz € T(x2,Y2),v3 € T(yz,x2) such that
0 < d(up,uz) < qiD(uz, T(x2,42)), 0 < d(va,v3) < qD(v2, T(y2, x2)). (3.10)

On the other hand, as us € T(x2,y2) € Bp,v3 € T(yp,x2) C By, there exist x3 # x2,ys # Yo € Ay, for
otherwise (x,y2) is the coupled best proximity point, such that

d(x3, uz) = d(ys,v3) = dist(A, B).

Again, since T is an a™-proximal admissible, uz € T(x2,Yz2),v3 € T(yz, x2) and «(x1,%2) = 0, a(y1,y2) =0,
we obtain «(xp,x3) = 0 and «(yz,y3) > 0, that is,

d(X3/ 'LL3) = dISt(A/B)/ (X(XZI X3) = 0/

. 3.11
dlys,vs) = dist(A, B), alyz,ys) > 0. G110

Because (A, B) satisfies the weak P-property and in combination with (3.7), (3.11), we have
d(x2,%3) < d(uz,u3), d(y2,y3) < d(va,v3). (3.12)

From (3.9), (3.10) and (3.12), we have

d(x2,x3) < d(uz, uz) < q1D(u2, T(x2,y2)) < qiH(T(x1,y1), T(x2,Y2)),
d(y2,y3) < d(v,v3) < q1D(v2, T(yz2,x2)) < qiH(T(y1,x1), T(y2,x2)),

for all n € IN\{0}. Inductively, we can obtain sequences {xn }%°_,, {Un}%_o € Ao and {un o, {vnfa_y € Bo

satisfying xn # Xn+1, Yn # Un+1, D(un, T(xn,yn)) > 0, D(vn, T(Yn,xn)) > 0, uny1 € T(xn,yn) and
Vn+1 € T(Yn, xn ), € N such that

d(Xn41, Uny1) =dist(A,B), a&(xn,Xn41) >0, VneNN,

. 3.13
d(Yn1,vn 1) = dist(A,B), &(Yn,Yns1) >0, VneN, (3.13)
d(xn, xni1) < dlun,ung1), meN,
d(yn/yﬂ+1) < d(Vn,Vn+1), vn S N/
and
d(xn/XTH—l) < d(unrun—i—l) < qn—lD(uan(anUn)) < qn—lH(T(Xn—lzyn—l)/T(anyn))r (3 14)

d(Yn, Yn+1) < d(vn,vn41) < q/n_lD(Van(Uann)) < q{n_1H(T(Un711anl)r T(Yn,xn)),

for all n € IN\{0}. Since xn, € Ay, T(xn_1,Yyn_1) € Bp and Ay C A,By C B, from the definition of D and
(3.13), we have

dlSt(A,B) = d(xnz un) = D(anT(Xn—llUn—l)) = diSt(AOI BO) = dISt(A‘IB)I
dlSt(A/B) = d(yn/Vn) 2 D(UnzT(Un—ern—l)) 2 diSt(AQ, BO) 2 dlSt(A/B)/

for all n € IN\{0}, hence,

d(xnlun) = D(anT(anlrUnfl)) = diSt(A/ B), (X(anxn+1) =0,

d(Yn,vn) =DYn, T(Yn—1,xn—1)) =dist(A, B), «(yn,yn+1) = 0. (3.15)
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In addition, we deduce that

1

ED* (anll T(anllynfl))

D (xn—1, T(Xn—1,Yn—1)) — dist(A, B)]

d(xnflr Xn) + D(Xn/ T(anlr ynfl)) - diSt(A, B)]

N

d(xnfl/ Xn)

(anll X'Tl)/

NN PN

N

and

[D(Yn—1, T(Yn—1,%n-1)) — dist(A, B)]

[ (Un—1,Yn) + D(Yn, T(Yn—1,%n—1)) _diSt(A/B)]

1.
ED (yn—ll T(yn—llxnfl))

HN\HN\H

= Ed(ynfl/yn)
< d(ynfllyn),
for all n € IN\{0}. Thus, by (3.1), we get

O(qH(T(xn—1,Yn—1), T(xn,Yn))) < a(xn—1,%n) +0(qH(T(xn-1,Yn—1), T(Xn,yn)))
< [e(M(anlrXn/ynfl/yn))]k/

O(qH(TYn—1,%n-1), T(Yn, xn))) < x(Yn—1,Yn) + H(GT(Yn—1,Xn-1), T(Yn, xn))
<

[Q(M(Un—lr Y, Xn-1, Xn))]k-

(3.16)

We check

M(anlzxn/ynflz yn)

D(anlr T(anlzynfl)) + D(Xn/ T(Xn/ yn))
2

D(Xn/ T(Xn—lryn—l)) +D (Xn—lr T(anyn))
2

% [d(anl,Xn) + D(xn, T(anlrynfl))]

d(xn/ XTL+1) + D(XTL—O—l/ T(Xn/ Un))] - dlSt(A/ B)

= max {d(xn—ll Xn),

_dist(A, B), _ dist(A,B)}

< max {d(an,xn)/
1
+5l
1., i
5 [dist(A, B) + d(xn—1,%n) + d(xn, Xn41) + D(xn+1, T(xn,yn))] — dist(A, B)}
1
2

(3.17)

< max {d(xn_l,xn), [d(xn—1,%n) + d(xn, Xn11)], 5 [d(xn—1,%n) + d(xn, Xn41)] }

2
< max {d(xn—lr Xn)l d(xnr XTI+1) }r
for all n € IN\{0}. Similarly, we get
M(Yn—1,Yn, Xn—1,%n) < max{d(yn—1,Yn), d(Yn, Yyn+1) }- (3.18)

Set qn—1 = q},_; = q for every n € N\{0}. From (3.14), (3.15), (3.16), (3.17) and (3.18), we get

e(d(xnrxn—l—l)) X e(d(un;un—l—l))
< O(qH(T(xn-1,Yn-1), T(xn,yn)))

[0(Mlxn—1,%n,Yn 1,yn))}k

N

[9 max{d Xn— 1/Xn) d(anXn+1)})}kz
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and
(d(vnz Vn+1 ) )

(q yTL 1/ Xn— 1) T(yTLIXTL)))

e(d(ynzynJrl)) 0
0

k
[e (M{yn-1,9n X0 1,%0))]

NN

N

k
0 max{d Un—1,Yn), d(yn/ynJrl)})] :

If we assume that
max{d(xn_1,%Xn), d(Xn, Xn11)} = d(xn, Xn+1),
max{d(ynflzyn)r d(ynrynJrl)} = d(y'ruyn+1)/

then we get the contradictive inequalities

k
0(d(xn, xn+1)) [9 M(xn—1,%Xn, Yn— 1/Un))}

k
[9 d (Xn, Xn+1) }

< e(d(xn/ Xn+1))

and
k
0(d(yn,Yn+1)) [9 M(Yn—1,Yn, Xn— 1;Xn))}
k
[9 dynryn+1 }
< e(d(ynzyn+l))
thus,
max{d(xn—1,%Xn), d(xn, Xn1+1)} = d(xn—1,%n), (3.19)
max{d(Yn—1,Yn), A(Yn, Yn+1)} = d(Un—1,Yn), ’
hence, .
0(d(xn,xn41)) < 0(d(un, uny1)) < [e(d(xn—llxn))] ’
and
e(d(ynryn—i—l)) < e(d(\’n/vn+l)) < [e(d(yn—lzyn))]k/
for all n € IN\{0}. Therefore, we obtain
1< e(d(xnranrl [ekgd Xn— 1/Xn))]k . (320)
< [8(d(xn—2,%n—-1))] < [0(d(x0,x1))] ",
1< 0(d(yn, yn 0(d(yn_1,9n))]"
(d(Yn, Yn+1) [kg (Yn-1,Yn))] . (3.21)
< [0(d(yn-—2,yn-1))] < [0(d(yo,yn))] ",
1< 0(d(un, tn41)) < [Sz(d(xn_l, )] . 62
< [0(d(xn—2,xn—1))]" <...<[0(d(x0,x1))] ",
and .
1<0(qd(vn,vny1)) < [9( (Yn— 1/yn))] § (3.23)

2
< [0(dlyn—2,yn1))]" <... < [0(alyo,y1))]"
Letting n — oo in (3.20), (3.21), (3.22), and (3.23), we get

e(d(xn/XnJrl)) — 1/ e(d(Un/UnH)) — 1/
0(d(un, uns1)) =1, 0(d(vn,vni1)) = 1,
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as n — oo. According to the properties of function 0 , there exist 0 < r < 1 and 0 < £ < oo such that

0(d(xn,xn+1)) —1 — lim e(d(yn/yn+1)

li =1

n—oo e(([id((Xn,XnJrl))%T . n—oo 9([((11((yn/yn+l)))]r . ’
. Un,Un+4+1)) — . Vn,Vn+1)) —

1 =1 =1,

TLE};O [d(un, un+])]T nglgo [d(Vn,Vn+1)]T

when { < oo, taking M = % > 0 and using the definition of the limit, there exists ng € IN\{0} such that

0(d(yn, yns1)) —1

‘e(d(xnzxn+1))_1_€’ <M, ‘ e‘ <M,
[d(Xn, Xn—o—l)]r [d(yn/ yn+1)]T
e 21y o) 1y,
[d(un, un)I” [d(Vn, vit1)]"
for all n > ny. Thus
e(d(Xn,Xn+1)) -1 >M, e(d(ynzynJrl)) —1 >M,
[d(xn, Xn41)]" [d(Yn, Yns+1)I”
and
e(d(un/un+1))_1 >M, e(d(Vn/Vn+1))_1 >M,
[d(unz un+1)]T [d(\/n, V'rL—O—l)]r

for all n > ny. Subsequently,

n[d(xnl Xn+1)]r < nM/[e(d(an Xn+1)) —1],

T

n[d(yn/yn+l)] < an[e(d(yn/yn+l)) —1],
<n

M/[e(d(unr un+1)) —1],

n[d(un/ un+1)]r

and
n[d(Vn; Vn—o—l)]r < an[e(d(Vnzvn+1)) —1],

for all n > ng, where M’ = <. Suppose now that { = co. Let M > 0 be an arbitrary positive number.
From the definition of the limit, there exists n € IN such that

G(d(xn,xn+1))—l >M e(d(ynryn—l—l))_l >M
[d(xn, xne)]™ = 7 [dlyn, yns)l™ = 7
and o(d( -1 o(d( -1
Un, Un41)) — Vi, Vn+1)) —
FICTIEYIY L P 1 CORSY |

for all n > ny. This implies
nld(xn, Xn41)]" < M[0(d(xn, Xn11)) — 1],

M'[6(d(yn, Yn+1)) — 1,
Ml[e(d(un/ un+1)) - 1]/

T

n[d(yn,9n+1)]

<n
nfd(un, un41)l" <1

and
nld(vn, V'rL—O—l)]r < an[e(d(Vn/Vn+1)) —1],

for all n > ng, where M’ = ﬁ Thus either of { = co and { < oo, the inequalities
nfd(xn, Xn+1)]" < nM[0(d(xn, xn41)) — 1],

nd(Yn, Yn+1)" < nM'[0(d(yn, yns1)) — 1,
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n[d(unz un+1)]r < an[e(d(un/ unJrl)) —1],

and
n[d(Vn/ Vn+1)]r < nM/[e(d(Vann+1)) - H/

are true for all n > ny. Applying (3.20), (3.21), (3.22), (3.23) to above inequalities, we get

nd(xn, xn41)]" <M ([B(A(xn, xn41))] < = 1),
ndYn, Yns)I" <M ([8(d(Yn, yns1))]< 1),
nld(un, un41)]" < TLI\/V([B(d(un,unﬂ))}kn —1),

and
nd(vn, Ve 1)]" < M ([0(d(vi, vng1))] < — 1),

for all n > ny. Letting n — oo in the above inequality, we obtain

lim n[d(XTLIXTLJrl)]r =0, lim n[d(yn/ynJrl)]T =0,

n—o0 n—oo
Iim nfd(un,un1)]" =0, lim n[d(vn,vais1)]" =0.
n—o0 n—oo

Subsequently, there exists n; € IN such that when n > n;,

n[d(xnzxn+1)]T <1, n[d(ynzyn—o—l)]r <1,
n[d(un/ un+1)]r < 1/ n[d(vannJrl)]r < 1.
Hence, when n > n;,
1
d(xn, Xn4+1) < W’ d(Yn,Yn+1) < W,
1

d(unlun+1) < W/ d(vnrvn+1) < W

Letting n > m > n; and applying the triangle inequality repeatedly, we get

n—1 n—1 1

d(xm, xn) < d(xi, xi+1) < T (3.24)
. k 1
i=m 1=m
n—1 n—1 1

d(xm/Xn) < d(yi/yi—l—l) < /77 (325)
i=m i=m t
n—1 n—1 1

d(xm, xn) < d(ui, ui) < T (3.26)
. . 1
i=m 1=m

and

n—1 n—1 1

d(xm,xn) < d(vi,vig1) < ) VS (3.27)
i=m i=m

— 1
Because 0 < r < 1, therefore Z i is convergent. Thus letting m,n — oo in (3.24), (3.25), (3.26), (3.27),

1=m
we deduce that {xn}3°_o, {Ynto_o, (UntX_o and {vn}_, are Cauchy sequence in (X, d). Since A and B are
closed subsets of complete metric space (X, d), thus, there exists (x*,y*) € A x A such that

d d
xx > x"ask— o0, and yx — y*ask— oo,
likewise, there exists (u*,v*) € A x A such that
d 4 d s
u —urask — oo, and v — v*ask — oo.

If (v) holds, then from (3.15), noting that un € T(xn—1,Xn) and vn € T(Yyn—_1,Yn), it is easy to derive that



H. Liu, X. Fan, L. Yan, Z. Wang, J. Nonlinear Sci. Appl., 10 (2017), 1801-1819 1812

d(x*,u*) = D(x*, T(x*,y*)) = dist(A, B),
d(y*/V*) - D(U*/T(U*/X*)) = dISt(A,B)

If (vi) holds, then o«(xy,x*) > 0. We can conclude that
1

ED*(XTI/T(XTIIUTI)) < d(xn/X*)/
: (3.28)
ED*(Un/T(UnIXn)) < d(yn/y*)/
or 1
ED*(Xn+1/T(Xn+1/Un+1)) < d(xny1,X7),
(3.29)

1 * *
ED (yn+l/T(yn+1/Xn+1)) < d(yn+1/y )/

hold for all n € IN. In fact, assume that

1

1
ED*(XT‘L/T(XT‘LIHT‘L)) > d(XT‘L/X*)/ ED*(UTI/T(UTIIXTI)) > d(Un/U*)/

and

1 * * l * *

ED (Xn+1, T(Xn+1,Ynt1)) > d(xni1,x )’ED Yn+1, TYn+1,Xn+1)) > d(Yni1,9y7),

are true for some n € IN. Since X, # Xn41 and yn # yYny1, for all n € N, then d(xn,xn1) > 0 and
d(Yn,Yn+1) > 0, for all n € IN. Moreover, using (3.15), (3.19), we derive the following contradictive

inequalities

d(xn, Xn—!—l) < d(xn, X*) + d(xn—l—l/ X*)

A
NI—R NP N-

[D* (¢, T(xn, Yn)) + D (xng 1, T(xny1, yn+l))]

[D(an T(xn,Yn)) + D(xnt1, T(Xnt1,Yny1)) — 2dist(A, B)]

N

[d(xn/ Xn+1) + D(XnJrl/ T(Xn/ yn)) + d(XnJrl/ X'r1+2)

+ D(Xn+2/ T(XTL+1IUTL+1)) - ZdISt(Ar B)]
1
= E [d(xnl XTL+1) + d(Xn+1, Xn+2)]

< d(Xn,Xni1),
d(Yn, Yn+1) < dyn,y") + d(yn+1,x¥)

<3 [D*(Un/ T(Yn, xn)) +D*(Ynt1, T(Yns1, Xn+1)”

[D(yn/ T(Yn, xn)) + D(Yn+1, T(Ynr1,xn 1)) — 2dist(A, B)]

(=N =N =

5 [d(Yn, Yn+1) + DYnt1, T(Yn, xn)) + d(Yni1,Ynt2)

+ D(Un+2/ T(yﬂ+l/ Xn+1)) - ZdISt(A, B)]
1

< E [d(yn19n+1) + d(UnJrlr yn+2)]

< d(yn/ Un—i—l)/

hence, either (3.28) or (3.29) holds, notice that {x1}%°_, is a subsequence of {x,}}°_,, consequently, we
can verify that there exists at least a subsequence {xn, } of {x}3°_, such that for all k € IN,

1

7D* (Xnk/ T(Xnk/yﬂ.k)) g d(XTLkI X*)/

1 * *
2 7D (Unk/T(Unk,Xnk)) < d(ynk/U )/

2
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and «(xn,,x*) =20, a(yn,,y*) = 0 hold. From (3.1), we obtain

e(qH(T(Xnk/Unk)/T(X*/U*))) [G(M(Xnk; /Unk/ *))}

G(M(Xnk; /ynk/y ))/

[G(M(ynk/y XTLkI *))]
)

O(M(Unkzy IXTLkI ) 4

O(qH(T(Yn, Xny ), T(Y*,x")))

which implies

*

0 < qH(T(Xnk/Unk)/T(X*/U )) < M(Xnk/X*IUnkIU*)/
O < qH(T(Unk/Xnk)/T(U*/X*)) < M(Unk/y*rxnkIX*)/

hence,
0 < H(T(xn,, Yny), T(x*,y")) < M{xny, X%, Yny, y*),
0 < H(T(Yn, *n ), T(Y", x*)) < M(Yn,, Y*, xn,, X*).
Subsequently,
Jim (Tt Y, T, 57) < lim Ml X yn ™),
Jim H(T(yn,, xn,, TY5 X)) < M MYy, Y7 X, x7).
Moreover,

D (xny, T(Xny, Yny)) + D(x*, T(x*,y*))
2
D(X*/ T(Xnk/ Unk)) + D (Xnk/ T(X*

M(xn,, X", Yn,, y*) = max {d(xner*)r

—dist(A, B),

) —dist(A,B)}

< max {d(xnk,x*), d(xnk,xnk+1)2+ D(xnkH,T(zxnk,ynk)) +D(x*, T(x*,y")
_ dist(A,B), d(x*, xn, +1) + D(znkﬂ,T(xnk,ynk))
4 Do ) 2("*’”"*'”*)) —dist(A,B)}
< max {d(Xner*), A0 Xy 1) diSt(/;' B)+ DO, Tx", y")) —dist(A, B),
d(x*,xn, 1) +dist(A, B) + ?(Xnk,x*) +D(X, T(x,y") dist(A, B)}’

which implies that

D(x*, T(x*,y*)) —dist(A, B
lim M(xny, X" yne,y*) < (", T(x*, y*)) (A, B)
k—00 2
Similarly, we get
D(y*, T(y*,x*)) —dist(A, B)
> .

lim M(yn,,y*, xn,, x") <
k—00
Additionally, we have

D(x*, T(x*,y")) < d(x", xn, ) + d(xn,, un, ) + D(un,, T(x*,y*))
d(X*/Xnk) + d(xnkzunk) + H(T(Xnkzynk) T(X*, ))
d

(X*/Xnk) +d15t(AIB) +H(T(Xnk19nk)/T( */y ))

NN IN

and

D(y*/T(y*/X*)) d(y /ynk)+d(ynkzvnk) vﬂkl (y* X*))
d(y ryﬂk) + d(ynk’vnk) T(ynkfxnk) T(y*IX*))
d

(Y*, Yyn,) +dist(A, B) + H(T(yn,, xn, ), T(y*,x*)),

+D(
+H(

INCINCIN
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which implies
D(x*, T(x*,y*)) —dist(A, B) < d(x*, xn, ) + H(T(xn,, Yn, ), T(x*,y*)),
and
D(y*, T(y*,x*)) —dist(A, B) < d(y*, yn, ) + H(T(Yn,, xn, ), Ty, x7)).
Letting k — oo in , we derive
D(x*, T(x*,y")) — dist(A, B) < lim H(T(xn,, Yn,), T(x",y")),
Dy, T(y*,x*)) —dist(A, B) < lim H(T(yn,, xn,), T(y",x")).

k—o00
Therefore, the inequalities

D(x*, T(x*,y*)) —dist(A, B)
2 7

D(X*r T(X*IU*)) - dlSt(A, B) <

and
D(y*, T(y*,x*)) —dist(A, B)

2 7

D(U*z T(U*/X*)) - dlSt(A, B) <
hold, which implies that
D(x*, T(x*,y")) =dist(A,B), D(y*, T(y*,x*)) = dist(A, B),

that is, CBpp(T) is nonempty.
O

The following example is provided to support the results of Theorem 3.8, we take the same 0 function
as that in example of [7].

Example 3.9. Let X = R? be equipped with the metric

d(P,Q) = /lp— P +Ip' —q',

forany P = (p,p’),Q=1(q,q") e X. Let A=A UA,UA3 B={P=(p,p’) € X:p=2,0<p’ <1}, where
Ai={P=(p,p)eX:p=00<p <1},
Ay={P=(p,p)eX:p=10<p' <1},
1
Az ={P=(p,p) €eXip=s3, "=0}.
Obviously, dist(A,B) =1, Ag ={(0,1), (1,1)}, Bo ={(0,2), (1,2)}. Let
1
Bi={P=(pp)eX:0<p=20<p <7},
By ={P = (p,p’) 6Xz0<p:2,%<p’<1}.
Define the mapping T: A x A — CL(B), for P,Q € A,
{(0,2)}, ifP=(0,1),
{(1,2)}, ifP=(1,1),
T(P,Q =< {(32)} ifP=(30),
By, if P e Al\{(ofl)},
B,, if P e A\{(1,1)}

Obviously, T(Ag x Ag) C Bg. Let Py = (p1,p}), P2 = (p2,P3) € Ao, Q1 = (q1,47), Q2 = (q2,q3) € By. We
obtain that

d(P1,P2) =1 =4d(Qq1,Qq).
Consequently, d(Py,P2) < d(Q1, Qz), for P, P2 € Ap, Q1,Q2 € By. So (A, B) satisfy the weak P-property.
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Now, consider functions 6 : (0, +o0) — (1, 400) by [7]

0(t) :=eVte,
It is not difficult to show 0 € ©. Define function «: A x A — [—00, +00)
. 0/ X/y E {(011)1 (111)1(%10)}1
x(xy) = { —00, otherwise.

Suppose that for any x1, X2, Wi, Wo, Wi, W5, y1, Y2 € A and w; € T(xq, Y1), Uz € T(x2,Y2), v1 € T(y1,%x1),v2 €
T(y2,x2),

O((X]./XZ) = 0/

d(Wl,U]) = dlSt(A/ B)r

d(WZ/ uZ) = dISt(A/ B)/
and

x(y1,Y2) =0,
d(wi,vi) = dist(A, B),
d(w),v,) = dist(A, B),
we deduce by the definition of « that xi,y; € {(0,1), (1,1), % } for i = 1,2. Moreover, d(wi, 1) =
dist(A,B), if and only if w; = (0,1),u; = (0,2) or wy = (1 1),uw; = (1,2) for i = 1,2. It follows that
o(wy, Wp) > 0. Similarly, x(wj, wj) > 0. Thus, T is a proximal oc+—admissible mapping.
Assume that H(T(P,Q), T(W,V)) >0, H(T(W, V), T(P,Q)) > 0, and
1
2
JNQT@P <d(Q,V), and o(P,U)>0,x(Q,V) >0
d(P u)=d(Q,V)=0, or
d(p, U)>0 d(Q,Vv) >0,
for P,Q,U,VEA WhenP=Q=U=V=(],1)orP=Q=U=V=(0,1),
D*(P,T(P,Q)) =D*(Q,T(Q,P)) =d(P,U) =d(Q,V) =0,

in this case, it is clear that both ((1,1),(1,1)) and ((0,1),(0,1)) are the coupled best proximity point. The
remainder cases satisfying (3.13) are as follows:

U){Peﬂ 0} ue{(on} {Peﬂ; ,Ue{(L1},
Qe {(30}, Ve{(1,1)} Qe {(30

D*(P,T(P,Q)) < d(P,U),

m){PeﬂT )}, Ue{(0,1),(1,1)},
Qe {01}, Ve{(1,1),(30)}
mn{Peu;)}UG{on} . {Peﬂ;mLUG{@)}
1l Qe {11}, Ve{(30) Qe {(1, 1}, Ve{(o,1)},
(w){PeﬂO )}, Ue{(1,1),(30)},
"1 Qe{(3,0}, Ve{(0,1),(1,1),
W){Pe{mﬂﬁ Ue{(L1),(30)}
"L Qe{(1, 1)}, Ve{(0,1),(50)
Wu{Pe{@M}Ue{@OH or {Pe(l)}u D},
Qe {1}, ve{O1}, Qe{(L1},ve{ }
(WH{PG{@ULUGﬂ%MJQH}
Qe {0}, ve{}0),11)},
(vi) Peﬂ%ﬂ}Ue{@ﬂ”, or {Pe{qn}ue{mn}
Qe{(50}Vve{(01} e{(3,0}Vve{(11D}
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We discuss these eight cases:

Case (i). d(P,U) = d(Q, V) = L.

Case (if). d(P,U) = %2 and d(Q,V) = L or d(Q,V) = L.
Case (iii). d(P,U) = ¥ and d(Q,V) =1 or d(Q, V) = L.
Case (iv). d(P,U) = *ég or d(P,U) =1and d(Q, V) = é
Case (v). d(P,U) = % or d(P,U) =1and d(Q, V) = % ord(Q,V)=1.

Case (vi). d(P,U) =1or d(P,U) = ‘[ and d(Q, V) = § ord(Q,V)=1.
Case (vii). d(P,U) =1 or d(P,U) = % and d(Q,V) =1 or d(Q,V) = ¥{.

Case (viii). d(P,U) =1 or d(P,U) =

5

and d(Q, V) = %

For all cases (i)-(viii), we obtain that H(T(P,Q), T(W,V)) = H(T(U, V), T(P,Q)) = and

min {d(P,U), d(qQ, V)} = 1. Calculating

N|—

0(19H(T(P,Q), T(U,V))) =0(3) = e@%
9(1)) _

8/9
©(min {a(P, 1), d(Q,VI})I¥* = ( = (=)
since
5¢8 ve\d? 5.5 < Bve
eVo <<e) = 969< 9
o Dot Y
9¢ S 81
= ﬁe% e
6 ~
«= ﬁ <l<ed
64 e
hence,
8(“H(T(P,Q), T(U, V) < [8(min {d(P, 1), d(Q, V)})I¥”° < B(M(P,Q, U, V))I¥/°,
and

0(LH(T(W, V), T(P,Q))) < [0(min {d(P,U),d(Q,V)})I¥? < [0(M(WL,V,P,Q))#.

Comprehensively, for all cases (i)-(viii), we obtain that when H(T(P, Q), T(U, V)) > 0, H(T(W, V), T(P,Q)) >
0, x(P,U) >0,x(Q,V) >0,and q = %k =8/9,

D*(P, T(P,Q)) < d(P, L),

1

T )
5 D*(Q, T(Q,P)) £ d(Q,V), » = «(P,U)+0(qH(T(P,Q), T(W,V))) < B(M(P,Q, U, V))]
d(P,U)=4d(Q,V)=0, or

d(P,u) >0,d(Q,V) >0,
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In addition, D(P, T(P,Q)) # 0 for all cases, hence, the condition (iv) holds in Theorem 3.8. Thus all the
assumptions of Theorem 3.8 are satisfied and there exists ((0 1),(1,1) ) € Ap X Ag such that

D((0,1),T((0,1),(1,1))) = 1 = dist(A, B),
D — 1 =dist(A, B),

that is, CBpp(T) = {((0,1),(1,1)),((1,1),(1,1)), ((0,1), (0,1)) }.

If we replace the condition that T is a two-variable Suzuki type o -0-proximal multivalued mapping
with
a(x,y) +8(qH(T(x,x"), T(y,y"))) < [B(M(x,y,x', y")I¥,

then the next result can be deduced easily from Theorem 3.8.

Corollary 3.10. Let X, A, Ay, and B be as in Theorem 3.8. Assume that T : A x A — CL(B) satisfies the assertions
(i)-(vi) in Theorem 3.8 and

a(x,y) +0(qH(T(x,x'), T(y,y))) < B(M(x,y,x,y" )%,
holds for all x,y,x’,y’ € A, where & : A X A — [—00,4+00), q > 1, and 0 € ©. Then CBpp(T) is nonempty.

Especially, letting «(x,y) = 0 for all x,y € A in Theorem 3.8, obviously, (ii), (iii), and (vi) hold in
Theorem 3.8, thus we state the following new result.

Corollary 3.11. Suppose that X, A, A, and B are as defined in Theorem 3.8 and 6 € ©. T : A x A — CL(B)
satisfies the following assertions:

(i) T(x,y) € By for (x,y) € Ag x Ag and (A, B) satisfies the weak P-property;

(ii) there exist @ > 1 and 0 < k < 1 such that

%D*(x,T(X,X/)) <d(xy),
%D*(x/,T(x/,x)) <ALy, b= 0(qH(T(x,X), T(y,y))) < [B(M(x,y,x', y'))I¥,

d(x,y) =d(x ,y’)=0
d(x,y) >0,d(x,y’) >0,

holds for all x,y,x’,yr € A;
(iii) if D(x, T(x,y)) =00r D(y, T(y,x)) =0 for any x,y € Ag, then D(x, T(x,y)) = D(y, T(y,x)) = 0.
Then CBpp(T) is nonempty.

If we reduce the two variables of the mapping T : A x A — CL(B) to one-variable in Theorem 3.8,
Corollary 3.10, and Corollary 3.11, respectively, applying Definitions 3.2, 3.6 to T and simplifying proof
processes of Theorem 3.8, Corollary 3.10, and Corollary 3.11 to one-variable version of T, it is easy to see
that these results are still true, thus, we state the following results with the omitting proofs.

Theorem 3.12. Let (X, d) be a complete metric space and A, B € CL(X) with Ag #0. 0 € © and T : A — CL(B)
be a one-variable Suzuki type «+-0-proximal multivalued mapping. Suppose that the following conditions hold:

(i) Tx C By for x € Ag and (A, B) satisfies the weak P-property;

(ii) Tis oct-proximal admissible;
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(iii) there exist elements xg,x1 € Ag, and u; € Txq such that

d(xllul) = dlSt(A/B)/ OC(XOI X]) P 0/

(iv) T is continuous; or

(V) if {xntx_ is a sequence in A such that &(xn,Xxn4+1) = 0and xn, — x* € A asn — oo, then o(xn,x*) >0
forallm € IN.

Then Bpp(T) is nonempty.

Corollary 3.13. Let X, A, Ag, and B be as in Theorem 3.12. Assume that T : A — CL(B) satisfies the assertions
(i)-(v) in Theorem 3.12 and
a(x,y) + 0(qH(Tx, Ty)) < B(M(x,y))¥,

holds for all x,y € A, where x : A x A — [—00,400) and q > 1. Then Bpp(T) is nonempty.

Corollary 3.14. Suppose that X, A, Ay, and B are as defined in Theorem 3.12 and © € ©. T : A — CL(B) satisfies
the following assertions:

(i) Tx C By for x € Ag and (A, B) satisfies the weak P-property;
(ii)
3D (%, T) < dlx,y) = 0(qH(Tx, Ty)) < M, y)I%,
holds for all x,y € A.
Then Bpp(T) is nonempty.
Remark 3.15.

(i) The results proved in Section 3 generalize the corresponding results of Suzuki [24], Hussain et al.
[6] and many others. They also enrich and develop existing conclusions on coupled best proximity
point [11, 23]. Meanwhile some creative and developed techniques are used to the proofs of our
results well.

(ii) If we choose some other function @ and some more choices for the forms of &, M(x,y) or M(x,y,x’,y")
in the results of the above sections, then more fruitful results will be obtained.
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