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Abstract

In this paper, we are concerned with the existence of solutions for a second-order three-point nonlinear boundary value
problems involving the distributional Henstock-Kurzweil integral. By using the Leray-Schauder nonlinear alternative, we achieve
some results which are the generalizations of the previous results in the literatures. (©2017 All rights reserved.
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1. Introduction and preliminaries

In recent years, many authors have studied three-point boundary value problems for second order
differential equations in [1, 3, 4, 8, 11-13, 15-18, 21, 22, 25]. Such problems have potential applications
in chemistry, physics, biology, etc. In this article, using the Leray-Schauder nonlinear alternative, we
establish the existence of solution of the second order differential equation of the type

—x"=f+g(tx), tel0,1], (1.1)
subject to the three-point boundary condition
x(0) = Bx'(0), x"(1) +x'(n) =0, (1.2)

where x”,x’ stand for the distributional derivative of the real function x € C1[0,1], C1[0,1] denotes the
space where first order derivatives of the functions are continuous, f is a distribution (generalized func-
tion), B is a constant and 1 € [0, 1].
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This study is motivated by Bullen, Sarkhel’s results in [5] in which the differential equations involving
the approximate derivatives was considered. It is well-known that the notion of a distributional derivative
is very general, including ordinary derivatives and approximate derivatives. The purpose of this paper
is that use the distributional derivatives instead of the usual derivatives to discuss the second order
nonlinear boundary value problems.

This paper is organized as follows. In Section 2, we introduce fundamental concepts and basic results
of the distributional Henstock-Kurzweil integral. In Section 3, we apply the Leray-Schauder nonlinear
alternative to verify the existence results of the problem (1.1)-(1.2). In Section 4, we give two examples to
illustrate Theorem 3.3 and Corollary 3.4 in this paper.

2. The distributional Henstock-Kurzweil integral

In this section, the definition of the distributional Henstock-Kurzweil integral and its main properties
needed in this paper are presented.
Define the space

CP={p:R—-R|peC® and ¢ has compact support in R},

where the support of a function ¢ is the closure of the set on which ¢ does not vanish, denoted by
supp(d). A sequence {$n} C C converges to ¢ € CX if there is a compact set K such that all ¢, have
supports in K and for every m € IN the sequence of m-th derivatives o converges to ¢(™) uniformly on
K. Let C° be endowed with this convergence property and denote it by D. Also, ¢ is called test function
if ¢ € D. Distributions are defined to be continuous linear functionals on D. The space of distributions is
denoted by D’, which is the dual space of D. That is, if f € D’ then f: D — R is a linear functional and
we write (f,$) € R, for ¢ € D.

For all f € D’, we recall that the distributional derivative Df of f is a distribution satisfying (Df, ¢) =
—(f,d’), where ¢ is a test function and ¢’ is the ordinary derivative of ¢. With this definition, all
distributions have derivatives of all orders and each derivative is a distribution.

Let (a, b) be an open interval in IR. We define

D(a,b) ={p:R—-R [P e C® and ¢ has compact supportin (a,b)}.

Of course, D(a, b) is endowed with the above convergence property. The dual space of D(a, b) is denoted
by D’(a,b). In this case, if a = —oc0, b = 400, then D(a,b) =D and D'(a,b) = D’.
Define C[a, b] to be the space of continuous functions on [a, b], and

Co ={F € Cla,b] | F(a) = 0}.

Note that Cy is a Banach space with the uniform norm ||F||oc = max(q p; [Fl.
We are now able to present the definition of the Dy k-integral.

Definition 2.1 ([24, Definition 2.1]). A distribution f is distributionally Henstock-Kurzweil integrable or
briefly Dyk-integrable on [a, b] if f is the distributional derivative of a continuous function F € Cy.

The space of Dyk-integrable distributions is defined by
Duk ={f € D'(a,b) | f = DF for some F € Cy}.
With this definition, if f € Dk then, for all $ € D(a,b),

b
(t,) = (DF, §) = —(F, ¢/) = —j Fo'.

a

The second equality holds because F and ¢ are continuous on (a, b) and ¢’ has compact support in (a, b).
The integral in the last equality exists as a Riemann integral for the same reason.
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For convenience, we write fz f = F(b), where F is called the primitive of f and, unless otherwise stated,
“[” denotes the Dyk-integral throughout this paper. As usual, if F € Cla, b] and fz f =F(b) — F(a), then
the function F is a primitive of f. Notice that if f € Dk then f has many primitives in Cl[a, b], all differing
by a constant, but f has exactly one primitive in Co.

With this definition, this integral comprises Riemann, Lebesgue, Henstock-Kurzweil, Perron, Denjoy,

and improper integrals as special cases ([10, 14, 19, 20, 23]).
Remark 2.2. Integrals defined in the same way have also been proposed in other papers. For example,
Ang et al. [2] defined it in the plane and called it the G-integral, and Talvila [23] defined the A c-integral
on the extended real line. In that case of integration over one-dimensional interval, these two integrals
coincide.

The following result is known as the Fundamental Theorem of Calculus.

Lemma 2.3 ([23, Theorem 4]).
(a) Let f € Dyx and F(x) = [, f. Then F € Co and DF = f.
(b) Let F € Cla, bl. Then IZ DF = F(x) —F(a) for all x € [a, b].

For F, G € Cy, we say that F < G if and only if F(x) < G(x) for all x € [a, b]. Similarly, for f,g € Dy,
we say that f < g (or g > f) if and only if

Jng g VI:=lcdc labl.
I I

Denote Dyx4+ = {f € Dk : f = 0}. The following lemma will be needed later.

Lemma 2.4 ([2, Corollary 1]). If f1,fp, f3 € D'(a,b), f1 < fa < f3, and if f1 and f3 are Dy x-integrable, then f;
is also Dyx-integrable.

Let f € Dyy, F € Cy with DF = f. Then, under the Alexiewicz norm

]l = [[Flloo = max |Fl,
[a,b]

Dy is a Banach space (see [23, Theorem 2]).
We say that a sequence {f} C Dk converges strongly to f € Dy (or f, — fin Dyk) if |[fn —f]] — 0
as n — oo. In addition, we have a convergence theorem, which play an important role in our proof.

Lemma 2.5 ([2, Corollary 5, Dominated convergence theorem]). Let {f,,}3°_, be a sequence in Dy such that
fn — fin D’. Suppose there exist f_,f, € Dy satisfying f— < fn < fy, foralln € N. Then f € Dyx and

My o0 [ fr = [DF.

If g: [a,b] — R, its variation is Vg =sup ) ,, Ig(tn) — g(sn )|, where the supremum is taken over every
sequence {(tn, sn)} of disjoint intervals in [a,b]. If Vg < oo then g is called a function with bounded
variation. Denote the set of functions with bounded variation by BV. As it is known that the dual space
of Dk is BV (see details in [23]), we have the next result.

Lemma 2.6 ([23, Definition 6, Integration by parts]). Let f € Dyk, and g € BV. Define fg = DH, where
H(t) = F(t)g(t) — fz Fdg. Then fg € Dy and

Jb fg =F(b)g(b) — Jb Fdg.

a a

Lemma 2.7 ([23, Theorem 7, Holder inequality]). Let f € Dyk. If g € BV, then

b
J, s
a

< 2[[Fllllgllzv-
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The next convergence theorem is a direct consequence of the Holder inequality.

Lemma 2.8. Let {fn} C Dyk. If there exists f € Dy such that f, — fin Dy, i.e., |[fn —f|| = 0asn — +oo,
then for all g € BV, f,g — fg and
b b
lim J fng = J fg.

n—+oo |4 a

3. Main results
In this section, we firstly assume that f, g satisfy the following assumptions:
(Hy) g(x,t) is HK-integrable with respect to t for all x € C1[0, 11.
(Ha) g(x,t) is continuous with respect to x for all t € [0, 1].
(H3) There exist distributions k, h € Dy, such that
—Kk[x[| =h < glx,-) <k|[x]|+h, V¥xeBy,
where B, = {x € C[0,1] | [|x|loc <1}, T > 0.
(Hy) f € Dnk.

Lemma 3.1. Under the assumptions (Hy)-(Ha), the problem (1.1)-(1.2) is equivalent to the integral equation

1
x(t) :# L f(s) + g(s,x(s))ds

e

5 f(s) 4+ g(s,x(s))ds (3.1)
0

—J (t—s)(f(s)+g(s,x(s)))ds, tel0,1],
0

where B, n are constants with 0 <n < 1.

Proof. Forallt € [0,1], s € [0,1], x € C'[0,1], x” € C[0, 1], we have

Jt sx”(s)ds = Jt sdx’(s) = tx/(t) —x(t) +x(0).
0 0

Then
t

x(t) = tx/(t) +x(0) —J sx”'(s)ds. (3.2)
0

Rewriting the differential equation (1.1) as x”(t) = —f(t) — g(t,x(t)), and integrating once over [0, t], we
obtain

(1) :x’(O)—L (£(s) + g(s, x(s)))ds. (3.3)

Combining with the boundary conditions (1.2), one has

, 1! 1M
x'(0) = 5 Jo f(s) 4+ g(s,x(s))ds + > Jo f(s)+g(s,x(s))ds, (3.4)

and . .
x(0) = SL f(s)+g(s,x(s))ds + g L f(s)+ g(s,x(s))ds. (3.5)
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It follows from (3.2) and (3.3) that
x(t) = tx'(0) +x(0) —J (t—s)(f(s) + g(s,x(s)))ds. (3.6)

Therefore, by (3.4), (3.5), (3.6), one has

t 1 t n
x(1) :—HSJ f(s) 4+ g(s,x(s))ds + —HSJ f(s) 4+ g(s,x(s))ds
2 Jo 2 Jo
t
—J (t—s)(f(s)+g(s,x(s)))ds, tel0,1].
0
It is easy to calculate that the problem (1.1)-(1.2) holds by taking the derivative both sides of (3.1). This
completes the proof. O

Now we present the well-known Leray-Schauder nonlinear alternative theorem.

Lemma 3.2 ([7]). Let F be a Banach space and Q a bounded open subset of F, 0 € Q. T: QO — F be a completely
continuous operator. Then, either there exist x € 0Q, A > 1 such that T(x) = Ax, or there exists a fixed point
x* € Q.

With the help of the preceding two lemmas, we can now prove the existence of solutions of the problem
(1.1)-(1.2).

Theorem 3.3. Suppose that the assumptions (H;)-(Hy) hold. If

t
(1pl-+4) max || K(s)ds| <1,
tel01] [Jo
then the problem (1.1)-(1.2) has at least one solution.
Proof. Let
ot
K(t) = | k(s)ds,
Jo
rt
H(t) = | h(s)ds,
\JO
rt
F(t)=| f(s)ds, te][0,1].
Jo

Then, by (H3) and (Hy), K, H, F are all continuous functions. Further,

max < Kool Xlloo + Moo < Tl[Klloo + [l co-

te[0,1]

t
J o(s,x(s))ds

0

Let

_ OB+ ) Hlo + [l
TR 4K 47

For each x € By, t € [0, 1], define the operator T : C[0, 1] — CI[0, 1] by

:tzﬁf
t

Tx(t) : f(s)+g(s,x(s))ds

(=]

++BF f(s) + g(s,x(s))ds (3.8)
2 Jo

— [ s)0rts)+ gls xtsnas.

0
Now we prove T is completely continuous in three steps.
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Step 1: T: By — B;.
For all x € B, by (3.8), one has

1Tx|l0 = nax

1
nax 2'5 |, o1+ s, xts1as

|
f(s) 4+ g(s,x(s))ds
0

L (t— s)(F(s) + g(s,x(s)))ds

Jt f(s) +g(s,x(s))ds (39)

< max ([B+2)
te(0,1] 0

rt
+ max s(f(s) + g(s,x(s)))ds
tel01] |Jo
<UBI+2)(r[[Klfoo + [[Hl[oo + [[Flloo)

rt

+ max s(f(s) +g(s,x(s)))ds|.
tel01] |Jo

=

Furthermore, let G(t fo g(s,x(s))ds, t € [0,1]. Then, by (H;), G is continuous on [0, 1]. Therefore, for
allt € [0,1], one has

J s(f(s) +g(s,x(s)))ds

0 0

Jt sd(F(s) + G(s))‘

t

s(F(s) + G(s))I(% —J F(s) + G(s)ds

0

(3.10)

t
< |F(t) + G()| + J F(s)+ G(s)ds

0
< 2([[Flloo + TIKloo + [[Hlloo)-

In view of (3.7), (3.9), (3.10), one has
1Tx[|oo < (IBI+4) (v[|Kl|oo + [[Hoo + [[Flloo) < 7 (3.11)

Hence, 7(B,) C B,.

Step 2: T(B,) is equicontinuous.
Let t;,t2 € [0,1],x € B,

t —

[Tx(t1) = Tx(t2)l = | —

1 —
t2 JO f(s) + gls,x(s))ds + L2 th L f(s) + g(s,x(s))ds

t
—j (t1 — s)(F(s) + gls,x(s)))ds

0

1%
n L (ta — 5)(f(s) + g(s,x(s)))ds

rl F(s) + G(s)ds

t2
<21t — ta| (7| K]|oo + [|H|loo + ||Fllco) — 0, as t; — t.

<t — 2l (7Koo + [[Hloo + [[Fl[oo) +

Then T(B;) is equiuniformly continuous on [0, 1] for all x € B;.
In view of Steps 1 and 2 and Ascoli-Arzela theorem, T(B) is relatively compact.
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Step 3: T is a continuous mapping.
Let x € By, {xn}nen be a sequence in B, and x,, — x as n — oo. By (Hy), one has

f('lxn) — f(',X) as mn — Q.

According to the assumption (H3z) and Lemmas 2.5 and 2.8, we have
t

lim Jt g(s,xn(s))ds J g(s,x(s))ds, te][0,1],

n—oo

0 0

and . .
lim J sg(s,xn(s))ds :J sg(s,x(s))ds, tel0,1].
On the other hand,
1
Tin (1) = Tx(1) =25 | (s, (5)) = gls, x(5))ds
+ B gl xn(s)) — gls,xshas
t

t
+J s(g(s,xn(s) — gls,x(s))ds, te 0,1]

Therefore, limn 00 Txn (.) = Tx(.), and hence T is a completely continuous operator.
Finally, let Q = {x € C![0,1] : ||x|| < 7}. Assume that x € 3Q, A > 1 such that Tx = Ax. Then, by (3.11),
one has
Ar=Alx| =7 <,

which implies that A < 1. This is a contradiction. Therefore, by Lemma 3.2, there exists a fixed point of T
which is a solution of (3.1). By Lemma 3.1, the problem (1.1)-(1.2) has at least one solution. O]

If k(t) =0 on [0, 1], then (H3) reduces into
(H3) there exists a distribution h € Dyk -, such that
—h < Q(X/‘) < h/ Vx € BT‘-

Therefore, we have the following result.

Corollary 3.4. Assume that (Hy), (Hz), (Hj), (Hs) are fulfilled. Then the problem (1.1)-(1.2) has at least one
solution.

Proof. This is a direct consequence of Theorem 3.3. 0

Remark 3.5. The condition (H}) together with (H;) and (H) was firstly proposed by Chew and Flordeliza
[6] to deal with the first order Cauchy problems.

4. Examples

In this section, we shall give two examples for the applications of Theorem 3.3 and Corollary 3.4.

Example 4.1. Consider the initial value problem

=22 LR, te0,1],

x(0) = 2x’(0), 4.1)
X'(1) +x/(3) =0,

where R’ is the distributional derivative of the Riemman function R(t) = > >, % in [9].
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Proof. 1t is easy to see that R(t) € C[0,1] and R(0) = 0, hence R’ is Dyk-integrable. Let f = R’, g(t,x)

z"jm%, then (H;), (H2), (H4) hold. Moreover, there exist HK integrable functions k(t) = 3 \/é?, h(t) =
such that
—k|x|| —h < g(-,x) <K|x||+h, ¥xeC[0,1],
ie., (H3) holds. Let =2, n = %, then
] V63
+4 J ————ds=4(v6—Vv5) <1
(IB1-+4) m celon Jo 3v5 s ( )
Since,
= 1
0 < [Flloo = IR < Y ="
n=1
by (3.7), we have,
6 (IB1+4) (IH]loo + [[Flloo)
1—4(vV6—5) 1—(IBl+4)[|K|[oo
6 + 1>
~ 108.46.
ST 4 (V6 —+5)
Therefore, by Theorem 3.3, problem (4.1) has at least one solution x* with
. 6 + 2
X < :
1—4(v6—+/5)
0

Example 4.2. Consider the initial value problem

— sin(x) + 2tsin(t2) — 2 £cos(t™ )+ W, telo,1],

0 —1x'(0), (42)
x/(1) +x ’(%) =0,

where W’ is the distributional derivative of the Weierstrass function W(t) = Y 4 % in [9].

Proof. Obviously, W(t) € C[O 1] and W(0) = 0, hence W’ is Dyk-integrable. Let f = W', g(t,x) =
sin(x) 4 2t sin(t—2) — 2Cos( 2), then (H;), (Hy), (Hy) hold. Let

k(t) =0, }dt)::14#2tshﬂt_2)gf%cosh_2)

It is easy to see that the highly oscillating function h(t) is HK integrable but not Lebesgue integrable, and

[t [ t+t3sin(t?),  te(0,1],
H(t) = L h(s)ds = { 0, t—0.

Moreover, we have
_h < 9('/X) < h'/ vx S C[O/ 1]/
ie., (Hs) holds. Let p = —%, n = 3. Since,
= 1
0 < IFlloo = Wlioo < ) 5 =

n=1
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IH|lco =1 +sin(1),
by (3.7), we have

(IBI+4)(IHloo + [[Fllso)
1—(IB1+4) K|l

(sin(1) +2) ~ 11.84.

7.67 = %(Sin(l) +1)<r=

25

<=
6

Therefore, by Corollary 3.4, problem (4.2) has at least one solution x* with

25 .
Ix*[) < 2 (sin(1) +2).

O

Remark 4.3. It is worth pointing out that both the Riemman function R(t) and the Weierstrass function
W(t) are continuous but pointwise differentiable nowhere on [0, 1], then the distributional derivatives R’
in (4.1) and W’ in (4.2) are neither HK integrable nor Lebesgue integrable. Hence, any result using HK or
Lebesgue integral is not applicable for the case of Examples 4.1 and 4.2. In conclusion, the application of
results in this paper is more extensive.
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