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Abstract

In this work, we study a class of neutral stochastic functional differential equations driven by G-Brownian motion. We
derive by variation-of-constants formula sufficient conditions for exponential stability and quasi sure exponential stability of the
solutions. Finally, we provide an example to illustrate the effectiveness of the theoretical results. (92017 All rights reserved.
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1. Introduction

The theory of neutral functional differential equations has attracted many researchers’ great attention
for its potential applications in finance, population dynamic and control. For instance, Hale and Lunel [9]
studied the fundamental theory of deterministic neutral functional differential equations. Liu [17] con-
sidered standard optimal control problems for a class of neutral functional differential equations. One of
the basic works of the theory of neutral functional differential equations is to study the theory of stability
of solutions. Moreover, there is an extensive literature on the stability of neutral stochastic functional
differential equations (NSFDEs), such as [2, 3, 12, 15, 18-21, 28]. In particular, Mao [19] investigated
the exponential stability in mean square for a NSFDEs. Mao also established several Razumikhin-type
theorems on the exponential stability for stochastic functional differential equations in [20].

Meanwhile, the theory of nonlinear expectation has also drawn a great deal of attention in uncertainty
problems, risk measures and the superhedging in finance. Especially, Peng [22] established the fundamen-
tal theory of the G-expectation and G-conditional expectation. Under the framework of G-expectation,
Peng [23, 24] not only introduced the notion of G-Gaussian distribution and the G-Brownian motion but
also set up the associated stochastic calculus of Itd type. On the basis of Peng’s works, related topics in
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the G-stochastic analysis are developed by many researchers, especially on the stability properties. For ex-
ample, Zhang and Chen [27] investigated the sufficient conditions for quasi surely exponentially stability
of the solutions for a kind of special G-stochastic differential equations (GSDEs). Fei and Fei [7] estab-
lished the exponential stability of paths for a class of GSDEs. Hu et al. [11] studied p-moment stability of
solutions to GSDEs by means of the Lyapunov function and the It6 formula. Ren et al. [26] established
the p-moment exponential stability and quasi sure exponential stability of solutions to impulsive GSDEs
by means of G-Lyapunov function method. Through more careful observation and analysis, readers can
discover that G-Lyapunov function method is in general available to establish the stability of solutions to
GSDEs.

Motivated by the above discussion, we will, in this present work, be interested in the stability problem
for a class of neutral stochastic functional differential equations driven by G-Brownian motion (SFDEGs).
In contrast to the existing results on GSDEs, by now there was no study of neutral SFDEGs. Only, Ren et
al. [25] studied the existence and uniqueness of the solutions to SFDEGs with the coefficients satisfying
both the linear growth condition and the classical Lipschitz condition, and investigated the exponential
estimate of the solutions. However, they did not consider the stability of the solutions. The techniques
used in [25] to prove the existence and uniqueness of the solutions are not suitable to the model whose
coefficients do not satisfy the Lipschitz condition. Different from those result obtained in [7, 11, 26, 27], in
this work we shall investigate the p-moment exponential stability and quasi sure exponential stability of
solutions to a class of neutral SFDEGs. As well all know, in the case without delay, Lyapunov’s method is
in general available to study the stability of solutions to GSDEs, as seen in [7, 11, 26, 27]. However, in the
case of differential equations with retarded arguments, even with constant delays, Lyapunov’s method
is not suitable as Krasovkii [13] pointed out for the ordinary differential equations, and Kushner [14]
(among others) also did for stochastic differential equations (SDEs), since the history of the process must
be taken into account [10]. In addition, the main method in the aforementioned references is to incorporate
certain dissipativity to establish the stability of solutions to NSFDEs , as seen in [15, 19, 28] and [3]. The
dissipativity is assured by imposing information of the current time with certain decay conditions [5].
But this method cannot deal with the system in this work, since both the drift and diffusion coefficients
involve only retarded elements and do not involve information on current time. All these issues will
hinder the development of stochastic systems. Consequently, the stability of neutral SFDEGs should be
developed.

2. Preliminary

Let (Q, 7, E) be a sublinear expectation space. Denote QO = Co(R™") by the space of all real-valued
continuous paths (w¢)ier+ with wy = 0 equipped with the distance

1.2 —i 1 2
w,w) = 2 max |w; — wi]) A1l
ol w?) = 3 27" (max lw} — ) A1

For every w € Q, let B(-, w) = w(-) be the corresponding canonical process. For each fixed T € [0, o), set
Lip(Qr) :=={@(B(t1), B(t2), ..., B(tm)) : m € N, t1, ..., tn € [0, T], @ € Cp,Lip (R*™)},
and

Lip(Q) := [ J Lip(Qn),
n=1

where Cb,up(]Rdxm) denotes the space of bounded and Lipschitz continuous functions. Let (B(t))¢>0
be real-valued G-Brownian motion on the sublinear expectation space (Q,H,E) with G(a) = %(62a+ —
o0%a~), where 6> = E[B(1)?], 0> = —E[-B(1)?,0 < 0 < 6 < 00. For 1 < p < oo, let L% (Q) be the
completion of Lip(Q) under the norm || - ||, = E[| - \p]%. Similarly, we can define LY (Qr) for each T > 0.

Define the space ME’O([O, T]) of simple processes by
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N-—1
MO0, T1) = {ne(w) = D &g (W) x5 &t (@) € LR(Qy),
j—1
UIN>1,0=to<t;<---<tn=T,j=01,--- ,N—1}.

Let MY ([0, T]) be the completion of M‘é’o([O, T]) with the norm

T 1

Illme (o) = (E(J |T]t|pdt)>p-

0

For the construction of the stochastic integrals with respect to the G-Brownian motion, we can refer to
Peng [24]. For each fixed T € (0, 00), it is referred to as the delay or time lag. Let ¢ = C([—,0];R™) be
the family of all real-valued continuous functions on [—1,0] equipped with the uniform norm ||&||« =
SUP_1<0<0 1E(0)] for & € €. For X(-) € C([—T,00];R™), define the segment process X € € by

X¢(0) :=X(t+0), 0€[-1,0, t=0.

Let u(-) and p(-) denote the finite signed measures on [—T,0], v(-) a measure on [—T,0], C the set of all
complex numbers and Re(z) the real part of z € C. We define the G-capacity by C(A) = suppcp P(A),
A € B(Q), where P is a (weakly compact) collection of probability measures on (Q, B(Q)).

Consider the following deterministic linear retarded equation of neutral type:

a(vi) - LT R 0)o(do)) = (LT R 0)u(d0) )dt, 2.1)

with the initial value Yy = & € €. By the variation-of-constants formula (see, e.g., [9, Theorem 1.1, p.256]),
(2.1) has a unique solution {Y(t; &) }+>_+. Set
L = sup {ReO\) A€ C,det(?\(lnxn —J

ekﬂnden-—j u(do)) =0},

[—7,0] [—7,0]

where det(A) denotes the determinant of an A € R™ ® R™. The fundamental solution of (2.1) is a unique
continuous function G : [0, 00) — R™ ® R™ which satisfying

d(G(t)—L_TO] G(t+e)p(de)) - (J G(t+6)u(d6))dt, t>0,

[—7,0]

with the initial value G(0) = L, xn and, for each 8 € [—7,0), G(0) = Onxn. Then according to [1, Lemma
1], for any « > v, there exists a constant ¢, > 0 such that

GO < cae™, t=-—r, (2.2)

where || - || denotes the operator norm of the matrix.
Now, we end this subsection by stating the following definitions and a lemma which plays an impor-
tant role in obtaining our result.

Lemma 2.1 (Peng [24, (4.10), p. 47]). For eachn € MlG (0,T),

ﬂﬂ&ma&mum<§ﬁuymmﬁ]

where (B, B)(t) is the quadratic variation process of B(t).
Lemma 2.2 (Peng [24, exercise 3.9, p. 45]). For eachn € M%(0,T),
T

EHZWW%@gLEwmwt
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Definition 2.3. The solution (X(t)) is said to be p-th moment exponentially stable if there is a pair of
positive constants k and K, for any p > 0 and & € ¢ such that

EIX(t; €)P < K||g]Fe P,
When p = 2, it is often called to be exponentially stable in mean square.

Definition 2.4. The solution (X(t)) is said to be quasi surely exponentially stable if for any & € % such
that ,
lim sup {long(t; &) <0 gs..

t—o0

3. Exponential stability of the solutions

In this work, we first consider the following semi-linear retarded SDE of the form
a(xw—|  xie+elprdo) = (| X(e+ou(do))de +olxi)db(v), @.1)
[—7,0] [—T,0]

with the initial value Xp = & € ¢, where 0 : ¥ — R such that ¢(0) = 0 is Borel measurable. Throughout
this section, we further assume that the initial value & € ¥ is independent of {B(t)}t>o, and for any
d, @ € € there exists an L > 0 such that

o)~ o(e)P < L(10(0) ~ (OF + | 16(0) ~ p(e)Fv(d0)). (32)

[—7,0]

We remark that the right-hand side of (3.1) do not involve information on current time. We use the
variation-of-constants formula to overcome this difficulties. That has been applied successfully in [5]. The
following lemma gives a variation-of-constants formula for (3.1).

Lemma 3.1. For each & € C such that f[_T/O] |E/(0)[2d6 < oo, there is a unique strong solution {X(t; &)}t ~o, which
can be represented by

X(t;€) =G(1)E(0) —L | Gl O()p(do)
,0
+J u(dG)J G(t+0—s)&(s)ds (3.3)
[—7,0] 0
0 t
+J p(dG)J G(t—i—@—s)’c’,/(s)ds—i—J' G(t—s)o(Xs)dB(s).
[—7,0] 0 0

Proof. By [17, Theorem 2.2], the solution of (2.1) can be expressed by

0

w(de) L G(t+0—s)&(s)ds

Y(t;€) =G(1)E(0) —j G(t +0)£(0)o(do) +J
[—7,0]
0
+J P(de)J G(t+0—s)&(s)ds.
[—7,0] 0

[—7,0]

Moreover, by [1, Theorem 1] it follows that

t
X(t &) =Y(t;€) +L Gt — s)o(X)dB(s)
0
1(de) J Glt+0—s)E(s)ds
0

=G(t)a(0)—j G(t+e)a(0)p(de)+J
[—7,0] [—7,0]
0 t
+J p(dG)J G(t+6—s)£’(s)ds+J G(t—s)o(Xs)dB(s).
[—7,0] 0 0
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For convenience, let W?([—,0];R) denote the Sobolev space consisting of functions ¢ : [-T,0] — R
such that ¢(-) and ¢’(-) belong to [2([—,0];R). For the rest of the work we assume that the initial value
of (3.1) belongs to W*?([—7,0];R) and v < 0. By (2.2), for any B € (0, —v), there exists a constant Cg > 0
such that

IG(t)]| < Cpe P, t> 1. (3.4)

The following lemma plays an important role in obtaining the exponential stability of the solutions to
(3.1).

Lemma 3.2. Letp > 2, f € ME([0, T;R) and T >t > 0. Then,

ot Py 2 1 t 2
(]E‘ L r(t—s)f(s)dB(s)‘ )" <3Pl —1)62J0 (E|[r(t—s)f(s)|[P) v ds,
provided that the integral on the right hand side is finite for each t > 0.

Proof. We shall apply the method used in the argument of [4, Lemma 2.3] to prove this lemma. Let

M(u) = J: r(t—s)f(s)dB(s), wue€]0,tl.

By the G-Ito formula, for any u € [0, t], it follows that

EIM(I” <3p(p— 1| | IM(s)P2 (e —s)f(s) (B, B) 5]
<3p(p—1OE[ | M2 r(t—s)1(s)]ds]
<Plp =16 | EIMSIP 2 r(e—s)f(s) s
0
%p(p_naz sup (EM(SNP)%ZL (Ellr(t — s)f(s)[[P) 7 ds,

0<s<u

where in the second step we have used Lemma 2.1, in the third step utilized Lemma 2.2 and in the last
step used the Holder inequality. Then, we have

_ 1 _ P=2 U 2
sup EIM(s)” < 5p(p—1)a° sup (EIM(s)F) ’ j (B|[r(t—s)f(s)[[P) 7 dis.

0<s<u 0<s<u 0

This further implies that

N

sup (EIM(s)7)" <3p(p—1)0% | (Bllrt—s)r(s) ")7 ds

0<s<u

1 t 2
<Plp =10 | (Bt s)f(s)]P)
0

Taking u 1 t yields that

1t Py 1 o[ 2
(E| L rlt—s)f(s)aB(s)|") " < 2p(p—1)0? JO (Eljr(t — s)f(s)[P) ds.
d
Remark 3.3. For the estimate of the diffusion term, one of the classical methods is to use some martingale

inequalities (e.g., [16, Lemma4.5], [24, p.59, Pro6.4], [8, Theorem 2.1]. For example, by means of martin-
gale inequalities Ren et al. [25] discussed the existence and uniqueness of the solutions to SFDEGs and
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established the exponential estimate of the solution. It should be pointed out that martingale inequalities
for G-stochastic integrals play an important role in analyzing the diffusion term therein. However, such a

method is not applicable to IS r(t —s)f(s)dB(s) because it is not a martingale. Lemma 3.2 can deal with
this problem.

Next, we shall investigate the p-th moment exponential stability and quasi sure exponential stability
for the solution X(t) to (3.1).

Theorem 3.4. Let p > 2. Assume that (3.2) holds with L > 0 such that p(p — 1)(‘721_C%5 (1+v([—T,00)e*PT) < 4P,
for B € (0,—v), where Cg > 0 is introduced in (3.4). Then for any initial value & € WL2([—,0];R), the solution
of (3.1) is p-th moment exponentially stable, i.e., there exist constants K > 0 and 3 > 0 such that

EX(t; £)P <K|[[E[Re PPt t>0. (3.5)

Proof. For any p > 2, due to p(p — 1)627\C%3 (1+ p([—T,0])e2*T) < 4p, we can choose y» > 1 such that

2

p(p—1)5°yy ACE (1 + ([, 0)ePT) < 4p. (3.6)
In the sequel, we fix y2 > 1 such that (3.6). Then there exists a y; > 1 such that
(a+b+c)9<vi(a9+b9) +vy2c9, g>1, a,bccR". (3.7)
By the elementary inequality:
(a+1)°<a®+1b°% 0<0<1, abeRT,

it follows from (3.3) and (3.7) that

EX(UP <y EIGUEO +7:E| | G(t-+0)£0)p(do)|”

0
u(de) L G(t+0—s)é&(s)ds
0

osl]

_ P
+Y1 ‘
J[—7,0]

+v11E p(do) J
J[—7,0] 0

[t ‘P

G(t—i—e—s)al(s)ds‘p (3.8)

+9,E| | G(t—s)o(Xs)dB(s)
0

On one hand, by virtue of Lemma 3.2 and the Holder inequality, together with (3.2) and (3.4), one has

(E

t P2
J G(t —s)o(X<)dB(s) )p
0

t 2
<§(p—1)j (EIG(t—s)o(X)P) " ds
0
t 2
P12 2B (t—s) p\P
<Sip-1c} | e (Elo(x,)P)” ds

P
2

]éds
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2

+ J[T,m (IEIX(S + e)|p) Ev(ole)}ols

t
<Llp-1Che 2 [ @5 (Bix(sIP) s+ 1D (p—1)Che 20"
0

t 2
x J eZBSdsJ (EX(S ¥ enp) " v(d6)
0 [—7,0]

t 2
ng(p —1)CEe 2Bt L o2Bs <I_E|X(s)|p> P ds 4+ LE(P —1)CRe 2Bt (3.9)

t 2
xv([—T,oneWJ e2PS(EIX(s)P) 5 ds

—T

t 2
<LZ(p—1CE 1+ v ([, 0]))ezﬁtj e?P* (EIX(s)P)7 ds
0

+LE(p— 1) Che Pty (=7, 0™ (28) £ 4,
where in the fourth step we have used Minkovskii’s inequality.

On the other hand, by the Holder inequality and (3.4), it is readily seen that
0

_ 0 2 2
IEH u(dG)J Gt+0—s)E(s)ds|” <E u([—T,O})J u(de)(J G(t+0—s)(s)ds) |
[—T,0 0 [—T,0] 0
0
<E|ull—r,0) | —0ulde) | Glt+0—s)e(s) s
[=0] . (3.10)
<E[ull-r 0)Chlel | -8(] e 2Pt slds)ufdol]
[—=,0] 0
<l 00 P ele 28| ePeds
0
and
_ 0 2 _ 0 2
IE” p(dO)J Gt +0— $)&'(s)ds Sp([—T,O])IEJ (J G(t+0—s)&/(s)ds) p(d0)
[—7,0] 0 [—T,0] 0
0
<p([—T,01)1EJ —0p(do) J Glt+0 —s)PIE/(s)Pds
(=0l 0 (3.11)

0
—Op(de)J —2B(0—s)(s

<p(l-,0NCe 2P | 9

—1,0
T

<(p”—'ffOWC%Te‘ZBtHa’HioJ e?Psds.
0

By a slight variation on (3.8) and taking the previous estimates (3.9), (3.10) and (3.11) into consideration,
it gives that

_ 2 2 B _; o
(EX(t)[P)? <y} Che 2PY||g|2, +Vf(p([—T,0]))2eZBTC%e 2B g2,

2
3] (= 0 PeCh e e5as
0

+¥

=g

(o[, 01))2C3 e 2P| &/ |2 J 62Bs g
0
+T/25Lg(P—1)C%e’25tv([—1,0]) 2P (28) 1 |1E)

; —
+v; LE(P —1)Cq (14 e*P™v([—7,0]))e 2P* Jo e2Bs(IE[X(s)[P) 7 ds,

2
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which implies that

2 t = 2
SSUEXIUP)? < K +35LE (p—1)Ch [1+ePTv((=r,00) | eP*(EIX(s)P)ds
0

2 2 T
Ki =v] CBIIE]% + 1 (o[-, 0))%e2P*Ch [£]12, + 71 ([, 0))*xC | ] % L ePeds

+¥7 (p([—,0))2CRTlIE |13 JO e?Psds wﬁg(p —1)Cqv([—T,0)ePT(2B) |E| %

So, the Gronwall inequality leads to

(EIX(1)P)P < Kee 2Pt £>0,
2
where 23 :=2p — YILE(p— 1)(:%5 (1+ e*PTv([—r,0])). This further gives for p > 2,

EX(t)P <K||&|Re PPt t>0.
Note that (3.6) implies that f > 0, therefore the result (3.5) is established in the case of p > 2. O

Noting
(EX(OP) < (BIX()P)?, for 0<p<2, p>2,
together with (3.5), we see that the p-th moment exponential stability implies the p-th moment exponential

stability. Taking p = 2 yields that the estimate to E[X(t)[P(0 < p < 2) can be done by exponential stability
in mean square. Therefore, we have the following corollary.

Corollary 3.5. Let 0 < p < 2. Assume that (3.2) holds with L > 0 such that L(TZC%S (14 v([—7,0))e*PT) < 2B,
for B € (0,—v), where Cg > 0 is introduced in (3.4). Then for any initial value & € W12([—1,0];R), the solution
of (3.1) is p-th moment exponentially stable, i.e., there exist constants K > 0 and 3 > 0 such that

EX(t &P <K[E]Re PPt t>0.

Carrying out similar arguments as Theorem 3.4 and Corollary 3.5, we can show that the solution X(t)
of (3.1) has the property as follows:

Theorem 3.6. Let the conditions of theorem 3.4 hold. Then for any different initial values &,m € W?([—,0];R),
there exists a pair of positive constants K and f such that

EIX(t;€) — X(tn)P <K[&—n[Re PP, t>0, p>2,
where B is given in Theorem 3.4.

Corollary 3.7. Let the conditions corollary 3.5 hold. Then for any different initial values &,m € W'2([—,0];R),
there exists a pair of positive constants K and 3 such that

EX(t; &) —X(tn)P <K|[|&=n|Re PP, t>0, 0<p<2

In a stable system, by virtue of the results of Theorem 3.6 and Corollary 3.7, trajectories of solutions
corresponding to different initial values become closer in the sense of p-th moment after a long time.

If some conditions are required, moment exponential stability can imply quasi sure exponential sta-
bility. The following result demonstrates this point.

Theorem 3.8. Let the conditions of theorem 3.4 hold. Then for any initial values & € WV2([—,0];R), there exists
a constant 'y > 0 such that
1
lim sup T InX(t)| < —v, q.s.,

t—o0

where y = min{23, 7 'In 1}, B is given in Theorem 3.4.

1
(p([—T,0]))
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Proof. For any integer n > 1, using the Doob martingale inequality and Holder’s inequality, together with
(3.1), (3.2) and (3.5), we have

_ _ _ 2

E( sup |X(nt+06)— X(nt+0+0)p(do)

p
0<0<T [—7,0]

(n+1)T

<31E’X(nr)—J X(n'r+9)p(d9))2+3ll_5” ‘2

nt

(LTO] X(s +6)u(d6))ds

[—T,0]

_ nt+06 2

+3E( sup H G(XS)dW(s)‘)
0<o<t ' Int

_ _ 2 B (n+1)T

<61E|X(n1)|2+6IEH X(n'r+6)p(d6)‘ +3T]EJ

‘2
nt

J X(s+0)u(de)| ds
[—7,0]

[—,0]

(n+1)T _
+12J E|lo(X(s +0))|ds

nt

<6EIX(nT) + 6p([—, 0]) J BT+ 0)p(de) + 3l 0)

(n+1)T
« IEJ J IX(s -+ 0)Pyt(d0)ds
nt [—,0]

(n+1)T
+ 12LIEJ

nt

(IX(s)Iz—i—L ]IX(s—Ire)IZv(de))ds

—,0

<6EX(nT)* +6(p([—7,01))* sup EX(nt+0)f + 3tu([—,0])
—t<0<0

nt

(n+1)T
XJ u(d@)J E[X(s +8)*ds
[—7,0]
(n+1)T (n+1)T
+ 12LJ

nt

]EIX(s)|2d3+12LJ (J ]EIX(s+6)|2v(d6))ds
nt [—T,0]
(n+1)t
<6EX(n1)? 4+ 6(p([—7,00))* sup lEIX(m+6)I2+31(u([—r,0]))2J EIX(s)/*ds
—T<0<0 nt—t
(n+1)T (n+1)T _
E[X(s)[*ds 4+ 12Lv([—, 0]) J E[X(s)[*ds

nt—T

+12LJ

nT
_ B (n+1)T B
<6K||a||§oe““+6(p([—nom2K||a||§oe“’”ﬂ+3T(u([—w,om21<||a||§oj e 75ds
nt—T

(n+1)T (n+1D)T

e Vsds + 12Lv([—T, 0])K||£||§OJ e Vsds

nt—TtT

+12u<||a||ioj

nt
<O6K||E]12.e ™ +6(p([—,00)*K|[£]1Z,eY e V™ + 3r(w([—, 01)) K[| E[5. 7 eV Te T
+ 120K || |27 e V™ + 120 v([—T, 0D)K|[E| 2, 7 le¥Te YT

=Ce YT,
where
C = K[| %6+ 6(p([—, 0]))%"™ +3r(u([—T, 01)%y eV + 121y + 12Lv([—, 0])y 'e"7.

For any ¢ € (0,7), using the Chebyshev inequality, we have

~ _ _ 2 _
¢(w: sup (X(m+e)—J X(nT+0+8)p(d6)| > e (T7eInT) < cemenT,
0<0<T [—7,0]
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The Borel-Cantelli lemma for capacity [6] yields that for almost all w € Q, there exists an integer ng(w)
such that

_ _ 2 -
sup |X(nt+0) —J X(nt+0+ G)p(de)‘ <e V=8N 1>,
0<0<T [—1,0]

Consequently, for almost all w € Q, if t > ngT,
2
Xt —J X(t+0)p(de)| < o= V=)=,
[—7,0]

2
Moreover, for t € [0,ngt], [X(t) — f[, 0] X(t+ G)p(de)) is finite. So, for almost all w € Q, there exists a
finite constant H = H(w), if t > 0,

2 )
]xm—J X(t+e)p(de)( < He~ (7oL,
[—T,0]
On the other hand, set e¥*(p([—T,0]))?> < e < 1. For t > 0, note that

‘X(t)—LTO}X(t—i—e)p(dG)’Z}IX _oX(t ” X(t +6) (d@)]+”{ TO]X(t—i—G)p(de)z

>(1—e)X(1)P + (5—1 _ 1)‘ L | X(t + G)p(dﬁ)‘z.

Hence, we see that

Also, foreach T > 0,

; H 1 _ 2
sup eV =YX (1) Si + - sup [e“’_a)tu X(t+9)p(d9)’ }
0<t<T 1- € 0gt<T [—,0]
(y—e)T _ 2 _
< H + € “(p([—7,01)) sup [e(y—a)t|X(t)|2].
1—c¢ € r<t<T

Through a straightforward mathematical computation, we get

(y—e)T _ 2 — 2
(1- ROy g pel-orxp < =20 e,
£ 0<t<T 1—¢ ¢

which implies that

lim sup % In|X(t)| < —

t—o0 2
Let ¢ — 0. The required result is obtained. O

4. An illustrative example
In this section, we consider an example to verify the theory established in the previous section.

Example 4.1. Consider a semi-linear retarded SDEs

1
d(X(t) + X[t 1)) — X(t—1)dt+ o(X(t—1))dB(t), Xo=E € €. 4.1)
In view of the corresponding characteristic equation A 4 (1 + %) e =0, we deduce that the unique root
is A = —2.3134. So, we have v = —2.3134. Therefore, taking p = 2 and by Theorem 3.4, when the Lipschitz
constant L of o such that L(_YZC%(l +v([—7,0])e*PT) < 2B, for B € (0,2.3134), the solution X(t) of (4.1) is
quasi sure exponentially stable and exponentially stable in mean square.
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