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Abstract

In this paper, the authors introduce a notion “(x, m)-GA-convex function” and establish some Hermite-Hadamard type
inequalities for this kind of convex functions. (©2017 All rights reserved.
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1. Introduction
The following definitions are well-known in the literature.
Definition 1.1. A function f: 1 C R = (—o00, o) — R is said to be convex, if
fltx + (1 —t)y) < tf(x) + (1 - t)f(y),
holds for all x,y € T and t € [0, 1].
Definition 1.2. A function f: 1 C R, = (0,0) — R is said to be GA-convex, if
fxy' ) < tf(x) + (1 - t)f(y),
holds for all x,y € I and t € [0, 1].
Definition 1.3 ([11]). For f: [0,b] — R, b > 0, and m € (0, 1], if
f(tx + m(1 —t)y) < tf(x) + m(1 —t)f(y),

is valid for all x,y € [0,b] and t € [0, 1], then we say that f is an m-convex function on [0, b].
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Definition 1.4 ([6]). For f: [0,b] = R, b > 0, and (x, m) € (0,1]?, if
f(Ax +m(1—A)y) < AMF(x) + m(1 —AN)f(y),
is valid for all x,y € [0,b] and A € [0, 1], then we say that f(x) is an (&, m)-convex function on [0, b].

Now we recall some Hermite-Hadamard type inequalities for several kinds of convex functions.

Theorem 1.5 ([3, Theorem 2.2]). Let f : I° C R — R be a differentiable mapping on 1° and a,b € 1° with a < b.
If |f'| is convex on [a, b, then

b _ I /
MDA 1 [  Lmalilal + )
2 b—al, 8
Theorem 1.6 ([7, Theorems 1 and 2]). Let f : I C R — R be differentiable on 1° and a,b € 1 with a < b. If
[f’|9 is convex on [a,b] and q > 1, then

‘f(a)+f(b) 1 be(x)dx'<

2 b—al,
atb 1 (b b—a ()9 +f'(b)|a )"/
f< 5 >—b_aLf(x)dx 1 < > .

Theorem 1.7 ([4]). Let f : Ry = [0,00) — R be m-convex and m € (0,1]. If f € Ly([a,b]) for a,b € Rg and
a <b, then

b—a [ [f/(a)ld+[f(b)a) "9
)

and

<

b
biaL fx) dx<min{f(a)+n21f(b/m),mf(a/n;)—i_f(b)}.

Theorem 1.8 ([2, Theorem 2.2]). Let f: Ry — R be an m-convex function with m € (0,1]. If a,b € Rg, a < b,
and f € L1([a, b)), then

f(a—i-b) < 1 Jb f(x) + mf(x/m) m+1 [f(a) +f(b +mf(a/m) —l—f(b/m)}

< dx <

2 b—a, 2 STy 2 2

Theorem 1.9 ([5, Theorem 3.1]). Let I O Rg be an open real interval and let f : 1 — IR be a differentiable function
on I such that ' € L([a,b]) for 0 < a < b < co. If [f'|9 is (&, m)-convex on [a,b] for some given numbers

m,x € (0,1] and q > 1, then

‘f(a) +1(b) 1 Jb

5 i f(x)dx

a

—a/1\!Va aqt/a d e
< b a<> Xmin{ |:V1|f/(a)|q +vom f’<b> } ,[vzm f’(a) +V1|f'(b)|q} }/
2 \2 m m
where
v I cx+i and vy = L OCZ—I—OH—Z*i
T e D+ 2) \ T2 ) 2T a2\ 2 2% )"

For more information and recent developments on this topic, please refer to [1, 9, 10, 12-16] and the
closely related references therein.

2. A definition and a lemma
Now we introduce the notion “( o, m)-GA-convex function”.
Definition 2.1. For f: (0,b*] — R and (&, m) € (0,1]?, a function f is said to be (x, m)-GA-convex on I, if
f(xy™ ) < (x) + m(1—t*)f(y),
for all x,y € (0,b*] and t € [0, 1].
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To establish some new Hermite-Hadamard type inequalities for («, m)-GA-convex functions, we need
the following lemma.

Lemma 2.2 ([8]). Let f : I C Ry — R be a differentiable function on 1° and a,b € I° with 0 < a < b. If
f’ € L1([a, b)), then

f(a) +4f(vab) + f(b) 1 Jb f(x)
— dx
6 Inb—Ina ), x
1
_ Inb ; Ina J (t B ;) [al—t/th/Zf/(alft/th/Z) . at/2b1—t/2f/(at/2b1—t/2)} dt.
0

3. Some new integral inequalities of Hermite-Hadamard type

Now we are in a position to establish some integral inequalities of the Hermite-Hadamard type for
(a, m)-GA-convex functions.

Theorem 3.1. Let f : Ry — R be differentiable on Ry, a,b € Ry with a < b, and ' € Li([a,bl). If [f'|9 is
(&, m)-GA-convex on (0, max{b, b/ ™}] for (a, m) € (0,1]? and q > 1, then

f(a) +4f(Vab) + f(b) 1 ® £(x) 4
6 _11'1b—11'1aJ(1 X X'
< lnb—lna[ 1 /4
= 4 20+23+4 (o + 1) (o0 + 2) (o + 3) (3.1)

x {M(97D79(a, B) [Ny (a,b)|f(b)|* +mNs(a, b (/™) [7]1

+M=/4 (b, a) [Ny (b, @) [ (@) * + mNa (b, @) | (01 ™) 1]/},

where
M) 2[u5/6]_(u1/6/v1/6) 1ul/2 (Zvl/z _ul/Z) _2u1/2v1/6]_(u1/3’v1/3)] ,
3(Inv—Inu)
N (w,v) = 12(5u+v)a+ 12(17u +v) + 6 x 32 [(w+v) (20 + 3) + (9u + 5v) ],
N2 (u,v) = 6%(ax+1)(x 4 2)(x + 3) (61w +29v) — 6(10u + 2v) & — 12(17u + v)
— 6 x 3% [(u+v) (20 +3) + (9u +5v)ad,
and L(w,Vv) = =y 1s called the logarithmic mean.

Proof. From Lemma 2.2 and the well-known Hélder integral inequality, it follows that

dx

fla) +4f(Vab) +f(b) 1 Jb f(x)
6 Inb—Ina
lnbllnaj1
< — t
4 0

Inb—Ina (Jl
< Inb—nag (',
4 0

a X
1

[alft/zbt/z‘f’(alft/zbt/z)‘ +at/zblft/Z‘f/(at/zblft/Z)H dt

1 1-1/q 71 1/4q (3.2)
al—t/2pt/2 dt) U
0

i L
3

alft/th/Z‘f/(alft/zbt/Z)‘q dt:|

1 1 1-1/q 1 1 1/q
+ J t— = |at/2pl—t/2 gt J = at/2b1—t/2‘f/(at/Zbl—t/Z)‘q dt },
0 3 0 3
where
1 1 1 1
J t—5[a" /%42 dt = M(a,b) and J t—3[a¥2! 2dt = M(b,a). (33)
0 0
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Since [f'|9 is (o, m)-GA-convex on (0, max{b, b1/ m}] , by the well-known GA-inequality, we have

|

1
t—=la

1
<

0

1
<.

0

N

1—t/2bt/2’f/(a1—t/2bt/2)‘q dt
1—t/20 /2 | 8% 100 pa N (e 1/m (4 d
a b Z—a‘f (b)‘ +m 1—2—oc ‘f (a )‘ t

3
Ut ol 1 47 BN qm q}
t 3”<1 2)a~|—2bH2a\f(b)\ +m<1 2“>\f(a )] dt

1(a,b)['(b)]* + mNa(a, b)[f(al/™) |
2oc+2 X3“+4(O(+1)(O(+2)(O(—{—3) ’

t——

and
N1 (b, a)|f'(a)]9 + mNa(b, a)}f’(bl/m) ‘q

1
L 20042 x 3ot (o + 1) (o + 2) (o + 3)

Putting the equalities (3.3) and (3.4) into the inequality (3.2) leads to the inequality (3.1). The proof of
Theorem 3.1 is complete. O

t—=<|a

t/Zbl—t/Z}f/(at/Zbl—t/Z)|q dt = (34)

Corollary 3.2. Under the assumptions of Theorem 3.1, if q = 1, then

dx

f(a) +4f(Vab) + f(b) 1 b f(x)
’ 6 B lnb—lnaJ(1 X
< Inb—Ina
et (a+1) (o +2)(x+3)
x {[N1(b, @)If'(a)| + N1 (a, b)If'(b)[] +m[Na(a, b)[f'(a’/ ™) + Na(b, )| f'(b"/™)|] }.

Corollary 3.3. Under the assumptions of Theorem 3.1, if «x = m =1, then

f(a) +4f(Vab) +f(b) 1 Jb f(x) d
6 Inb—Ina J, x
Inb—Ina 1 /4

<
4 3 x 64

x {M(a71/9(q,b)[(211a + 137b) |f(b)|? + (521a +211b)|f'(a)|*] "/
+M(a1/4(b, a)[(137a +211b)[(a)]| ¢ + (211a+521b) [ (b)[9] 9},

Corollary 3.4. Under the assumptions of Theorem 3.1, if x = m = q =1, then

f(a) +4f(Vab) + f(b) 1 b ) 4
6 _lnb—lnaL x
_ (Inb—Ina)[(329a + 211b) |f'(a)| + (211a + 329b)|'(b) ]

Theorem 3.5. Let f : Ry — R be differentiable on R, a,b € Ry with a < b, and f' € Li([a,bl). If [f'|9 is
(«, m)-GA-convex on (0, max{b, b ™}| for («, m) € (0,1)> and q > 1, then

fla) +4f(Vab) +f(b) 1 J'b £(x)
6 Inb—Ina J, x
o Inb—Ina (q_1)[2(2q71)/(q—1)+1] 1-1/q

h 4 (2q —1)3(2a-1)/(a—1)

dx‘
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1 1/q

202 (o + 1) (o + 2)
{[ (x+3)a9 + (x4 1)b9]|f'(b )Iq+m{[3><2°‘(oc+1)(oc+2)—2(cx+3)]aq

+ (o4 1)R%(o+2) =209} (@/™) |9V + 2[(w+Da? + (w+3)b9]|f(a)
+m{(a+ 1)2% (o +2) —2la% + [3x 2%+ 1) (o +2) — 2( + 3)]b4 }| £/ (b1/ ™) ]/},

‘ q

Proof. Since |f’|9 is an (o, m)-GA-convex function on (O, max{b, bl/ m}] , by Lemma 2.2 and Holder’s inte-

gral inequality, we have

f(a) +4f(vab) + f(b) 1 Jb f(x)
— dx
6 Inb—Ina X
lnb—InaJ1 f e t/zbt/z}f ( 17t/zbt/z)| +at/Zbl—t/Z‘f/(at/Zblft/Z)H dt
0

q/ q—1) 1-1/q 1 1/4
dt) U aq(l—t/Z)bqt/Z‘f/(al—t/2bt/2)‘q dt}
0

lnb—ln (Jl
t—
0
1 1 q/(q— 1-1/q 1/4
+ (J dt> U qt/qu(l—t/2)’f/(at/Zbl—t/Z) ’q dt} }
0 0

<lnb—lna (q—1)[2Ra-D/(a-1) 4 q] 1-1/q
h 4 (2q —1)3(2a-1)/(a=1)

’ {U: Kl_ 2) at+ ;bq (;! '(0)] + <1—> 1#/( 1/m)\q) dt]l/q
" U: [;aq " <1_ qu] %lf,(“)}q m<1 — ;) ‘f’(bl/m)‘q> dt]l/q}
(

Inb—Ina /(q—1)[224-D/(a=1) L 1]\ 1~1/4 1 /4
- 4 ( (2g —1)3(29-1)/(a-1) ) <2“+2(oc+1)(oc+2)>
{[ (c+3)ad + (ax+1)b9]|f'(b )Iq+m{[3><2°‘(oc—|—1)(cx+2)—2(oc+3)]aq
+ (o4 1)R%(o+2) =209 [ (a™)| 9T + [2[(o+ 1) + (o +3)b9] |f'(a)
+m{ (@4 D2%(oc+2) —2la% + [Bx 2%(a+ 1) (o +2) —2( +3)]b9 }| £/ (b1/™)[ 9]/},

t—

W \

‘ q

Theorem 3.5 is thus proved. O
Corollary 3.6. Under the assumptions of Theorem 3.5, if x = m =1, then
f(a) +4f(Vab) +f(b) 1 Jb fx) o
6 Inb—Ina ), x
_Inb—Ina/ 1)"9 /(g1 1/ (a1 4 17\ 71/
T4 48 (2q —1)3(2a-1)/(a~1)
x {[(8a% +4b%)|'(b)| + (28a% +8b9)|f'(a)[*] "/
+ [(4a% +8b9)|f(a)|* + (8a9 +28b4)|f'(b)[ 9]/ 1.
Theorem 3.7. Let f : Ry — R be differentiable on Ry, a,b € Ry with a < b, and ' € Li([a,b]). If [f'|9 is

(&, m)-GA-convex on (0, max{b, b¥/™}] for (a, m) € (0,1]? and q > 1, then

f(a) +4f(Vab) + f(b) 1 Jb fx) o

6 " Inb—Ina a X
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lnblna< 5 >1_1/q
< - | —
1 \18
§ 1
2042 % 3ot (1
6% [2(oc+1) +3%2 (20 4 500+ 3) [ }[/(0)] T+ m{ [61 x 6% (er + 1) (o +2) (& +3)

—12(50+17) — 6 x 3%"2(20 + 9o+ 3) ] a9 + [29 x 6% (o + 1) (a +2) (o + 3) — 12(ex + 1)

1/
)(“H)(WH)) q{ [{ [12(50c+17) +2 x 357 (20 + 9t + 3)] 0

— 6 x 3%+2(202 +5o<+3)}bq}|f'(a1/m)|qr/q + [{[12(50+17) + 6 x 3%+2(202 + 9o +-3)] b
+6x [2(a+1) + (202 + 50+ 3)3%2] a9} [/ (a) |4 +m{ [61 x 6%(ac+1) (0 +2) (o +3)
—12(50c+17) — 6 x 3%F2(202 +9oc+3)}bq + [29 X 6%(ax+1)(ax+2)(x+3)

120 1)~ 6 37220 + 50 3] (0|

Proof. Since |f’|9 is an (o, m)-GA-convex function on (O, max{b, bl/ m}] , by Lemma 2.2 and Holder’s inte-
gral inequality, we have

f(a) +4f(Vab) + f(b) 1 ® £(x)
‘ 6 _lnb—lnaL
lnb—lnaJ

dx

X

al— t/th/Z‘f( 1—t/2bt/2)‘+at/Zbl—t/Z‘f/(at/Zbl—t/Z)Hdt
_ 1-1/q (1
sl t—ido |
0
1 1 —1/q 1/q
( ‘ |: aqt/zbq (1—t/2) ‘f ( t/2b17t/2)‘q dt:| }
0 3

0
lnb—lna< >1 /4
<

AR5 [ (=)o g et em (152 e ]
2 2

1 o o8 1/

+U0 t;Hz q+<12)bq} <;a\ ’(a)\q+m<1;x>]f’(bl/m)!q> dt] q}

Inb—Ina/ 5\ 4 1 1/4q
~ 1 \18 2 o+3 ) 2
4 <18> [2‘”2><3°‘+4(0€+1)(0¢+2)(cx+3)} {{ 12650 +17) +:2x 3572 20

+9a+3)]a +6 x [2(a+1) +3%+2(20% + 5ex +3) b }|/(b)]f

1 1/q
t— 3 aq(lft/Z)bqt/z‘f/(akt/zbt/z)‘q dt]

m{ [61x 6% (er+ 1) (o +2) (& +3)
—12(50+17) — 6 x 3%"2(20* + 9o+ 3) ] a9 + [29 x 6% (o + 1) (o +2) (o +3) — 12(cx + 1)
—6x 3%+2(202 + 5ot 4 3)] b }|f’(a1/m)|q]1/q + [{[12(50+17) + 6 x 35220 + 9 + 3)] b
+6x [2(a+1) + (202 + 5+ 3)3%F 2] a4} |/ (a)| ¢ +m{ [61 x 6%(oc+1)(ox+2)(x+3)
—12(5a+17) — 6 x 3% (20> + 9o + 3) b + [29 x 6% (ot + 1) (¢ + 2) (x + 3) — 12(x + 1)

— 6% 3%2(20 + 5ax +3)]a | |f/(61/™)|] /q}.

Theorem 3.7 is thus proved. O
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