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Abstract

In the framework of a multiplicative metric space, by using the concept of w∗-compatible mappings, we establish some new
common coupled fixed point theorems for two mappings satisfying φ-type contractive condition. We do not use the condition
of continuity of any mapping for finding the coupled coincidence and common coupled fixed point. Meantime, we also provide
some examples to support our new results. As an application, we provide an existence and uniqueness theorem of common
solution for a class of nonlinear integral equations by using the obtained new result. c©2017 All rights reserved.
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1. Introduction and preliminaries

In 2008, Bashirov et al. [4] first introduced a new concept of multiplicative metric spaces, discussed
some problems of multiplicative calculus, and proved the basic theorem of multiplicative calculus. In
2012, Bashirov et al. [5] demonstrated the efficiency of multiplicative calculus over the Newtonian calcu-
lus. They elaborated that multiplicative calculus is more effective than Newtonian calculus for modeling
various problems from different fields.

Since the multiplicative metric spaces was introduced, many authors got many fixed point theorems
in multiplicative metric spaces, such as, Ozavsar and Cevikel [16] proved some fixed point theorems of
multiplicative contraction mappings in multiplicative spaces, He et al. [13] established common fixed
point theorems for weak commutative mappings in the setting of multiplicative metric space, and Abbas
et al. [1] proved some common fixed point results of quasi-weak commutative mappings on a closed ball
in the framework of the multiplicative metric spaces. Very recently, Gu and Cho [9] established common
fixed point results for four maps satisfying φ-contractive condition in multiplicative metric spaces.

In 2006, Bhaskar and Lakshmikantham [7] introduced the concept of a coupled fixed point and they
used the property of the mixed monotone property to prove some coupled fixed point theorems. Later,
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Lakshmikantham and Ćirić [15] extended and generalized the former result by introducing a new concept
of coupled coincidence point of mappings and using the mixed g-monotone property. For some works on
a coupled fixed point in different spaces, we refer the reader to [2, 3, 6, 8, 10–12, 14, 17–19]. Nevertheless,
so far, there is no any author to research the problems of coupled fixed point in multiplicative metric
spaces. The purpose of this article is to establish some new common coupled fixed point theorems for
two mappings satisfying φ-type contractive condition in multiplicative metric spaces. Furthermore, we
also provide some illustrative examples in support of our new results. As an application, we also provide
an existence and uniqueness theorem of common solution for a class of nonlinear integral equations by
using the obtained new result.

In this section, we first introduce some basic notions and known results.

Definition 1.1 ([4]). Let X be a nonempty set. A multiplicative metric is a mapping d : X× X → R+

satisfying the following axioms

(M1) d(x,y) > 1, ∀x,y ∈ X,d(x,y) = 1⇔x = y;
(M2) d(x,y) = d(y, x), ∀x,y ∈ X;
(M3) d(x,y) 6 d(x, z) · d(z,y), ∀x,y, z ∈ X (multiplicative triangle inequality).

The pair (X,d) is called a multiplicative metric spaces.

Example 1.2 ([4]). Let Rn+ be the collection of all n-tuples of positive real numbers. Let d : Rn+×Rn+ → R

be defined by

d(x,y) =
∣∣∣∣x1

y1

∣∣∣∣ · ∣∣∣∣x2

y2

∣∣∣∣ · · · ∣∣∣∣xnyn
∣∣∣∣ ,

where X = (x1, · · ·, xn),y = (y1 · ··,yn) ∈ Rn+, and | · | : Rn+ → Rn+ is defined by

|a| =

{
a, a > 1,
1
a , a < 1.

Then it is obvious that all conditions of multiplicative metric are satisfied.

Definition 1.3 ([4]). Let (X,d) be a multiplicative metric spaces, {xn} be a sequence in X, and x ∈ X. If for
every multiplicative open ball Bε(x) = {y|d(x,y) < ε}, ε > 1, there exists a natural number N ∈ N such
that n > N then xn ∈ Bε(x). Then the sequence {xn} is said to be multiplicative converging to x, denoted
by xn → x(n→∞).

Proposition 1.4 ([16]). Let (X,d) be a multiplicative metric space, {xn} be sequence in X and x ∈ X. Then

xn → x(n→∞)⇔ d(xn, x)→ 1(n→∞).

Definition 1.5 ([16]). Let (X,d) be a multiplicative metric space, and {xn} be a sequence in X. The se-
quence x ∈ X is called multiplicative Cauchy sequence if, for each ε > 0, there exists a positive inte-
ger N ∈N such that d(xn, xm) < ε for all n,m > N.

Proposition 1.6 ([16]). Let (X,d) be a multiplicative metric space and {xn} be a sequence in X. Then {xn} is a
multiplicative Cauchy sequence if and only if d(xn, xm)→ 1(n,m→∞).

Definition 1.7 ([16]). A multiplicative metric space (X,d) is said to be multiplicative complete if every
multiplicative Cauchy sequence in (X,d) is multiplicative convergent in X.

Definition 1.8. ([16]) Let (X,dX) and (Y,dY) be two multiplicative metric spaces and f : X → Y be a
function. If for f holds the requirement that, for every ε > 1, there exists δ > 1 such that f(Bδ(x)) ⊂
Bε(f(x)), then we call f multiplicative continuous at x ∈ X.

Proposition 1.9 ([16]). Let (X,dX) and (Y,dY) be two multiplicative metric spaces, f : X → Y be a mapping.
Then f is multiplicative continuous at x ∈ X if and only if f(xn)→ f(x) for every sequence {xn} ⊂ X with xn →
x(n→∞).
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Proposition 1.10 ([16]). Let (X,d) be multiplicative metric space, and {xn} and {yn} be two sequences in X such
that xn → x,yn → y(n→∞), x,y ∈ X. Then

d(xn,yn)→ d(x,y)(n→∞).

Definition 1.11 ([7]). Let X be a nonempty set. We call an element (x,y) ∈ X×X a coupled fixed point of
the mapping F : X×X→ X if F(x,y) = x and F(y, x) = y.

Definition 1.12 ([15]). Let X be a nonempty set. An element (x,y) ∈ X×X is called

(i) a coupled coincidence point of the mappings F : X× X → X and g : X → X if F(x,y) = gx and
F(y, x) = gy; in this case (gx,gy) is called coupled point of coincidence of mappings F and g;

(ii) a common coupled fixed point of mappings F : X× X → X and g : X → X if F(x,y) = gx = x and
F(y, x) = gy = y.

Definition 1.13 ([2]). Let X be a nonempty set. We say that the mappings F : X×X→ X and g : X→ X are
called

(i) w-compatible if gF(x,y) = F(gx,gy) whenever F(x,y) = gx and F(y, x) = gy;
(ii) w∗-compatible gF(x, x) = F(gx,gx) whenever F(x, x) = gx.

Let Φ denote the set of functions φ : [1,∞)5 → [0,∞) satisfying

(1) φ is nondecreasing and continuous in each coordinate variable;
(2) for t > 1,

ψ(t) = max{φ(t, t, t, 1, t),φ(t, t, t, t, 1),φ(t, 1, 1, t, t),φ(1, t, 1, t, 1),φ(1, 1, t, 1, t)} 6 t.

Form now on, unless otherwise stated, we choose φ ∈ Φ.

2. Main results

Theorem 2.1. Let (X,d) be a multiplicative metric space, F : X×X→ X and g : X→ X be two mappings. Suppose
that there exists λ ∈ (0, 1) such that the condition

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 φ


dλ(gx,gu) · dλ(gy,gv),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(u, v),gu) · dλ(F(v,u),gv),
dλ(F(x,y),gu) · dλ(F(y, x),gv),
dλ(F(u, v),gx) · dλ(F(v,u),gy)

 (2.1)

holds for all (x,y), (u, v) ∈ X×X. If F(X×X) ⊂ g(X), g(X) is a multiplicative complete subspace of X, and F and
g are ω∗-compatible, then F and g have a unique common coupled fixed point of the form (u,u) ∈ X×X.

Proof. Let x0,y0 ∈ X. Since F(X× X) ⊂ g(X), we can choose x1,y1 ∈ X such that gx1 = F(x0,y0) and
gy1 = F(y0, x0). Similarly, we can choose (x2,y2) ∈ X such that gx2 = F(x1,y1) and gy2 = F(y1, x1).
Continuing in this way, then we can construct two sequences {xn} and {yn} in X, such that

gxn+1 = F(xn,yn), gyn+1 = F(yn, xn), ∀n > 0. (2.2)

If follows from (2.1), (2.2), (M3), and function φ, and also the property of ψ that

d(gxn,gxn+1) · d(gyn,gyn+1)

= d (F(xn−1,yn−1), F(xn,yn)) · d (F(yn−1, xn−1), F(yn, xn))
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6 φ


dλ(gxn−1,gxn) · dλ(gyn−1,gyn),

dλ(F(xn−1,yn−1),gxn−1) · dλ(F(yn−1, xn−1),gyn−1),
dλ(F(xn,yn),gxn) · dλ(F(yn, xn),gyn),

dλ(F(xn−1,yn−1),gxn) · dλ(F(yn−1, xn−1),gyn),
dλ(F(xn,yn),gxn−1) · dλ(F(yn, xn),gyn−1)



= φ


dλ(gxn−1,gxn) · dλ(gyn−1,gyn),
dλ(gxn,gxn−1) · dλ(gyn,gyn−1),
dλ(gxn+1,gxn) · dλ(gyn+1,gyn),
dλ(gxn,gxn) · dλ(gyn,gyn),

dλ(gxn+1,gxn−1) · dλ(gyn+1,gyn−1)


6 φ

 dλ(gxn−1,gxn) · dλ(gyn−1,gyn),dλ(gxn,gxn−1) · dλ(gyn,gyn−1),
dλ(gxn+1,gxn) · dλ(gyn+1,gyn), 1,

dλ(gxn+1,gxn) · dλ(gxn,gxn−1) · dλ(gyn+1,gyn) · dλ(gyn,gyn−1)



6 φ


dλ(gxn−1,gxn) · dλ(gyn−1,gyn) · dλ(gxn,gxn+1) · dλ(gyn,gyn+1),
dλ(gxn−1,gxn) · dλ(gyn−1,gyn) · dλ(gxn,gxn+1) · dλ(gyn,gyn+1),
dλ(gxn−1,gxn) · dλ(gyn−1,gyn) · dλ(gxn,gxn+1) · dλ(gyn,gyn+1), 1,
dλ(gxn−1,gxn) · dλ(gyn−1,gyn) · dλ(gxn,gxn+1) · dλ(gyn,gyn+1)


6 ψ

(
dλ(gxn−1,gxn) · dλ(gyn−1,gyn) · dλ(gxn,gxn+1) · dλ(gyn,gyn+1)

)
6 dλ(gxn−1,gxn) · dλ(gyn−1,gyn) · dλ(gxn,gxn+1) · dλ(gyn,gyn+1),

which implies that

d(gxn,gxn+1) · d(gyn,gyn+1)

6 d
λ

1−λ (gxn−1,gxn) · d
λ

1−λ (gyn−1,gyn) = dh(gxn−1,gxn) · dh(gyn−1,gyn).
(2.3)

Here h = λ
1−λ ∈ (0, 1). It follows from (2.3) that

d(gxn,gxn+1) · d(gyn,gyn+1) 6 d
h(gxn−1,gxn) · dh(gyn−1,gyn)

6 dh
2
(gxn−2,gxn−1) · dh

2
(gyn−2,gyn−1)

...

6 dh
n

(gx0,gx1) · dh
n

(gy0,gy1).

Therefore, for all n ∈N, n < m, by the multiplicative triangle inequality we obtain

d(gxn,gxm) · d(gyn,gym)

6 d(gxn,gxn+1) · d(gxn+1,gxn+2) · · ·d(xm−1, xm) · d(gyn,gyn+1)

· d(gyn+1,gyn+2) · · ·d(gym−1,gym)

6 dh
n

(gx0,gx1) · dh
n

(gy0,gy1) · dh
n+1

(gx0,gx1) · dh
n+1

(gy0,gy1) · · ·dh
m−1

(gx0,gx1)

· dhm−1
(gy0,gy1)

6 d
hn

1−h (gx0,gx1) · d
hn

1−h (gy0,gy1).

This implies that
d(gxn,gxm) · d(gyn,gym)→ 1(n,m→∞)

such that
d(gxn,gxm)→ 1 (n,m→∞), d(gyn,gym)→ 1 (n,m→∞).
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Hence {gxn} and {gyn} are Cauchy sequences in g(X). By completeness of g(X), there exist gx,gy ∈ g(X)
such that {gxn} and {gyn} converge to gx and gy, respectively. Now we prove that F(x,y) = gx and
F(y, x) = gy. In fact, it follows from (M3) and (2.1) that

d(F(x,y),gx) · d(F(y, x),gy)
6 d(F(x,y),gxn+1) · d(gxn+1,gx) · d(F(y, x),gyn+1) · d(gyn+1,gy)
= d(F(x,y), F(xn,yn)) · d(F(y, x), F(yn, xn)) · d(gxn+1,gx) · d(gyn+1,gy)

6 φ


dλ(gx,gxn) · dλ(gy,gyn),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(xn,yn),gxn) · dλ(F(yn, xn),gyn),
dλ(F(x,y),gxn) · dλ(F(y, x),gyn),
dλ(F(xn,yn),gx) · dλ(F(yn, xn),gy)

 · d(gxn+1,gx) · d(gyn+1,gy)

= φ


dλ(gx,gxn) · dλ(gy,gyn),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(gxn+1,gxn) · dλ(gyn+1,gyn),
dλ(F(x,y),gxn) · dλ(F(y, x),gyn),
dλ(gxn+1,gx) · dλ(gyn+1,gy)

 · d(gxn+1,gx) · d(gyn+1,gy).

Let n→∞ in the above inequality, we obtain

d(F(x,y),gx) · d(F(y, x),gy)

6 φ
(
1,dλ(F(x,y),gx) · dλ(F(y, x),gy), 1,dλ(F(x,y),gx) · dλ(F(y, x),gy), 1

)
· 1 · 1

6 ψ
(
dλ(F(x,y),gx) · dλ(F(y, x),gy)

)
6 dλ(F(x,y),gx) · dλ(F(y, x),gy).

We have that λ ∈ (0, 1), such that d(F(x,y),gx) · d(F(y, x),gy) = 1, which implies that d(F(x,y),gx) = 1
and d(F(y, x),gy) = 1, where we have to prove that F(x,y) = gx and F(y, x) = gy. Hence, (gx,gy) is a
coupled point of coincidence of mappings F and g.

Now, we claim that a coupled point of coincidence is unique. Suppose that there is another (x∗,y∗) ∈
X×X such (gx∗,gy∗) is a coupled point of mappings F and g, then by (2.1) we have

d(gx,gx∗) · d(gy,gy∗)
= d(F(x,y), F(x∗,y∗)) · d(F(y, x), F(y∗, x∗))

6 φ


dλ(gx, gx∗) · dλ(gy, gy∗),

dλ(F(x,y), gx) · dλ(F(y, x), gy),
dλ(F(x∗,y∗),gx∗) · dλ(F(y∗, x∗),gy∗),
dλ(F(x,y),gx∗) · dλ(F(y, x),gy∗),
dλ(F(x∗,y∗), gx) · dλ(F(y∗, x∗), gx)



= φ


dλ(gx,gx∗) · dλ(gy,gy∗),
dλ(gx,gx) · dλ(gy,gy),

dλ(gx∗,gx∗) · dλ(gy∗,gy∗),
dλ(gx,gx∗) · dλ(gy,gy∗),
dλ(gx∗,gx) · dλ(gy∗,gy)


= φ

(
dλ(gx,gx∗) · dλ(gy,gy∗), 1, 1,dλ(gx,gx∗) · dλ(gy,gy∗),dλ(gx∗,gx) · dλ(gy∗,gy)

)
6 ψ

(
dλ(gx,gx∗) · dλ(gy,gy∗)

)
6 dλ(gx,gx∗) · dλ(gy,gy∗).

From the above inequality, we must have d(gx,gx∗) ·d(gy,gy∗)=1, so that d(gx,gx∗)=1 and d(gy,gy∗) =
1, we obtain gx = gx∗ and gy = gy∗. Hence, (gx,gy) is a unique coupled point of coincidence of mappings
F and g.
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Next we prove that gx = gy. In fact, from (2.1) we have

d(gx,gy) · d(gy,gx) = d(F(x,y), F(y, x)) · d(F(y, x), F(x,y))

6 φ


dλ(gx,gy) · dλ(gy,gx),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(y, x),gy) · dλ(F(x,y),gx),
dλ(F(x,y),gy) · dλ(F(y, x),gx),
dλ(F(y, x),gx) · dλ(F(x,y),gy)


= φ

(
dλ(gx,gy) · dλ(gy,gx), 1, 1,dλ(gx,gy) · dλ(gy,gx),dλ(gy,gx) · dλ(gx,gy)

)
6 ψ

(
dλ(gx,gy) · dλ(gy,gx)

)
6 dλ(gx,gy) · dλ(gy,gx).

We have λ ∈ (0, 1), so that d(gx,gy) · d(gy,gx) = 1, that means d(gx,gy) = 1,d(gy,gx) = 1, we obtain
that gx = gy. Thus, (gx,gx) is a unique coupled point of coincidence of mappings F and g.

Now we show that F and g have a unique common coupled fixed point. For this, let gx = u. Then we
have u = gx = F(x, x). By the ω∗-compatibility of F and g, we have

gu = g(gx) = gF(x, x) = F(gx,gx) = F(u,u).

Thus, (gu,gu) is coupled point of coincidence of F and g. By the uniqueness of a coupled point of
coincidence, we have gu = gx. Thus, we obtain u = gu = F(u,u). Therefore, (u,u) is the unique common
coupled fixed point of F and g. This completes the proof of Theorem 2.1.

Remark 2.2. Theorem 2.1 generalizes and extends the coupled fixed point to multiplicative metric spaces,
and so far nobody studied that, therefore it is very significative to do this.

Example 2.3. Let X = [0, 1], and (X,d) be a multiplicative metric space defined by d(x,y) = e|x−y| for all
x,y ∈ X. Let F : X×X→ X and g : X→ X be two mappings defined by

F(x,y) =
x+ y

4
,gx = 10x

for all x,y ∈ X. Now, for (x,y), (u, v) ∈ X×X, we have

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) = d
(
x+ y

4
,
u+ v

4

)
· d
(
y+ x

4
,
v+ u

4

)
= e|

x+y
4 −u+v

4 | · e|
y+x

4 − v+u
4 | = e|

x+y
2 −u+v

2 |.

At the same time, F,g satisfy the condition (2.1) with λ = 1
2 and φ(t1, t2, t3, t4, t5) = (t1 · t2 · t3 · t4 · t5)

1
5 . In

fact, we have

φ


dλ(gx,gu) · dλ(gy,gv),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(u, v),gu) · dλ(F(v,u),gv),
dλ(F(x,y),gu) · dλ(F(y, x),gv),
dλ(F(u, v),gx) · dλ(F(v,u),gy)



= φ


dλ(10x, 10u) · dλ(10y, 10v),
dλ(x+y4 , 10x) · dλ(y+x4 , 10y),
dλ
(
u+v

4 , 10u
)
· dλ

(
v+u

4 , 10v
)

,
dλ
(
x+y

4 , 10u
)
· dλ

(
y+x

4 , 10v
)

,
dλ
(
u+v

4 , 10x
)
· dλ

(
v+u

4 , 10y
)


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= φ


e|10x−10y|· 12 · e|10y−10v|· 12 ,
e|
x+y

4 −10x|· 12 · e|
y+x

4 −10y|· 12 ,
e|
u+v

4 −10u|· 12 · e|
v+u

4 −10v|· 12 ,
e|
x+y

4 −10u|· 12 · e|
y+x

4 −10v|· 12 ,
e|
u+v

4 −10x|· 12 · e|
v+u

4 −10y|· 12



= φ


e|5x−5u|+|5y−5v|,
e|
y
8 −

39x
8 |+| x8 −

39y
8 |,

e|
v
8 −

39u
8 |+|u8 −

39v
8 |,

e|
x+y

8 −5u|+| x+y8 −5v|,
e|
u+v

8 −5x|+|u+v8 −5y|


=
(
e|5x−5u|+|5y−5v|+|y8 −

39x
8 |+| x8 −

39y
8 |+| v8 −

39u
8 |+|u8 −

39v
8 |+| x+y8 −5u|+| x+y8 −5v|+|u+v8 −5x|+|u+v8 −5y|

) 1
5

>
(
e|5x−5u+5y−5v+y

8 −
39x

8 + x
8 −

39y
8 + v

8 −
39u

8 +u
8 −

39v
8 + x+y

8 −5u+ x+y
8 −5v+u+v

8 −5x+u+v
8 −5y|

) 1
5

=
(
e|−

9x
2 − 9y

2 − 29u
2 − 29v

2 |
) 1

5

=
(
e|

9x
2 + 9y

2 + 29u
2 + 29v

2 |
) 1

5
= e|

9x
10 +

9y
10 +

29u
10 + 29v

10 | > e|
x+y

2 −u+v
2 | = d(F(x,y), F(u, v)) · d(F(y, x), F(v,u))

for all (x,y), (u, v) ∈ X× X. It is obvious that F is ω∗-compatible with g. Hence, all the conditions of
Theorem 2.1 are satisfied. Moreover, (0, 0) is the unique common coupled fixed point of F and g.

By taking φ(t1, t2, t3, t4, t5) = max{t1, t2, t3, t4, t5} in Theorem 2.1, we have the following results.

Corollary 2.4. Let (X,d) be a multiplicative metric space, and F : X× X → X and g : X → X be two mappings.
Suppose that there exists λ ∈ (0, 1) such that the condition

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 max


dλ(gx,gu) · dλ(gy,gv),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(u, v),gu) · dλ(F(v,u),gv),
dλ(F(x,y),gu) · dλ(F(y, x),gv),
dλ(F(u, v),gx) · dλ(F(v,u),gy)

 (2.4)

holds for all (x,y), (u, v) ∈ X×X. If F(X×X) ⊂ g(X) and g(X) is a multiplicative complete subspace of X, and F
and g are ω∗-compatible , then F and g have a unique common coupled fixed point of the form (u,u) ∈ X×X.

Corollary 2.5. Let (X,d) be a multiplicative metric space, and F : X× X → X and g : X → X be two mappings.
Suppose that there exists λ ∈ (0, 1) and 0 < k 6 1 such that the condition

d(F(x,y),F(u,v)) · d(F(y,x),F(v,u)) 6 kmax


dλ(gx,gu) · dλ(gy,gv),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(u, v),gu) · dλ(F(v,u),gv),
1
2d
λ(F(x,y),gu) · dλ(F(y, x),gv),

1
2d
λ(F(u, v),gx) · dλ(F(v,u),gy)

 (2.5)

holds for all (x,y), (u, v) ∈ X× X. If F(X× X) ⊂ g(X) and g(X) is a multiplicative complete subspace of X, and
F and g are ω∗-compatible, then F and g have a unique common coupled fixed point (u,u) ∈ X× X, satisfying
u = gu = F(u,u).

Proof. Since (2.5) implies (2.4), so we can obtain Corollary 2.5.
Let g = IX (the identity mapping) in Theorem 2.1, and Corollaries 2.4 and 2.5. Then we have the

following results.
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Corollary 2.6. Let (X,d) be a complete multiplicative metric space, and F : X× X → X be a mapping. Suppose
that there exists λ ∈ (0, 1) such that the condition

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 φ


dλ(x,u) · dλ(y, v),

dλ(F(x,y), x) · dλ(F(y, x),y),
dλ(F(u, v),u) · dλ(F(v,u), v),
dλ(F(x,y),u) · dλ(F(y, x), v),
dλ(F(u, v), x) · dλ(F(v,u),y)


holds for all (x,y), (u, v) ∈ X× X. Then F has a unique coupled fixed point of the form (u,u) ∈ X× X, which
satisfies u = F(u,u).

Corollary 2.7. Let (X,d) be a complete multiplicative metric space, and F : X× X → X be a mapping. Suppose
that there exists λ ∈ (0, 1) such that the condition

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 max


dλ(x,u) · dλ(y, v),

dλ(F(x,y), x) · dλ(F(y, x),y),
dλ(F(u, v),u) · dλ(F(v,u), v),
dλ(F(x,y),u) · dλ(F(y, x), v),
dλ(F(u, v), x) · dλ(F(v,u),y)


holds for all (x,y), (u, v) ∈ X× X. Then F has a unique coupled fixed point of the form (u,u) ∈ X× X, which
satisfies u = F(u,u).

Corollary 2.8. Let (X,d) be a complete multiplicative metric space, and F : X× X → X be a mapping. Suppose
that there exists λ ∈ (0, 1) and 0 < k 6 1 satisfying

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 kmax


dλ(x,u) · dλ(y, v),

dλ(F(x,y), x) · dλ(F(y, x),y),
dλ(F(u, v),u) · dλ(F(v,u), v),
1
2d
λ(F(x,y),u) · dλ(F(y, x), v),

1
2d
λ(F(u, v), x) · dλ(F(v,u),y)


for all (x,y), (u, v) ∈ X×X. Then F has a unique coupled fixed point (u,u) ∈ X×X, satisfying u = F(u,u).

Theorem 2.9. Let (X,d) be a multiplicative metric space, and F : X× X → X and g : X → X be two mappings.
Suppose that there exists λ ∈ (0, 1) such that

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u))

6 a1d
λ(gx,gu) · dλ(gy,gv) + a2d

λ(F(x,y),gx) · dλ(F(y, x),gy)

+ a3d
λ(F(u, v),gu) · dλ(F(v,u),gv) + a4d

λ(F(x,y),gu) · dλ(F(y, x),gv)

+ a5d
λ(F(u, v),gx) · dλ(F(v,u),gy)

(2.6)

holds for all (x,y), (u, v) ∈ X×X, where ai > 0 (i = 1, 2, · · · , 5) with

0 < a1 + a2 + a3 + a4 + a5 6 1.

If F(X× X) ⊂ g(X) and g(X) is a multiplicative complete subspace of X, then F and g have a unique common
coupled point of coincidence (gx,gy) ∈ X×X, satisfying gx = F(x,y) = gy = F(y, x).

Moreover, if F and g areω∗-compatible, then F and g have a unique common coupled fixed point (u,u) ∈ X×X,
satisfying u = gu = F(u,u).
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Proof. For all x,y,u, v ∈ X, let

M(x,y,u, v) 6 max


dλ(gx,gu) · dλ(gy,gv),

dλ(F(x,y),gx) · dλ(F(y, x),gy),
dλ(F(u, v),gu) · dλ(F(v,u),gv),
dλ(F(x,y),gu) · dλ(F(y, x),gv),
dλ(F(u, v),gx) · dλ(F(v,u),gy)

 .

Then from (2.6) we have

a1d
λ(gx,gu) · dλ(gy,gv) + a2d

λ(F(x,y),gx) · dλ(F(y, x),gy) + a3d
λ(F(u, v),gu) · dλ(F(v,u),gv)

+ a4d
λ(F(x,y),gu) · dλ(F(y, x),gv) + a5d

λ(F(u, v),gx) · dλ(F(v,u),gy))
6 (a1 + a2 + a3 + a4 + a5)M(x,y,u, v) 6M(x,y,u, v).

Therefore, the result of Theorem 2.9 can be obtained from Corollary 2.4 immediately.

In Theorem 2.9, if we take α = a1 and a2 = a3 = a4 = a5 = 0, we deduce the following corollary.

Corollary 2.10. Let (X,d) be a complete multiplicative metric space, and suppose that there exists λ ∈ (0, 1) and
let F : X×X→ X be a mapping satisfying

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 αdλ(gx,gu) · dλ(gy,gv) (2.7)

for all (x,y), (u, v) ∈ X × X, where 0 < α 6 1. If F(X × X) ⊂ g(X) and g(X) is a multiplicative complete
subspace of X, then F and g have a unique common coupled point of coincidence (gx,gy) ∈ X × X, satisfying
gx = F(x,y) = gy = F(y, x).

Moreover, if F and g areω∗-compatible, then F and g have a unique common coupled fixed point (u,u) ∈ X×X,
satisfying u = gu = F(u,u).

In Theorem 2.9, if we take α = a1,β = a4 and a2 = a3 = a5 = 0, we deduce the following result.

Corollary 2.11. Let (X,d) be a complete multiplicative metric space, and suppose that there exists λ ∈ (0, 1) and
let F : X×X→ X be a mapping satisfying

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 αdλ(gx,gu) · dλ(gy,gv) +βdλ(F(x,y),gu) · dλ(F(y, x),gv).

for all (x,y), (u, v) ∈ X× X, where 0 < α+ β 6 1. If F(X× X) ⊂ g(X) and g(X) is a multiplicative complete
subspace of X, then F and g have a unique common coupled point of coincidence (gx,gy) ∈ X × X, satisfying
gx = F(x,y) = gy = F(y, x).

Moreover, if F and g areω∗-compatible, then F and g have a unique common coupled fixed point (u,u) ∈ X×X,
satisfying u = gu = F(u,u).

In Theorem 2.9, taking α = a1,β = a2,γ = a4 and a3 = a5 = 0, we deduce the following result.

Corollary 2.12. Let (X,d) be a complete multiplicative metric space, and suppose that there exists λ ∈ (0, 1) and
let F : X×X→ X be a mapping satisfying

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 αdλ(gx,gu) · dλ(gy,gv) +βdλ(F(x,y),gx) · dλ(F(y, x),gy)

+ γdλ(F(x,y),gu) · dλ(F(y, x),gv)

for all (x,y), (u, v) ∈ X×X, where 0 < α+β+ γ 6 1. If F(X×X) ⊂ g(X) and g(X) is a multiplicative complete
subspace of X, then F and g have a unique common coupled point of coincidence (gx,gy) ∈ X × X, satisfying
gx = F(x,y) = gy = F(y, x).
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Moreover, if F and g are ω∗-compatible, then F and g have a unique common coupled fixed point
(u,u) ∈ X×X, satisfying u = gu = F(u,u).

Let g = IX (the identity mapping) in Theorem 2.9, and Corollaries 2.10, 2.11, and 2.12. Then we have
the following results.

Corollary 2.13. Let (X,d) be a complete multiplicative metric space, and F : X× X → X be a mapping. Suppose
that there exists λ ∈ (0, 1) such that

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u))

6 a1d
λ(x,u) · dλ(y, v) + a2d

λ(F(x,y), x) · dλ(F(y, x),y)

+ a3d
λ(F(u, v),u) · dλ(F(v,u), v) + a4d

λ(F(x,y),u) · dλ(F(y, x), v)

+ a5d
λ(F(u, v), x) · dλ(F(v,u),y)

holds for all (x,y), (u, v) ∈ X×X, where ai > 0 (i = 1, 2, · · · , 5) with

0 < a1 + a2 + a3 + a4 + a5 6 1.

Then F has a unique coupled fixed point (u,u) ∈ X×X, satisfying u = gu = F(u,u).

Corollary 2.14. Let (X,d) be a complete multiplicative metric space, and F : X× X → X be a mapping. Suppose
that there exists λ ∈ (0, 1) such that

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 αdλ(x,u) · dλ(y, v) +βdλ(F(x,y),u) · dλ(F(y, x), v).

for all (x,y), (u, v) ∈ X × X, where 0 < α + β 6 1. Then F has a unique coupled fixed point of the form
(u,u) ∈ X×X, satisfying u = F(u,u).

Corollary 2.15. Let (X,d) be a complete multiplicative metric space, and F : X× X → X be a mapping. Suppose
that there exists λ ∈ (0, 1) such that

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u))

6 αdλ(x,u) · dλ(y, v) +βdλ(F(x,y), x) · dλ(F(y, x),y) + γdλ(F(x,y),u) · dλ(F(y, x), v)

for all (x,y), (u, v) ∈ X× X, where 0 < α+ β + γ 6 1. Then F has a unique coupled fixed point of the form
(u,u) ∈ X×X, satisfying u = F(u,u).

Example 2.16. Let X = [0, 1], and (X,d) be a multiplicative metric space defined by

d(x,y) = e|x−y|

for all x,y in X. Let λ = 1
4 and let F : X×X→ X,g : X→ X as

F(x,y) =
1
4

ln(1+ | x− y |), gx = 2x, ∀x,y ∈ X.

By the definition, we can easily obtain that F(X × X) ⊆ gX. Next we show that the pair (F,g) is ω∗-
compatible. In fact {

F(x,y) = gx,
F(y, x) = gy. ⇔

{ 1
4 ln(1+ | x− y |) = 2x,
1
4 ln(1+ | y− x |) = 2y.

⇔ x = y = 0.

This shows that (g0,g0) is the unique coupled point of coincidence point of mappings F and g. Apparently,
we get F(g0,g0) = g(F(0, 0)) = 0, therefore the pair (F,g) is ω∗-compatible.
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In the following, we will prove that the condition (2.7) holds in Corollary 2.10 with α = 1. In fact,
∀(x,y), (u, v) ∈ X×X, we have

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u))

= e|
1
4 ln(1+|x−y|)− 1

4 ln(1+|u−v|)| · e|
1
4 ln(1+|y−x|)− 1

4 ln(1+|v−u|)|

= e

∣∣∣ 1
4 ln 1+|x−y|

1+|u−v|

∣∣∣ · e
∣∣∣ 1

4 ln 1+|y−x|
1+|v−u|

∣∣∣
= e

∣∣∣ 1
4 ln 1+|u−v|+|x−y|−|u−v|

1+|u−v|

∣∣∣ · e
∣∣∣ 1

4 ln 1+|v−u|+|y−x|−|v−u|
1+|v−u|

∣∣∣
= e

∣∣∣ 1
4 ln(1+ |x−y|−|u−v|

1+|u−v| )
∣∣∣ · e

∣∣∣ 1
4 ln(1+ |y−x|−|v−u|

1+|v−u| )
∣∣∣

= e

∣∣∣ 1
2 ln(1+ |x−y|−|u−v|

1+|u−v| )
∣∣∣

6 e

∣∣∣ 1
2 ln(1+ |(x−y)−(u−v)|

1+|u−v| )
∣∣∣

= e

∣∣∣ 1
2 ln(1+ |(x−u)−(y−v)|

1+|u−v| )
∣∣∣

6 e

∣∣∣ 1
2 ln(1+ |x−u|+|y−v|

1+|u−v| )
∣∣∣

6 e|
1
2 ln[1+|x−u|+|y−v|]|

6 e|
1
2 (|x−u|+|y−v|)| = (e2|x−u| · e2|y−v|)

1
4

= d
1
4 (gx,gu) · d

1
4 (gy,gv) 6 1 · d

1
4 (gx,gu) · d

1
4 (gy,gv).

Then the mappings F and g satisfy all the conditions appearing in Corollary 2.10, by the result of Corollary
2.10, we get F and g have a unique coupled common fixed point. In fact, (0, 0) is a unique coupled common
fixed point of F and g, that is F(0, 0) = g0 = 0.

3. Application to integral equations

In this section, we wish to study the existence and uniqueness problem of solution for a class of
nonlinear integral equations by using the obtained result.

Throughout this section, we assume that X = C[0, 1] is the set of all continuous functions defined on
[0, 1]. Define d : X×X→ R+ by

d(x,y) = sup
p∈[0,1]

e|x(p)−y(p)|, ∀x,y ∈ X.

Then we get (X,d) is multiplicative metric space.
Consider the following nonlinear integral equations

x(p) = h(p) +

∫ 1

0
k(p,q)(f1(q, x(q)) + f2(q,y(q)))dq, p ∈ [0, 1],

y(p) = h(p) +

∫ 1

0
k(p,q)(f1(q,y(q)) + f2(q, x(q)))dq, p ∈ [0, 1], ∀x,y ∈ X,

(3.1)

where the functions h : [0, 1]→ R, k : [0, 1]× [0, 1]→ R+, and f1, f2 : [0, 1]×R→ R.
Next, we will analyze (3.1) under the following conditions:

(i) h,k, f1, and f2 are continuous functions;
(ii) there exist constants σ, τ > 0 such that{

| f1(p, x) − f1(p,y) |6 σ | x− y |,
| f2(p, x) − f2(p,y) |6 τ | x− y |,

∀p ∈ [0, 1], x,y ∈ R;
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(iii) 0 < λ = 2 max {σ, τ} ‖ k ‖∞6 1, where ‖ k ‖∞= sup{k(p,q) : p,q ∈ [0, 1]}.

Theorem 3.1. Under the conditions (i)-(iii), integral equation (3.1) has a unique common solution in C[0, 1].

Proof. First, the operators F : X×X→ X and g : X→ X are defined respectively by

F(x,y)(p) = h(p) +
∫ 1

0
k(p,q)(f1(q, x(q)) + f2(q,y(q)))dq, p ∈ [0, 1], ∀x,y, z ∈ X,

and
gx(p) = x(p), ∀x ∈ X.

Then we induced F(X×X) ⊂ g(X), F and g are w∗-compatible, and g(X) is a complete subspace of (X,d).
From the definition of S1, we can get

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u))

= sup
p∈[0,1]

e|F(x,y)(p)−F(u,v)(p)| · sup
p∈[0,1]

e|F(y,x)(p)−F(v,u)(p)|

= sup
p∈[0,1]

e

∣∣∣[h(p)+∫1
0 k(p,q)(f1(q,x(q))+f2(q,y(q)))dq]−[h(p)+

∫1
0 k(p,q)(f1(q,u(q))+f2(q,v(q)))dq]

∣∣∣

· sup
p∈[0,1]

e

∣∣∣[h(p)+∫1
0 k(p,q)(f1(q,y(q))+f2(q,x(q)))dq−[h(p)+

∫1
0 k(p,q)(f1(q,v(q))+f2(q,u(q)))dq]

∣∣∣

= sup
p∈[0,1]

e

∣∣∣∫1
0 k(p,q)(f1(q,x(q))+f2(q,y(q)))dq−

∫1
0 k(p,q)(f1(q,u(q))+f2(q,v(q)))dq

∣∣∣

· sup
p∈[0,1]

e

∣∣∣∫1
0 k(p,q)(f1(q,y(q))+f2(q,x(q)))dq−

∫1
0 k(p,q)(f1(q,v(q))+f2(q,u(q)))dq

∣∣∣

= sup
p∈[0,1]

e

∣∣∣∫1
0 k(p,q)[(f1(q,x(q))−f1(q,u(q)))+(f2(q,y(q))−f2(q,v(q)))]

∣∣∣dq

· sup
p∈[0,1]

e

∣∣∣∫1
0 k(p,q)[(f1(q,y(q))−f1(q,v(q)))+(f2(q,x(q))−f2(q,u(q)))]

∣∣∣dq
6 sup
p∈[0,1]

e
∫1

0 k(p,q)[|f1(q,x(q))−f1(q,u(q))|+|f2(q,y(q))−f2(q,v(q))|]dq

· sup
p∈[0,1]

e
∫1

0 k(p,q)[|f1(q,y(q))−f1(q,v(q))|+|f2(q,x(q))−f2(q,u(q))|]dq.

(3.2)

By the condition (ii), we get {
| f1(p, x(q)) − f1(p,y(q)) |6 σ | x(q) − y(q) |,
| f2(p, x(q)) − f2(p,y(q)) |6 τ | x(q) − y(q) | .

Then inequality (3.2) becomes

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6 sup
p∈[0,1]

e
∫1

0 k(p,q)(σ|x(q)−u(q)|+τ|y(q)−v(q)|)dq

+ sup
p∈[0,1]

e
∫1

0 k(p,q)(σ|y(q)−v(q)|+τ|x(q)−u(q)|)dq

6

(
sup
p∈[0,1]

e
∫1

0 k(p,q)(|x(q)−u(q)|+|y(q)−v(q)|)dq

)max{σ,τ}

·

(
sup
p∈[0,1]

e
∫1

0 k(p,q)(|y(q)−v(q)|+|x(q)−u(q)|)dq

)max{σ,τ}

.

(3.3)
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By using Cauchy-Schwartz inequality, we have

e
∫1

0 k(p,q)(|x(q)−u(q)|+|y(q)−v(q)|)dq 6 e

(∫1
0 k

2(p,q)dq
) 1

2
(∫1

0(|x(q)−u(q)|+|y(q)−v(q)|)2dq
) 1

2

6
(
esupp∈[0,1]|x(q)−u(q)|+ supp∈[0,1]|y(q)−v(q)|

)‖k‖∞
.

(3.4)

Similarly, we can prove that

e
∫1

0 k(p,q)(|y(q)−v(q)|+|x(q)−u(q)|)dq 6 e

(∫1
0 k

2(p,q)dq
) 1

2
(∫1

0(|y(q)−v(q)|+|x(q)−u(q)|)2dq
) 1

2

6
(
esupp∈[0,1]|y(q)−v(q)|+ supp∈[0,1]|x(q)−u(q)|

)‖k‖∞
.

(3.5)

Substituting (3.4) and (3.5) into (3.3), we obtain

d(F(x,y), F(u, v)) · d(F(y, x), F(v,u)) 6

(
sup
p∈[0,1]

esupp∈[0,1]|x(q)−u(q)|+ supp∈[0,1]|y(q)−v(q)|

)max{σ,τ}‖k‖∞

·

(
sup
p∈[0,1]

esupp∈[0,1]|y(q)−v(q)|+ supp∈[0,1]|x(q)−u(q)|

)max{σ,τ}‖k‖∞

=

(
sup
p∈[0,1]

e|x(q)−u(q)|+|y(q)−v(q)|

)max{σ,τ}‖k‖∞

·

(
sup
p∈[0,1]

e|y(q)−v(q)|+|x(q)−u(q)|

)max{σ,τ}‖k‖∞

6

(
sup
p∈[0,1]

e|x(q)−u(q)| · sup
p∈[0,1]

e|y(q)−v(q)|

)2 max{σ,τ}‖k‖∞

=

(
sup
p∈[0,1]

e|gx(q)−gu(q)| · sup
p∈[0,1]

e|gy(q)−gv(q)|

)2 max{σ,τ}‖k‖∞

= d2 max{σ,τ}‖k‖∞(gx,gu) · d2 max{σ,τ}‖k‖∞(gy,gv).

It is easily seen that the condition (2.7) holds with α = 1. Then it is obvious that F and g satisfy all the
conditions appearing in Corollary 2.10, consequently, it follows from the result of Corollary 2.10 that F
and g have a unique common coupled fixed point (u,u), satisfying F(u,u) = gu = u. So (u,u) is the
unique solution of integral equation (3.1).

Example 3.2. Consider the following functional integral equation set:
x(p) =

p

1 +
√
p
+

∫ 1

0

sin(q · π)
8 + p

· [e
−px(q)

9
+

sinp
10
· | y |

1+ | y(q) |
]dq,

y(p) =
p

1 +
√
p
+

∫ 1

0

sin(q · π)
8 + p

· [e
−py(q)

9
+

sinp
10
· | x |

1+ | x(q) |
]dq,

(3.6)

where the operators h : [0, 1] → R, k : [0, 1] × [0, 1] → R+, and f1, f2 : [0, 1] × R → R, are defined
respectively by

h(p) =
p

1 +
√
p

, k(p,q) =
sin(q · π)

8 + p
, f1(p, x) =

e−px

9
, f2(p, x) =

sinp
10
· | x |

1+ | x |
.
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It is easily seen that h(p),k(p,q), f1(p, x), f2(p, x) are continuous functions. Next, since

| f1(p, x) − f1(p,y) | =
∣∣∣∣e−px9

−
e−py

9

∣∣∣∣ = ∣∣∣∣−p · e−pξ9
(x− y)

∣∣∣∣ 6 1
9
|x− y| ,

|f2(p, x) − f2(p,y)| =
∣∣∣∣sinp

10
· | x |

1+ | x |
−

sinp
10
· | y |

1+ | y |

∣∣∣∣
6

1
10

∣∣∣∣ | x |

1+ | x |
−

| y |

1+ | y |

∣∣∣∣
=

1
10

∣∣∣∣(1 −
1

1+ | x |

)
−

(
1 −

1
1+ | y |

)∣∣∣∣
=

1
10

|
1

1+ | y |
−

1
1+ | x |

|

=
1
10

| −
1

(1 + ε)2 (|x|− |y|) |

6
1
10

||x|− |y|| 6
1

10
|x− y|,

where p ∈ [0, 1], ξ exists between x and y, and ε exists between |x| and |y|. Then we have σ = 1
9 , τ = 1

10 ,
‖ k ‖∞= sup{k(p,q) : p,q ∈ [0, 1]} = 1

8 , thus

2 max{σ, τ} ‖ k ‖∞= 1
36
< 1.

Consequently, all the conditions of Theorem 3.1 are satisfied. Hence the integral equation set (3.6) has a
unique solution in C[0, 1].
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